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Differential equations on complex projective
hypersurfaces of low dimension

Simone Diverio

ABSTRACT

Let n =2,3,4,5 and let X be a smooth complex projective hypersurface of P**!. In this
paper we find an effective lower bound for the degree of X, such that every holomorphic
entire curve in X must satisfy an algebraic differential equation of order k£ = n = dim X,
and also similar bounds for order k > n. Moreover, for every integer n > 2, we show that
there are no such algebraic differential equations of order &k < n for a smooth hypersurface
in Pl

1. Introduction

Let X C P*™! be a complex projective hypersurface, with deg X = d. In 1970 Kobayashi conjec-
tured [Kob70] that X is hyperbolic provided that X is generic and d is large enough. During recent
years, efforts have been made to treat both the low-dimension cases (with special attention paid to
the lower bound for the degree) and the general case.

For instance, [DEGO00] proved the conjecture for very generic surfaces in P3 of degree greater
than or equal to 21, [Rou07] proved a weaker form (namely weak analytic hyperbolicity) for generic
hypersurfaces in P* of degree greater than or equal to 593, and [Siu04] announced a complete proof
of the Kobayashi conjecture in any dimension, for d > n.

The major technique in the study of the Kobayashi hyperbolicity question is probably to analyse
the existence of sections of the bundle EE%T}'} of differentials of order k and weighted degree m, as
defined in [GGT79]. This technique was later refined by Demailly in [Dem97], with the introduction
of the bundle Ej, ,,,T% of invariant differential operators.

Let X be a compact complex manifold. Then X is Kobayashi hyperbolic if and only if there
are no non-constant entire holomorphic curves in X (Brody’s criterion). The general philosophy is
that global holomorphic sections of Ej, ,,, T vanishing on a fixed ample divisor give rise to global
algebraic differential equations that every entire holomorphic curve must satisfy.

It is known from [DEGO00] that every smooth surface in P3 of degree greater than or equal to 15
has such differential equations of order two. For the dimension three case [Rou06b] observed that
one needs to look for order three equations since one has in general the vanishing of symmetric
differentials and invariant 2-jet differentials for smooth hypersurfaces in projective 4-space. On the
other hand [Rou06b| shows the existence of global invariant 3-jet differentials vanishing on an ample
divisor on every smooth hypersurface X in P*, provided that deg X > 97.

The existence of these global sections is shown by means of a delicate algebraic study of the
bundle Es ,,,T% conducted in [Rou06a], which permits one to compute the Euler characteristic. Then
by a laborious estimate of the dimension of the higher cohomology groups, one can find a positive
lower bound for the dimension of the space of global sections (at least for m large).
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TABLE 1. Effective lower bounds for degree d.

k
n 1 2 3 4 5
2 18 16 16 16
3 82 T4 74
4 329 298
5 1222

In the present paper, we first of all generalize to all dimensions the non-existence of global
sections of invariant jet differentials of order less than the dimension of the ambient variety. In fact,
we prove the following theorem.

THEOREM 1. Let X C P"*! be a smooth hypersurface. Then
HY(X, By, Tx) =0

forallm > 1 and 1 < k < n — 1. In other words, on a smooth projective hypersurface there are no
global invariant jet differentials of order less than its dimension.

The idea of the proof is to exclude, in the direct sum decomposition into irreducible GI(T%)-
representation of the graded bundle Gr*® Ej, ,,, T, the existence of Schur powers I ()‘17“">‘”)T)*(7 with
An, > 0, and then to use a vanishing theorem due to Briickmann and Rackwitz [BR90] for Schur
powers of the cotangent bundle of smooth projective complete intersections.

On the other hand, in the direction of existence of global invariant jet differentials, we get a
slightly better bound for smooth hypersurfaces in P* and a new result for smooth hypersurfaces in
P> and PS.

THEOREM 2. Let X C P**! n = 2,3,4,5, be a smooth hypersurface of degree d and A — X an
ample line bundle. Then

HYX,Ex Tk @ AN #0
for m large enough and k > n if d is sufficiently big, and therefore every holomorphic entire curve
f: C — X must satisfy the corresponding algebraic differential equation.

Moreover, we have the effective lower bounds for the degree d as shown in Table 1 (depending
on the values of n and k).

Here the proof is achieved without any Euler characteristic computation, thanks to the algebraic
version [Tra95] of Demailly’s holomorphic Morse inequalities. In our case, the Morse inequalities
are applied to a particular subalgebra of Ej, ,,, T which is easier to compute than the full algebra
D, ErmTx itself — although its positivity properties are probably not as good.

We would like to point out that in this way no higher cohomology computations nor any algebraic
study of the jet bundle are needed. However, even if a priori these techniques should work in
higher dimension, the amount of computations needed to get the result blows up rapidly when the
dimension increases.

2. Background material and preliminaries

In this section, we follow [Dem97] very closely.
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2.1 Jet differentials

Let (X,V) be a directed manifold, i.e. a pair where X is a complex manifold and V' C Tx a

holomorphic subbundle (not necessarily integrable) of the tangent bundle. The bundle J;V is the

bundle of k-jets of holomorphic curves f: (C,0) — X which are tangent to V, i.e. such that

f'(t) € Vi for all t in a neighbourhood of 0, together with the projection map f ~— f(0) onto X.
Let Gy, be the group of germs of k-jets of biholomorphisms of (C,0), that is, the group of germs

of biholomorphic maps

t— ot) = art + agt® + -+ apt®, a; € C*aj€C,j>2,
in which the composition law is taken modulo terms ¢/ of degree j > k. Then G}, admits a natural
fibrewise right action on JiV consisting of reparametrizing k-jets of curves by a biholomorphic
change of parameter. Moreover the subgroup H ~ C* of homotheties ¢(t) = At is a (non-normal)
subgroup of Gy and we have a semidirect decomposition G;, = G}, x H, where G}, is the group of

k-jets of biholomorphisms tangent to the identity. The corresponding action on k-jets is described
in coordinates by

A (f 7 f By = (AR AR R,
As in [GGTY], we introduce the vector bundle E,S’S;V* — X whose fibres are complex valued

polynomials Q(f', f”,..., f*)) on the fibres of J,V, of weighted degree m with respect to the C*
action defined by H, that is, such that

QN F N R = XmQ(f! f7 L ),
for all X € C* and (f/, f",..., f®)) e J,V.

Next, we define the bundle of Demailly—Semple jet differentials (or invariant jet differentials) as
a subbundle of the Green—Griffiths one.

DEFINITION 1 [Dem97]. The bundle of invariant jet differentials of order k and degree m is the
subbundle Ej,,,V* C EESLV* of polynomial differential operators Q(f’, f”,..., f*)) which are
invariant under arbitrary changes of parametrization, i.e. for every ¢ € Gy,

QU @) (fop)s i (Fop)™) = O™ QU ", fH).

Alternatively, Ej ,,V* = (E,?gV*)ch is the set of invariants of EE&V* under the action of G

We now define a filtration on E,S’S'LV* A coordinate change f — Wo f transforms every monomial
(fONE = (Y (fl .. (fB) of partial weighted degree |£|s := €1 + 2o + -+ + sls, 1 < s < k,
into a polynomial (¥ o £)*)¢ in (f', f”,..., f*)), which has the same partial weighted degree of
order s if £g11 = --- = £, = 0 and a larger or equal partial degree of order s otherwise. Hence, for
each s =1,...,k, we get a well defined decreasing filtration F on EE’S’IV* as follows:

QUf, f",....f,) e EESLV* involving

Ff(E,?,%V*) = { } , for all p € N.

only monomials (f(*)¢ with |[¢|s > p

The graded terms GrZ_I(EE:SLV*), associated with the filtration F) ,f_l(E,SSIV*), are precisely the
homogeneous polynomials Q(f, f”, ..., f()) all of whose monomials (f(*))¢ have partial weighted
degree |¢|x—1 = p; hence, their degree ¢ in %) is such that m — p = k£, and Gri_l(EEgV*) =0
unless k|m — p. Looking at the transition automorphisms of the graded bundle induced by the
coordinate change f — W o f, it turns out that f*) behaves as an element of V C Tx and, as a
simple computation shows, we find

Gr M (BEGV) = BEG i,V © SV
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Combining all filtrations F? together, we find inductively a filtration F'* on E,S’S;V* such that the
graded terms are

Gri{(EgSV ) =8"V* @ 8%V @ - @ S%V*, (e NF [y =m

Moreover there are natural induced filtrations FY(Ej,,V*) = Eg,,V* N FY(EFSV*) in such a way
that

o
Cr*(EpmV*) = ( P s“viestvie...e SM/*) g
€] =m

Here, we remark that, in general, it is a major unsolved problem to find the decomposition of
Gr®(Ey ,,» V™) into irreducible GI(V*)-representations. This is easy for k < 2 (since the summands
in the graded bundle do not mix up under the action of G} ); [Rou06a] also found the formula for
k=dimX = 3 and V = T¥, thanks to a deeper study based on a theorem of Popov on invariant
theory.

2.2 Projectivized k-jet bundles
Here we explain the construction of the tower of projectivized bundles which provides a (relatively)
smooth compactification of J,ﬁegV/Gk, where J,f:egV is the bundle of regular k-jets tangent to V,
that is, k-jets such that f’(0) # 0.

Let (X,V) be a directed manifold, with dim X = n and rank V' = r. With (X, V') we associate
another directed manifold (X, V) where X = P(V') is the projectivized bundle of lines of V, 7: X —
X is the natural projection and V is the subbundle of T v defined fibrewise as

£ £ €T J(zo,[vo]) | 7€ € Cvnl,

zo € X and vg € T'x 5, \{0}. We also have a ‘lifting’ operator which assigns to a germ of holomorphic
curve f: (C,0) — X tangent to V' a germ of holomorphic curve f (C,0) — X tangent to V in such
a way that f(t) = (f(t), [f'(t)]).

To construct the projectivized k-jet bundle we simply set inductively (Xo,Vp) = (X,V) and
(Xg, Vi) = (Xk 1 Vk 1). Of course, we have for each k > 0 a tautological line bundle Ox, (—1) —
X}, and a natural projection m: X3 — Xj;_1. We call 7, the composition of the projections
410+ 0™y, so that the total projection is given by mg ;. : X;, — X. We have again for each k& > 0

V(OCO [vo])

short exact sequences
0—Tx,/x,_, = Vi = Ox,(=1) =0, (1)
0— Ox, = Vi1 ®@0x,(1) = Tx,/x, , =0 (2)
and rank Vi, = r, dim X3 = n + k(r — 1). Here, we also have an inductively defined k-lifting for

germs of holomorphic curves such that f;: (C,0) — X is obtained as Tk = Jie—1)-
The following theorem justifies in some sense the construction of this projectivized bundle.

THEOREM 3 [Dem97]. Suppose that rank V' > 2. Then the quotient J,"*V /Gy, has the structure of
a locally trivial bundle over X, and there is a holomorphic embedding J,ﬁegV/Gk — X over X,
which identifies J,"*V /Gy, with X,"®, that is the set of points in X}, of the form fy;(0) for some
non-singular k-jet f. In other words X}, is a relative compactification of J,:,egV/ Gy, over X.

Moreover, we have the direct image formula
(Wo,k)*OXk (m) = O(Ehmv*)

Next, we are in a position to point out the link between the theory of hyperbolicity and invariant
jet differentials.
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THEOREM 4 [GGT79, Dem97]. Assume that there exist integers k,m > 0 and an ample line bundle
A — X such that

HY(Xy, Ox, (m) @ 7, A™") ~ HY(X, By V@ A71)
has non-zero sections o1,...,o0n and let Z C X, be the base locus of these sections. Then every
entire holomorphic curve f: C — X tangent to V is such that fj,(C) C Z. In other words, for
every global Gp-invariant differential equation P vanishing on an ample divisor, every entire holo-

morphic curve f must satisfy the algebraic differential equation P(f) = 0 (and a similar result is
true also for the bundle EE’S’IT %)

2.3 Algebraic holomorphic Morse inequalities

Let L — X be a holomorphic line bundle over a compact complex manifold of dimension n and
E — X a holomorphic vector bundle of rank r. Suppose that L can be written as the difference of
two numerically effective (nef) line bundles, say L = F®@ G~!, with F, G — X numerically effective.
Then we have the following asymptotic estimate for the partial alternating sum of the dimension of
cohomology groups of L with values in E.

THEOREM 5 [DemO1]. With the previous notation, we have (strong algebraic holomorphic Morse
inequalities):

n! J

q n 4
Z(—l)q_jhj(X, oM E) < Tm—| Z(_l)q—j <n> i Ga + O(m”).
=0 =0

In particular [Tra95], L*™ @ E has a global section for m large if F* —nF""1.G > 0.

2.4 Schur powers of a complex vector space

Here, we just recall the notation and a possible construction of Schur powers of a complex vector
space. Let V' be a complex vector space of dimension r. With every set of non-increasing r-tuples

(aty...,ay) € Z", a1 > a2 = --- > a,, one associates, in a functorial way, a collection of vector
spaces ['(@1--07) 1/ wwhich provide the list of all irreducible representations of the linear group Gl(V),
up to isomorphism (in fact (ai,...,a,) is the highest weight of the action of a maximal torus

(C*)" € GI(V)). The Schur functors can be defined in an elementary way as follows. Let

= {( )

be the group of lower triangular unipotent r x r matrices. If all a; are non-negative, one defines
plr-ay c §9 @ ... @ SV

as the set of polynomials P(¢y,...,&) on (V*)" which are homogeneous of degree a; with respect
to & and which are invariant under the left action of U, on (V*)" = Hom(V,C"), i.e.

P(&l)"' agj—lvé.j +£k’7£j+17"' 757“) = P(gly 757“)7 for all k <.7

We agree that r@-ar) Y — ( unless (ai,...,a,) is non-increasing. As a special case, we recover
symmetric and exterior powers

R e
k
/\ V= F(l"“’l’o""’o)V, with k indices 1.
The Schur functors satisfy the well known formula
pltharty — Py @ (det V)Y,
which can be used to define I'(“1@)V if any of the a; happens to be negative.
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3. Proof of Theorem 1
First of all, we recall a theorem contained in [BR90].

THEOREM 6. Let X be a n-dimensional smooth complete intersection in PN. Let T be any Young
tableau and t; be the number of cells inside the ith column of T. Set

N—n
t:.= Z ti, t; =0 ifi> lengthT.
i=1

Then, if t < n one has the vanishing
HY(X,TTT%) =0,

i.e. the smooth complete intersection X has no global T-symmetrical tensor forms different from
zero if the Young tableau T has less than dim X cells inside its codim X front columns.

In our notation, the irreducible GI(T%)-representation, given for Ay > Ao > --- > A\, by
F(Al""”\”)T)*(, corresponds to FTAT)’E where the tableau T is obtained from the partition A{+---+A\,.
Thus, for example, the tableau with only one row of length m corresponds to ST and the tableau
with only one column of depth k corresponds to /\k T%.

We now need an algebraic lemma.

LEMMA 1. Let V' be a complex vector space of dimension n and A\ = (A1,...,\,) such that \; >
Ay ==\, = 0. Then
Ve stV ~@rv
o

as Gl(V')-representations, the sum being over all y whose Young diagram is obtained by adding m
boxes to the Young diagram of \, with no two in the same column.

Proof. This follows immediately by Pieri’s formula; see, e.g., [FHI1]. U

Note that this implies that among the irreducible G1(V)-representations of S'V ® S™V, we
cannot find terms of type T2V with \; > 0 for i > 2 (they are all of type [ (4+m=4.5.0,.0)y7
for j =0,...,min{m,l}).

Thus, by induction on the number of factors in the tensor product of symmetric powers, we
easily find the following result.

PRrROPOSITION 1. If k < n, then we have a direct sum decomposition into irreducible G1(V)-
representations

SRSV @@ SV = PV,
A
where vy # 0 only if A = (\1,...,\,) Is such that \; =0 for i > k.

Now, we can state and prove a slightly more general version (which actually implies immediately
Theorem 1) of our first result.

THEOREM 7. Let X C PV be a smooth complete intersection. Then
HY(X, B Tx) = 0
for allm > 1 and 1 < k < dim X/codim X.
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Proof. The bundle EE’S’%T 'y admits a filtration whose associated graded bundle is given by

Gr* EgTY = $ ST @ SBTy @ -+ @ S*T.
li+2la++klp=m

The addenda in the direct sum decomposition into irreducible Gl(7T% )-representation of Gr® EE'ET Y

are all of type I' ()‘1’“">‘")T)*( with A\; = 0 for ¢ > k. This means that, in the statement of Theorem 6,
each t; is less than or equal to k. Then, if dim X = n, we have

N—n N—n
t= Z t; < Z k
=1 =1

n
= k(N —
(N —n) < -

n(N—n):n.

Thus, by Theorem 6, we have the vanishing of the global section of each graded piece. We now
only need to link the vanishing of the cohomology of a filtered vector bundle to the vanishing of its
graded bundle. This is done in the next lemma and the proof is achieved. U

LEMMA 2. Let E — X be a holomorphic filtered vector bundle with filtered pieces {0} = E, C
- CE,y1 CE,C---CEy=FE. If H1(X,Gr* E) =0 then HY(X,E) = 0.

Proof. Consider the short exact sequence
0—-G?E—FE/E,;1 - E/E,—0
and the associated long exact sequence in cohomology
-+ — HI(X,Gr’ E) - HY(X,E/E,11) - H(X,E/E,) — - --
=0

For p = 1, we get HY(X,E/E;) = HY(X,G1" F) = 0 by hypothesis. Thus, H(X, E/F,) = 0 and,
by induction on p, we find H4(X, E/E,) = 0. Therefore, for p = r we get the desired result. O

4. Proof of Theorem 2

In this section, we prove our Theorem 2 by means of the algebraic version of holomorphic Morse
inequalities, performed on a particular subbundle of the invariant jet differentials. For the sake of
simplicity, we shall reproduce here only the proof for three jets on threefolds in P*, the other cases
being completely analogous.

4.1 Chern class computations

Denote by ce(E) the total Chern class of a vector bundle E. The short exact sequences (1) and (2)
give us, for each k > 0, the following formulae:

Co (Vi) = co(Txy /x,, )eo(Ox (1))

and
C.(?T;:,Vk_l X® OXk(l)) = C'(TXk/Xk—1)7
so that
Co(Vir) = €o(Ox; (=1))ce(m Vi1 @ Ox, (1)) 3)

Let us call u; = ¢1(Ox,(1)) and cl[j = ¢;(V;). With this notation, (3) becomes

Lol ot = (1w Y w0 w) . @

oy<r
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Since X is the projectivized bundle of line of V;_1, we also have the polynomial relations

ul + ﬂ;c[lj_l} -ug-_l +-+ W;CLJ:II} “uj + w;cy_l] =0, 1<j<k. (5)

PROPOSITION 2. Let rank V' = 3. Then, we have the following relations for Chern classes:

(k] [k—1]

o =mey o+ 2u,
cgk] = w,’f;c[zk_l} + ﬂ,ﬁc[lk_l] C U, 6
ng] = Wchf_H - w,’;c[lk_l] Sui — 2u, ®)
up + w,ﬁc[lk_l] . u? + w,ﬁcgk_l] cuy + ﬂ,’;cgc_l] = 0.

Proof. This is just a straightforward computation using identity (4). ]

Next, let X € P! be a smooth hypersurface of degree deg X = d. Then, we have a short exact
sequence

0— Tx — Tpnt1|x — Ox(d) — 0.
So we have the following relation for the total Chern class of X:
(1+ 1) = (1+ dRh)ce(X),

where h = ¢1(Opn+1(1)) and (1+ h)"+2 is the total Chern class of P"*!. Thus, an easy computation
yields the next result.

PROPOSITION 3. Let X C P* be a smooth hypersurface of degree deg X = d. Then, the Chern
classes of X are given (in terms of the hyperplane class) by

c1(X) = —h(d —5),
co(X) = h3(d?* — 5d + 10), (7)
c3(X) = —h3(d® — 5d* + 10d — 10)

and h® = d.

4.2 Choice of the appropriate subbundle

By definition, there is a canonical injection Ox, (—1) < m;Vj,_1, and a composition with the differ-
ential of the projection (7). yields, for all £ > 2, a canonical line bundle morphism

OXk(_l) — ﬂzvk—l - WZOXIC—1(_1)’

which admits precisely Dy, def P(Tx, ,/x,_,) C P(Vi—1) = X}, as its zero divisor. Hence, we find
Ox, (1) = m0x,_, (1) ® O(Dg). (8)

Now, for a = (ay,...,a;) € Z¥, define a line bundle O, (a) on X as

Ox,(a) = 7] ,O0x, (a1) ® 75 ,0x,(a2) @ - - ® Ox, (ak).
By (8), we have

7 ,0x; (1) = Ox, (1) ® Ox, (=711 xDjr1 — - — Dy),
and thus, by setting D} = i gD for j=1,...,k —1 and Dy = 0, we have an identity

Ox, (a) = Ox, (by) ® Ox, (—=b - D¥),
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where

b:(bl,...,bk)EZk7 bj:al+"'+aj,
k—1

b- D" = Z b1k Djs
j=1

In particular, if b € N¥, that is if a; + --- + a; = 0, we get a morphism
Ox,(a) = Ox, (by) ® Ox, (=b-D*) — Ox, (b).
We then have the following proposition.
PROPOSITION 4 [Dem97]. Let a = (ay,...,a;) € N¥ and m =a; + --- + az.
(a) We have the direct image formula
(T0.4)+Ox, () ~ O(F EpuV*) C O(Ej V™)
where FaEk,mV* is the subbundle of polynomials Q(f', f", ..., f*)) € Ej,,,V* involving only
monomials (f®)¢ such that
Cor + 2gpg+ -+ (k= )l < aggr + -+ + ay

foralls=0,...,k—1.
(b) If a1 > 3aq,...,ax—2 > 3ax—1 and ap_1 > 2a, > 0, the line bundle Ox, (a) is relatively nef

over X.

In particular, the line bundle L (X) def Ox,(2-3822.33...,6,2,1) is relatively nef over X

and its direct image on X is a subbundle of the bundle of invariant jet differentials of order k and
weighted degree 381,

In the case of projective hypersurface, we obtain the following expression of L as the difference
of two nef line bundles.

LEMMA 3. Let X C P"*! be a projective hypersurface. Then L;,(X) ®mp 1 Ox (1) is nef if | > 2-3k-1,
In particular,
Li(X) = Fir(X) ® Gr(X) 7,
where F(X) = L(X) ® 75, Ox (2 - 3F1) and Gy (X) = moxOx (2 3¥=1) are nef.
Proof. Of course, as a pull-back of an ample line bundle,
Gr(X) = m5,0x (23"

is nef. It is well known that the cotangent space of the projective space twisted by O(2) is globally
generated. Hence, Ty ® Ox(2) is globally generated as a quotient of T§n+1| x ® Ox(2), so that
OXl(l) & 7T6‘71(’)X(2) = OP(T;}@OX(Q))(l) is nef.

Next, we construct, by induction on &, a nef line bundle A, — X}, such that Ox, (1) ® 7} A
is nef. By definition, this is equivalent to saying that the vector bundle V;* ® Ay, is nef. By what we
have just seen, we can take Ay = Ox(2) on Xy = X. Suppose Ay, ..., Ax_1 have been constructed.
As an extension of nef vector bundles is nef, dualizing the short exact sequence (1) we find

0—0x,(1) =V =Tk, /x,, =0,

and so we see, twisting by Ay, that it suffices to select Ay in such a way that both Oy, (1) ® Ay and

T )*{k /X ® Ay, are nef. To this aim, considering the second wedge power of the central term in (2),

we get an injection

2
0= Txyx,y = [\ (mVie1 @ Ox, (1))
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and so dualizing and twisting by Ox, (2) ® ﬂZA?El, we find a surjection

* 2 * * * AR2
T /\ (Vs ® Ag—1) — Txk/X,ﬁ_1 ® Ox,(2) @ mAp" — 0.

By induction hypothesis, V,* | ® Aj_1 is nef so the quotient T’ )*(k IXey © Ox,(2) ® ﬂZA%EI is nef,
too. In order to have the nefness of both Ox, (1) ® Ay and T)"‘(k/Xk_1 ® Ap, it is enough to choose

Ay in such a way that Ay ® 75A% | and Ay ® Oy, (—2) ® 75 A7 are both nef: therefore we set

Ap = 0x,(2) @ TEAL3 | = (Ox, (1) @ T} A 1)®? @ T Ag_1,

which, as a product of nef line bundles, is nef and satisfies the two conditions above. This gives Ay
inductively, and the resulting formula for Ox, (1) ® m; Ap_; is

Ox, (1) @ A1 = Li(X) @ 75, 0x (2 (1424 4+2-3"72))
= L(X) @ 75, O0x(2-3571).

The lemma, is proved. O

4.3 End of the proof of Theorem 2

We just apply the algebraic version of holomorphic Morse inequalities to the line bundle £3(X) for
X a smooth hypersurface in P* (and, for the other cases, to the line bundle £,,(X) for X a smooth
hypersurface in P"T! n = 2,4, 5).

Then, we have to compute F3(X)? —9 F3(X)8-G3(X) which is given in terms of Chern classes by

(ug + 25 gup + 67} suy + 1875 3h)? — 9(ug + 275 gus + 675 gus + 1875 3h)° - 1875 5h.

By using Proposition 2 recursively we can express this quantity in terms of Chern classes of X and
the hyperplane class (the computation is made with GP/PARI CALCULATOR Version 2.3.2):

— 3421 377 792h3 + 676 045 440¢; (X) - h* — 7494 966¢; (X)?
+ 10997 352¢2(X) - e1(X) — 3835 548¢3(X),

and, by Proposition 3, we obtain
F3(X)? —9F3(X)8 - G3(X) = 333162d* — 21628 710d> — 460474 830d> — 466 509 222d,
which is positive if d = deg(X) > 82.

Remark 1. Even if we know [Rou06b] that the line bundle Ox,(1) is big in the case of smooth
hypersurfaces in projective 4-space for deg(X) > 97, to get the result with these techniques we are
obliged to deal with the line bundle £3(X). In fact, the algebraic version of holomorphic Morse
inequalities gives, if we merely utilize Ox,(1), a negative lower bound (and similarly in higher
dimension). The reason is that Ox, (1) is always relatively big but never relatively nef (if & > 2) so
that with Ox, (1) holomorphic Morse inequalities take into account too many ‘relatively negative
terms’.

Remark 2. With a slight theoretical refinement of these techniques, we are able to show the existence
of global invariant jet differentials vanishing on an ample divisor even for the dimension of the smooth
hypersurface less than or equal to 8. Unfortunately, the trick we use to increase the dimension leads
to the loss of the effectivity: we can show the existence of a lower bound for the degree depending
only on the dimension of the hypersurface, but we are unable to compute it.

However, we feel strongly that in the forthcoming future, with further improvement in the com-
prehension of the cohomology algebra of X}, we will be able to show (without explicit effectivity) the
existence of global invariant jet differentials vanishing on an ample divisor for smooth hypersurfaces
of any dimension.
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5. Computer calculations

Here we reproduce the code we utilized to perform all computations with GP/PARI CALCULATOR
Version 2.3.2.

/* scratch variable */
X

/* main formal variables */

c=[c1,c2,c3,c4,c5,c6,c7,c8,c9] /* Chern classes of V on X */
u=[ul,u2,u3,ud,u5,u6,u7,u8,u9] /* Chern classes of 0Xk(1) */
v=[vl,v2,v3,v4,v5,v6,v7,v8,v9] /* Chern classes of Vk on Xk */
w=[wl,w2,w3,ws,wb,w6,w7,w8,w9] /* formal variables */
e=[0,0,0,0,0,0,0,0,0] /* empty array for Chern classes of hypersurfaces */
q=[0,0,0,0,0,0,0,0,0] /* empty array for Chern equations */

/* main */

Calcul(dim,order)=

{

local(j,n,N);

n=dim;

r=dim;

k=order;

N=n+k*(r-1);

H(n+1);

Chern();

B=2*xh#*3" (k-1) ;

A=B+u[k];

for(j=1,k-1,A=A+2%3"~ (k-j-1)*ulj]l);

R=Reduc ((A-N*B)*A~ (N-1));

C=Integ(R);

print("Calculation for order ", k, " jets on a ", n, "-fold");
print("Line bundle A= ", A);

print("Line bundle B= ", B);

print ("Chern class of A~", N, "-", N, "%A"", N-1, "*B :");
print(C);

E=Eval(C);

print("Evaluation for degree d hypersurface in P°", n+1, " :");
print (E)

}

/* compute Chern relations */

Chern()=

{

local(j,s,t);

ql1]1=X"r; for(j=1,r,ql1l=q[1]+c[jI*X"(xr-j));
for(s=1,r,vls]l=c[s]);

for(s=r+1,9,v[s]=0);

for(t=1,k-1,
for(s=1,r,wls]=v[s]+(binomial(r,s)-binomial(r,s-1))*ult]"s;
for(j=1,s-1,wls]=wls]+

(binomial(r-j,s-j)-binomial (r-j,s-j-1))*v[jl*ult]~(s-3j)));
for(s=1,r,v[s]l=wls]);

qlt+1]1=X"r; for(j=1,r,qlt+1]1=qlt+1]1+v[j1*X"(r-3)))

}
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/* reduction to Chern classes of X */
Reduc(p)=

{

local(j,a);

a=p;

for(j=0,k-1,

a=subst(a,ulk-jl,X);

a=subst (1ift Mod(a,qlk-j1)),X,ulk-j1));

a

}

/* integration along fibres */
Integ(p)=

{

local(j,a);

a=p;

for(j=0,k-1,
a=polcoeff (a,r-1,ulk-j1));
a

}

/* compute Chern classes of hypersurface of degree d in P™n */
H(n)=

{

local(j,s);

for(s=1,n-1,

e[s]=binomial (n+1,s);
for(j=1,s,els]=e[s]+(-d) " j*binomial (n+1,s-3)))

b

/* evaluation in terms of the degree */
Eval(p)=

{

local(a,s);

a=p;

for(s=1,r,a=subst(a,c[s],els]));
subst(a,h,1)*d

}
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