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PROPERTIES OF THE PRODUCT OF TWO DERIVATIONS
OF A C*-ALGEBRA

BY
MARTIN MATHIEU

ABSTRACT. Let 87,8, be two derivations of a C*-algebra. We charac-
terize when ;65 is a derivation, a compact, or a weakly compact operator.

1. Introduction. A number of years ago, Posner proved in [9] that if the product
616, of two derivations 61,0, of a prime ring of characteristic different from 2 is a
derivation, then §; = 0 or 6, = 0. This result has been reproved (under stronger
assumptions) several times (cf. e.g. [2], [13]). It is also known that if § is a derivation
of a C*-algebra and 62 is also a derivation, then § = 0 ([3], proof of Lem. 1.1.9). The
higher iterates of (inner) derivations were investigated by Martindale and Miers [5]
and Miers and Phillips [8]. For instance, they proved that (ad @)*" is an inner derivation
of a unital C*-algebra A on a Hilbert space H only if there exists a central element z
in the weak closure of A such that (¢ — z)” = 0 ([5], Thm 5). In Theorem 1 below,
we will see how Posner’s theorem extends to arbitrary C*-algebras. In particular, it
will follow that 6,6, is a derivation only if 6,6, = 0.

The compact and the weakly compact derivations of C*-algebras were characterized
by Akemann and Wright [1] (see also [12]). In [6] we studied compact and weakly
compact elementary operators on prime C*-algebras. The techniques developed there
and in [7] will yield characterizations of when 6,6, is a compact or a weakly compact
operator (Theorems 8 and 6, respectively). In particular, the product of two non-zero
derivations of a prime C*-algebra is weakly compact only if either one is weakly
compact, and is compact only if both of them are weakly compact. (Note that there
are no non-zero compact derivations on an infinite dimensional prime C*-algebra [6].)

We conclude this introduction by recalling some notions and establishing the no-
tation which will be used in the sequel. A C*-algebra A is called prime if the product
IJ of any two non-zero ideals /,J of A is a non-zero ideal. Two elements a,b of a
W*-algebra are said to be centrally orthogonal if the mapping x +— axb is identically
zero. If § is a derivation of a C*-algebra A and (w, H) is a representation of A, then
6™ denotes the induced ultraweakly continuous derivation on m(A)”. Also §** denotes
the induced derivation on the enveloping von Neumann algebra A**. The ideal K(A)
of compact elements of A consists of those a € A for which x +— axa is a compact
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operator on A. Equivalently, a € K(A) if and only if x — ax(x +— xa) is weakly
compact ([14], Thm 3.1). It is well known that if A = B(H ), the algebra of all bounded
operators on some Hilbert space H, then K(A) coincides with the ideal K(H) of all
compact operators on H. Finally, Z(A) stands for the center of A.

2. The results. Our first theorem shows how the information from Posner’s result
applied in irreducible representations of a C*-algebra can be patched together to obtain
a global result. If ¢ is a derivation of A, the identity 6 = ad a with a € A** will mean
that A is considered as a subalgebra of A** modulo some faithful representation of A.

THEOREM 1. Let 61,6, be two derivations of a C*-algebra A. Then 6,6, is a derivation
if and only if there are centrally orthogonal elements a\, a; in A** such that 6; = ad a;
fori=1,2.

Proor. “if”-part. Let §; = ad a; for some centrally orthogonal elements a; € A**.
Then 616, = ad a, o ad a, = 0 is a derivation.

“only if”-part. Let I" be a family of disjoint irreducible representations of A with
faithful direct sum p. Identifying p(A)” with A**c(p), where c(p) is the central cover
of p, we have 5;];,*6@) = §7. By [10], 4.1.7, there are b; € A**c(p) such that §/ =
adb;,i = 1,2, thus §; = ad b;. Take m € I'. Since 7(A) is prime and 6765 = (6162)" is
a derivation, it follows from Posner’s result ([9], Thm 1) that either 67 = 0 or 67 = 0.
Now 67 = ad(bic(m)) = 0 if and only if b;c(m) € Cc(m), thus we obtain complex
numbers AT such that b;c(m) = ATc(m) whenever §7 = 0. We put AT = 0 if §7 # 0.
From |A7| < ||b;]| we can define

z =y E\c(m) € Y ®Ce(m) = Z(A™c(p)).
nel nel
Putting a; = b; — z; we obtain a; € A**c(p) satisfying 6; = ad a;, and 67 = O if and
only if g;c(w) = 0. Let x € A**. Then

auxay = ayc(pxarc(p) = ) Carc(mare(m) = 0
nel
for, if a;c(m) # 0 then 67 # 0 and therefore 67 = 0 which implies a,c(m) = 0. Hence,

a; and a, are centrally orthogonal.
O

COROLLARY 2. The product of two derivations of a C*-algebra is a derivation if and
only if it is zero.

Suppose that § is a derivation of A such that §2 is also a derivation. By Theorem 1,
6 = ada; = ad a, for some centrally orthogonal elements a; € A**. Since the range
of 4 is contained in the intersection of the ultraweakly closed ideals generated by a;
and a; respectively, it follows that 6 = 0. This gives another proof for the result cited
in the Introduction.
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The next result is quoted from [7]; its proof is similar to that of [6], Lem. 3.5. We
say that a bounded linear map T on a C*-algebra A is a central bimodule homomor-
phism of A if its second adjoint T** fixes each closed ideal of A**.

Lemma 3. If T : A — A is a weakly compact central bimodule homomorphism of a
C*-algebra A then TA C K(A).

In the sequel we will use the equivalence of the following three properties of a
derivation § on B(H) (cf. [1], Thm 3.1 or [6], Cor. 3.3): (i) § is weakly compact, (ii)
OB(H) C K(H), (iil) 6 = ad a for some a € K(H) and ||a|| = ||8]].

LEMMA 4. Let 61,6, be two derivations of a prime C*-algebra A. If 6,0, is weakly
compact then b, is weakly compact or b, is weakly compact.

Proor. Since 6,6, is clearly a central bimodule homomorphism of A, we have
610,A C K(A) by Lemma 3. If K(A) = 0 then §;6, = 0, whence by Posner’s result
61 = 0 or 6, = 0. If A contains non-zero compact elements, it is primitive (cf. e.g.
[6], Prop. 2.3). Let (m, H) be a faithful irreducible representation of A with m(K(A)) =
K(H). A standard argument shows that 6767 is weakly compact on m(A)” = B(H) and
that 6767B(H) C K(H) (compare [6], Lem. 3.4). If 8; denotes the induced derivation
on the Calkin algebra C(H) = B(H)/K(H) for i = 1,2, we conclude that 6,6, = 0.
Posner’s result applied to the prime algebra C(H) yields , = 0 or &, = 0, i..
0TB(H) C K(H) or 65B(H) C K(H). Therefore either §, or 4, has to be weakly
compact.

O

The next technical lemma may be viewed as an asymptotic version of Posner’s
theorem.

LEmMA 5. Let (H,)nen be a sequence of Hilbert spaces, A = S°° B(H,) and 6V, 6
be two derivations of A such that lim,_, ||6"6|| = 0 where 61 denotes the restric-
tion of 89 to B(H,), i = 1,2. Then lim,_, |6V || [[6?]| = 0.

Proor. If x € A then x, will mean its component in B(H,) C A, thus §"(x,) =
(6 (x)),. Given € > 0 take ng € N such that ||6{"6?|| < € for all n = ny. Since, for
all x,y € A,

(5(1)5(2)()(_)7) — (5(1)5(2))()}7 + (5(2))()(6(1)),) + (5(1)x)(5(2)y) +X(6(1)6(2)y)

it follows that

[EPx)E ) + GV x)E Py
= 1662 (nyn) — P8Py, — 2,682y,
< 1882 xayall + 118821 xall 1yall + llall 18562 Nlyall,

thus

(1) 1EPx)Eyn) + P x)EPy)|| < 3e|bxall [1yal]
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for all n 2 ny.
Replacing x by xz in (1) and using (1) we obtain

6P xn)2n B yn) + 65 %) za 6Ly |
= (|62 (tuza)Eyn) + 8P (Xa2a) P Y1)
— %8P 2,6 yn) — 2462 )EPyn)|
< 3ellxuzal| lynll + 3€llxall 1zl [1yal]

whence
@) “(65,2))(,,)2,,(55!1))7,,) + (5511))‘")2”(65:2))%)” < 65”an “yn” Hzn”

The identity

26V0)@E?w)6Vy) = 8Vx(@EPw)EVy) + EPw)EPy))
+((EP0E@w) + E0)@Pw)e Py
— E@0)E"W)EVy) — EV0E P w)Ey)

together with (1) and (2) applied to z = §Vw yields

201G x)@EPwa) Gyl < 3ell8 xall lwall [1yall
+ 3e| x|l [[wall 165 yll
+ 6€ 1| [[yall 165wl
< 12¢]xa| [yall [lwall 1651

for all n 2 ny.
From this and the identity

6 P0z@Pw)@Vy) = 6V 2)EPw)Ey) — x (@)@ Pw)@"y)
it follows that

|6 Px)2, (6P W) Gy )|
= 160z EPwa)EPy)| + 1%l 16 2)EP W) E Pyl
< 126 |xal [[yall llzall HIwall 118°1]-

Using the fact that ||L, Ry, || = ||@xl|| ||bx|| for all a,,b, € B(H,) we conclude that
11655l &2 W@yl = 12€]lxall Iyall 1wl 1165,
and hence, by taking the supremum over ||x,| = 1,

1@ wn) @yl = 12€[lyall [1wall-
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Replacing w by wz we obtain

1EPw)za Dyl < 182 waza) @y + [wall 16D2EDy0|
= 24e|lyall wall 2]

which finally gives
657 wall 116 yall = 24¢llwall lLyal

for all n 2 ny.
This proves that lim,_. ||6"] [|6$]| = 0.
O

THEOREM 6. Let 61,6, be two derivations of a C*-algebra A. Then 6,0, is weakly
compact if and only if there are a; € A* such that 6; = ada; for i = 1,2 and
there exist orthogonal central projections ej in A*™,j = 1,2,3, with ey + ez +e3 = 1,
c € Z(A™) and a; € A™ such that ca;e; = @;e; is compact for i = 1,2, cae; = aje;
fori,j=1,2,i#j, and aje3 and asez are centrally orthogonal.

ProoF. “if”-part. We have

adayoada, = ada; oad are, +adajey oaday
=adajoadcaye; +adcaie; oaday

=adcayeyoada; +ada; oad cazes.

Since ca;e; € K(A*) it follows that the left multiplication L., and the right multipli-
cation R, are weakly compact ([14], Thm 3.1). Therefore, 0,6, is weakly compact.

“only if”-part. We adopt the notation used in the proof of Theorem 1. Thus we
may assume that §; = ad b; with b; € A**c(p). The weak compactness of §,6, implies
that the set I, = {r € T'|||6765|| > €} is finite for each € > 0, whence Iy = {r €
6765 # 0} is countable (see [7]; cf. also [1], Lem. 3.2). Let ¢} be the central cover
of @remr, 7 and e3 = e} +1—c(p); then § 162/a¢; = 0. By Theorem 1, we can perturb
b; by central elements in order to obtain a; € A**c(p) such that §7* = ad a} and d}e3
and aje3 are centrally orthogonal.

Suppose that m € I'y. By Lemma 4, 67 is weakly compact or §] is weakly compact.
Put I’y = {m € Ty|6] is weakly compact} and I, = Ty \ I’y = {m € I|6] is weakly
compact and 67 is not weakly compact}, and let e; be the central cover of @ er,m for
i = 1,2. Without restriction we assume that I'; is denumerable, say I'} = {m,|n € N}.
Since lim, . [|67"85"|| = 0, it follows from Lemma 5 that lim, o [|67"|| |65 = 0
(observe that A**e; = EEBB(H,M)). By the aforementioned result, we may perturb
by a central element in A**e; to obtain af € A** such that §, = ad af, d|p, € K(H,).
and ||a{p,| = ||67"||, where p, is the central cover of m,, and by [11], Thm 4 we may
perturb d) centrally to obtain @) € A** such that §; = ad dj and ||65"|| = 2||d3p,l| for
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each n € N. Therefore, lim, . ||@{pa|| ||@5pa|| = 0. We now put

cn = Z®||a,2lpn”1/21)n EZ(A™ey),

neN
n n
ay; = cna) +a(1 —ey),
noo\—=1/2 n
a = Z@Hazp,.ll dyp, € A™e,
neN

(observe that ||a3p,|| > O for all n since 63" is non-zero).

As anpy = cudip, = |lajpa||'*aip, is compact and |lanpa| = |la3pall'/*
|l@{pa|| — O, we conclude from Propositon 2.1 in [6] that ajje; is a compact ele-
ment of A**e;. We obviously have cjjaz = dje;.

Applying the same arguments to I’ we will change ! into a!”, enjoying the cor-
responding properties, by perturbing with central elements in A**e; in order to obtain
2 € Z(A™ey),an = dy (1 — e3) +cnay ,ane; € K(A*e;), and ai; € A*e; satisfying
Cpnagpn = aI1”82.

If we now define q; = af’e1+a§”ez+afe3, a; = ajej+apney, i+l, 2,and ¢; = cq1+cxn €
Z(A*), then aje3 and a,e; are still centrally orthogonal, §; = ad a;, caje; = a;ie; = aje;
is compact for i = 1,2, and clearly ca;e; = a;e; for i # j. The proof is complete.

0O

The next result appeared for the case A = B(H) in [4], however with an incorrect
proof. Fong and Sourour used a version of Posner’s theorem and a result on elementary
operators to give a new proof in [2], p. 854. The following lemma uses similar
techniques to obtain an extension to prime C*-algebras.

LeEmMMA 7. Let 61,6, be two non-zero derivations of an infinite dimensional prime
C*-algebra A. Then 6,6, is compact if and only if there exist a; € K(A) such that
b; =ada; fori = 1,2 and aya; = a;a; = 0.

Proor. Ifaja; = aza; = 0 thenadajoad ay = —L, R4, —Lg,R,,, which is compact
if ay,a; € K(A). To prove the “only if”-part observe that ;6,4 C K(A) by Lemma 3.
By Posner’s result, §;6; # 0 hence K(A) # 0. We may therefore assume that A acts
irreducibly on a Hilbert space H and that K(A) = K(H). Let 5i denote the ultraweak
extension of §; to B(H). Since 6,8, is compact, §; = ad a and 6, = ad b where a or
b is compact by Lemma 4 and the remarks preceding it. We now have to show that
a and b can be replaced by elements a;,a, € K(H) such that aja; = aa; = 0. This
needs the same arguments as in [2], p. 854, which for the convenience of the reader
are given here. Suppose that a € K(H). By [2], Thm 2, the compactness of

3) 6162 = Lap — LaRy — LyRy + Rig

and dim H = oo imply that the set {1, b,a, ba} is linearly dependent. Thus A1+ ub €
K (H) for some complex numbers A, . If 4 # 0, we put @; = a and a, = (\/p)1 +b.
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By equation (3), Ly 4, +Ra,q, is then compact. By [2], Thm 2 again, the set {1, aza; } is
linearly dependent, but since aya; € K(H ), this implies aya; = 0. Similarly, aja; = 0.
If 4 = 0 then A\ = 0, too. Therefore {a,ba} is linearly dependent, say N'a + p'ba =
0 with ' # 0. Replacing b by b — (X' /u/)1 we may assume that ba = 0. Then
818y = Lgy — LoR), — LyR,, and [2], Thm 2 entails that {1, b,a} is linearly dependent.
Therefore, A1 + u”b € K(H) where p” # 0, and we are back to the first case.

O

The above lemma together with Theorem 6 yields our final result.

THEOREM 8. Let 61,6, be two derivations of a C*-algebra A. Then 6,0, is compact
if and only if there are a; € A** such that §; = ad a;,i = 1,2, as well as orthogonal
central projections ej in A**,j = 1,2,3, with e; + e, + e3 = 1 and elements &; €
A*, c; € Z(A™),,i = 1,2, such that aies and ayes are centrally orthogonal, c;a;(1 —
e3) is compact for i = 1,2, ca; = a;(1 —e3),c1d2 = ar(1 —e3),aja2e; = araje; =0,
and ¢, is compact.

1/2

Proor. Under the hypotheses on a;, @;, ¢; and e; we put b; = (c1c2)'/“a@; and obtain

adajoaday = ada,(1 — e3) oad ar(1 — e3)

= ad Czal oad Claz

12

= ad(ci¢2)'?ay o ad(cic2)'ar

=adbe; oad bye; + ad bye; o ad bre;

= _Lb.ele2e1 — Lbzelem +ad blez oad bzez,

since b1bye; = cicra aze) = ajaze; = 0 and similarly bybye; = 0.
Observe that caje; = cjcd;e; is compact, thus b;e; is compact. Therefore,
Lp,e,Rpe, and Ly,e, Rp e, are both compact operators. The identity

ad bie; o ad byéy = ad craye; o ad cyare; = ad ciaje; o ad arer

shows that ad bje; © ad bye; is compact, too. This proves the “if’-part.

In the proof of the “orly if”-part we begin as in Theorem 6 to obtain a central
projection ez and a; € A** such that §; = ad @/, and d/e3 and d)e; are centrally orthog-
onal. Since, by Lemma 7, both 47 and 65 are weakly compact for each 7 € I'y, which
we may write as I'g = {m, n € N}, we can proceed further in one step (instead of two
steps) and obtain a € A* satisfying §; = ad d,a!p, € K(Hy,), ||a|p.|| ||d5p.| > 0,
and lim, .o ||@{p,|| ||@pn|| = O (recall that p, = c(r,)).

Put a; = d/(1 —e3) +dez,c; = 3.7 ||dipal|'/*pn and ¢; = 3% ||@pul|'/*p,. Then,
¢; are positive central elemr ents in A** such that c;a; € K(A**(1 — e3)). As in the proof
of Theorem 6 define &; by the relations c,a@; = a;(1 — e3) and ¢1d, = ax(1 — e3).
Since cjc2a; = c;a; is compact, it follows that b, = (clcz)‘/ 2a; is compact. Let
Ty = {m € Ty|dimH, < >} and put e; = c(Prer;m) ey = 1 — ey —e3. If € T,
then 47 is compact (in fact, finite-rank) and thus ci6i| Ae, = ad c;a;ey as the norm limit
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of the compact mappings ad(cia;(p; + ... + pp)ez) is compact. If = € Ty \ I, then
ajaxc(m) = apa c(m) = 0 by Lemma 7. Therefore, ajaze; = azaje; = 0. O

In view of Lemma 5 we like to conclude with the following question.

Problem. What is the norm of the product ad aoadb if a, b are elements in a prime
C*-algebra A?

Even in the case when ab = ba = 0 so that |lada o ad b|| = |[L.Rp + LpR,||, the
answer is not evident since simple examples show that ||L,R; + LyR,|| can be strictly
less than 2|[a|| ||b]|. However, it seems reasonable to conjecture that it is always at
least [|al| [|]].
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