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Abstract

We prove Wiener Tauberian theorem type results for various spaces of radial functions, which are Banach
algebras on a real-rank-one semisimple Lie group G. These are natural generalizations of the Wiener
Tauberian theorem for the commutative Banach algebra of the integrable radial functions on G.
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1. Introduction

The celebrated Wiener Tauberian theorem states that given a function f € L'(R),
the span of translations f,(x) = f(x —a)(a € R), or the span of {f g : g € L'(R)}
is dense in L'(R) if and only if the Fourier transform of the function f has no
real zeros. This theorem has been extended to locally compact abelian groups. In
1955, Ehrenpreis and Mautner observed that the exact analogue of the theorem
above fails for the commutative algebra of the integrable K-biinvariant functions on
the group G = SL(2,R), where K = SO(2) is a maximal compact subgroup of G.
Moreover, the Wiener Tauberian theorem does not hold for any noncompact connected
semisimple Lie group [8, 9]. Nonetheless, the authors (in [8]) realized that in addition
to the nonvanishing condition of the Fourier transforms, a condition on the rate of
decay of Fourier transforms at infinity is also necessary. Generally, when f is a
K-biinvariant integrable function on G, its Fourier transform is well defined on the strip
S1 ={1€C:|Im4| < 1}. However, for technical reasons, it was necessary for the
authors to impose various smoothness conditions and nonvanishing conditions of the
Fourier transforms on the extended strip S; 5 :== {1 € C : [ImA| < 1 + 6} for § > 0. Their
theorem is the following.
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THEOREM 1.1 [8, Theorem 6]. Let f be a K-biinvariant integrable function on
G = SL(2,R) such that:

(1) the spherical transform ]"\is a continuous function on the extended strip S, s for
6 > 0 and holomorphic on the interior of S,

) im0 f(D) = 0in Sy4;

(3) f does not vanish on the extended strip S, s and

@) limsup,_,, [fDleX" > 0 for all K > 0.

Then the ideal generated by fin L'(G//K) is dense in L'(G//K).

Using the nonvanishing condition of the Fourier transforms on the extended strip,
the result has been generalized to the full group SL(2, R) (see [23]) and to the rank-one
symmetric spaces (see [3, 24, 25]). For the Wiener Tauberian theorem on symmetric
spaces of arbitrary rank, we refer to [18, 19].

In 1995, Ben Natan et al. (in [2]) proved an analogue of the Wiener Tauberian
theorem in L'(SL(2,R)//SO(2)) without any superfluous smoothness conditions or
nonvanishing conditions in the extended strip. The main ingredient of their proof is
the resolvent transform method developed by Carleman [4] and Domar [7]. In [21],
the authors extended the result of [2] to a real-rank-one semisimple Lie group in the
K-biinvariant setting.

In 2006, Dahlner (in [6]) gave a qualitative generalization of the result of Ben Natan
et al. [2] to L'(SL(2,R)//SO(2), w) — the convolution algebra of SO(2)-biinvariant
functions on SL(2, R) that are integrable with respect to certain weights w, where the
weight function w behaves like a Legendre function of the first kind. Our aim is to
extend this result to any connected noncompact semisimple real-rank-one Lie group
G with finite centre. More precisely, extending the result in [6] to all rank-one cases
and enlarging the class of weight functions at the same time, we show that the Wiener
Tauberian theorem holds for weighted spaces of K-biinvariant integral functions on
the group G, where K is a maximal compact subgroup of G.

For A € C, let ¢, denote the Harish-Chandra spherical functions on G. We define
S, ={1€C:|Imi| <a}fora>0,r>0,and

War(X) = Gia(x)(1 +x7)" forall x € G.

Then L'(G//K, w,,) are Banach algebras under convolution, and on these algebras,
we prove the following analogue of Wiener Tauberian theorem.

THEOREM 1.2. Suppose {f3 : B € A} is a collection of functions in LY (G//K,w,,) for
fixed a and r, such that {f : € A} have no common zero in S, and llﬁn/f\ 55 (fp) =0,
€

where

57 (¥) := limsup e /> log | f(+1)).

t—00

Then the ideal generated by {fz : B € A} in LY(G//K, Wa,y) is dense in L'(G//K, War)-
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Next, let G be a connected noncompact semisimple real-rank-one Lie group with
a finite centre. Then by the Kunze—Stein phenomenon (see [5], [20, Remark 6.11]),
the Lorentz space L”!(G) is a Banach algebra for 1 < p < 2. Hence, in particular,
L»'(G//K) is a commutative Banach algebra. It is of interest to know whether
the Wiener Tauberian theorem holds for the spaces above. The author in [22]
answered this affirmatively by proving an analogue of the Wiener Tauberian theorem
for L7'(SL(2,R)) (1 < p < 2). Our next result is a Wiener Tauberian theorem for
LP(G//K) (1 < p < 2), where G is a complex semisimple Lie group of real rank one;
that is, G = SL(2, C).

THEOREM 1.3. Let 1 < p <2 and vy, = (2/p—1). Suppose {fz : f € A} is a subset
of LP"'(G//K) such that the collection {fs : B € A} has no common zero in S, and

/i}n/f\ 515*(]7) = 0. Then the ideal generated by {fz: € A} in LPY(G//K) is dense in
€

L"Y(G/[K).

1.1. Overview of the proof. We mention that to prove our main results, we follow
the approach in [2, 21], which uses the resolvent transform method. The outline
of the proof of Theorem 1.2 is as follows. We first determine the maximal ideal
space of the Banach algebra L'(G//K, Wqr). Then the most crucial step in the
proof of Theorem 1.2 is to construct a family of K-biinvariant eigenfunctions of the
Laplace—Beltrami operator L that spans a dense subspace of LY(G//K, Wy ). These
eigenfunctions we denote by b, for 4 € C, = {1 € C : ImA > 0}. We show for ImA > «
that b, € L'(G//K, W, ) and the spherical transform of b, is

Z/I(Z) = forall z € S,.

zz_/lz

Using the spherical transform of b,, we show the collection {b, : ImA > «} spans a
dense subspace of L'(G//K, w,,). Suppose I is the ideal generated by the functions

{fg:B€A}In LY(G//K, Wq ). Then for each g € L*(G//K, 1/w,,,) that annihilates /,
we define its resolvent transform R[g] by

RIgI(D) = (ba, g), ImaA> .
For a fixed 4y € C with ImAy > «, using Banach algebra theory, we show that for 4 € C,
By= (6~ (A = A0)bs, + D' % (bay + 1)

isa L'(G//K, wq.r)/1-valued even entire function. Again, crucially using the spherical
transform of b,, we show

B, =b, forIlmA > a.
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This implies the formula
RIgI(V) =(B,,g) foraeC

extends R[g] analytically to the entire complex plane. Next, we find the representatives
of the cosets B, for 0 < ImA < a to get the explicit formula of R[g]. With this intent,
we show that for every f € L'(G//K, w,.,) and 0 < ImA < a, there is a function T, f in
LY (G//K, w,,,) such that

) - f(2)

T\ f(2) = 20

for all z € S, \{£A}.

Then we show, for f el and f(/l) #0, Tof /]?(/l) is a representative of B,. Since
the spherical transforms of the elements of / have no common zero in S,, such a
representation will always exist. Later, we use the expressions of R[g] to find estimates
for the growth of R[g](1) outside and inside the boundary of S,. We also have that
R[g](4) vanishes at infinity from the estimate of [|ballz1(y,,)-

Finally, using a log—log-type theorem, we show R[g] is the zero polynomial. So by
the denseness of the span of {b, € C : ImA > «}, we conclude g = 0.

We follow a similar strategy to prove Theorem 1.3.

This article is organized as follows. We introduce some basic notation and
well-known results in Section 2. Then in Section 3, we discuss some weighted
L'(G//K) spaces for which we prove the Wiener Tauberian theorem (Theorem 1.2).
Finally, in Section 4, we gather some features specific to the complex semisimple Lie
group and prove Theorem 1.3.

2. Preliminaries

2.1. Generalities. In this article, most of our notation is standard, which can be
found in [6]. We will denote C as a constant, and its value can change from one line
to another. For any two positive expressions fi and f>, fi < f> stands for that there are
positive constants Cy, C, such that C; f] < f» < G, f;. For z € C, we use Rez and Imz
to denote the real and imaginary parts of z, respectively.

2.2. Lorentz spaces. Let (X,m) be a o-finite measure space. For f: X - C a
measurable function on X, the distribution function d; defined on [0, co) is given by
de(a) = m({x € X : |f(x)| > a}). Define for p € [1,00),q € [1, o0]

00 1/q
(g f [f*(a)a/l/"]qd—a) when ¢ < o,
||f”p,q = P Jo 4

SUp,o @/Pf*(a) when ¢ = oo,

-1

where f*(s) = inf{s > 0 : d(a) < s} is the nonincreasing rearrangement of f (see [13,
page 45]). The Lorentz spaces L”4(X) consist of all measurable functions f for which
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Il f1l5,4 is finite. For p, g € [1, o0), the following identity gives an alternative expression
of || - [|,4 (see [13, Proposition 1.4.9]),

P f [df(a)””s]‘f f [ (@a 792 )

We need the following lemma.

LEMMA 2.1. Suppose 1 < p < q and r € (p,q). Then for all f € LP(X) N L1(X), there
exists a positive constant C independent of f such that

f 11 < CAfl + 11F1lg)- (2-2)
PROOF. Suppose f € LP(X) N LY(X). From Equation (2-1),

1 0 1 1 1 .
1711 = _f @™V da = —f f@a'"Vda + - f F(@a" da.
r 0 r 0 r 1

Next, by Holder’s inequality and 1/g < 1/r < 1/p, the lemma will follow. ]

2.3. Result from complex analysis. Now we borrow a result from complex analysis,
which is a consequence of a log—log-type theorem. For any function F on R and @ > 0,
we let

§H(F) = —limsupe ™ log|F(r)] and 6% (F) = —limsup e ™/ log |F(-1)|.

t—o0 t—00

THEOREM 2.2. Let M : (0, c0) — (e,0) be a continuously differentiable decreasing
function with

li%l tloglog M(¢) < oo, f loglog M(#)dt < oo.
t—0*t 0

Let A be a collection of bounded holomorphic functions on S;, such that
: a+ _ a— _
I 95 F) = o) =0
Suppose H is a function that satisfies the following estimates for some nonnegative
integer N:
H@| <(1 +12)"M(d(z,88,)), z € C\S,,
IF()H(z)l <(1 + DM (d(z, 8S,)), z€S. forall F € A.

(1) If, in addition, H is a holomorphic function on S, \{
a polynomial outside a bounded neighbourhood of {
(2) If H is an entire function, then it is a polynomial.

ta } then H is dominated by
Ta

PROOEF. Proof of the theorem above follows as in [21, Theorem 6.3]. O
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2.4. Real variable theory on semisimple Lie groups of rank one. Let G be a
noncompact connected semisimple real-rank-one Lie group with finite centre, with
Lie algebra g. Let 6 be a Cartan involution of g and g =t + p be the associated
Cartan decomposition. Let K = exp f be a maximal compact subgroup of G. Let a be a
maximal abelian subspace of p. Since the group G is of real rank one, dim a = 1. Let
¥ be the set of nonzero roots of the pair (g, a), and let W be the associated Weyl group.
For the rank-one case, it is well known that either X = {—a, a} or {—2«a, —a, @, 2a},
where « is a positive root and the Weyl group W associated to X is {-1d, Id}, where Id
is the identity operator. Let a* = {H € a : a(H) > 0} be a positive Weyl chamber, and
let * be the corresponding set of positive roots. In our case, £* = {a} or {«,2a}.
For any root B € %, let gz be the root space associated to 3. Let n = Y5+ g5 and
N = expn. Then the group G has an Iwasawa decomposition G = K(exp a)N and a
Cartan decomposition G = K(exp a*)K. These decompositions are unique. For each
g € G, we denote H(g) € aand g* € a* as the unique elements such that

g=kexpH(g)n, keK,neN,
and
g = kiexp(gHky, ki ky € K. (2-3)

Let Hj be the unique element in a such that «(Hy) = 1, and through this, we identify a
withRast & tHyand a, = {H € a : a(H) > 0} is identified with the set of positive real
numbers. We also identify a* and its complexification af, with R and C, respectively,
by teota and z o za, t€R, 7€ C. Let A =expa={a :=exp(tHp) : t € R} and
A" ={a; : t > 0}. Let m; = dimg, and m, = dim g,,, where g, and g,, are the root
spaces corresponding to @ and 2a. Let p = %(ml + 2my)a denote the half sum of the
positive roots. By abuse of notation, we denote p(Hy) = %(ml + 2my) by p.

Let dg, dn, dk and dm be the Haar measures of G, N, K and M, respectively, where
fK dk =1 and fm dm = 1. We have the following integral formula corresponding to the
Cartan decomposition, which holds for any integrable function f:

f Flg)dg = f f f Fkrad)AG) dky dt dies,
G K JR* JK

where A(¢) = (2 sinh £)™*"2(2 cosh t)™. A function f is called K-biinvariant if
flkixky) = f(x) forallx € G, ki, k; € K. 2-4)

For a class of functions 7 on G, we denote the corresponding subclass of K-biinvariant
functions by ¥ (G//K).

2.5. Spherical function. Let D(G/K) be the algebra of G-invariant differential
operators on G/K. The elementary spherical functions ¢ are C* functions and are
joint eigenfunctions of all D € D(G/K) for some complex eigenvalue A(D). That is,

D¢ = A(D)p, D € D(G/K).
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They are parametrized by A€ C. The algebra D(G/K) is generated by the
Laplace—Beltrami operator L. Then we have, for all A € C, that ¢, is a C* solution of

Lp = ~(2* + p))¢. (2-5)
The A-radial part of the Laplace—Beltrami operator is given by
d? d
Lif(ay) := ﬁf(a,) + ((my + my) coth t + m, tanh t)Ef(at), t>0.

For A # —i,—2i, ..., we have another solution ®, of Equation (2-5) on (0, c0) given by
(see [21, Equation (2.7)]),

p—id m+2 il
2 7 4 2°
where ,F is the Gauss hypergeometric function.
The function @, has a series representation, called the Harish-Chandra series for
t > 0, and has a singularity at t = 0. Using the Cartan decomposition, we extend @, as
a K-biinvariant function on G/K \ {eK}. Therefore, ®@, is a solution of Equation (2-5)
on G/K \ {eK} and we also have for t — oo,

@ (ay) = €“P(1 + 0(1)). (2-6)

®,(a,) = (2coshr)** zFl( 1 —id;cosh™? t),

For A € C\iZ, ®, and ®_, are two linearly independent solutions. Therefore, for
A€ C\iZ, ¢, is a linear combination of both ®, and ®_,; that is,

$a = (DD + c(-D)D-,,
where c(4) is the Harish-Chandra c-function given by
2P (M) )
Mo + )
We have the following asymptotic estimate of ¢, (see [14]) for ImA < 0 and t — oo,

$a(a) = c(De™P(1 + O(1)). (2-7)

c(A) =

The c-function has neither a zero nor a pole in the region ImAd <0 (see [16,
Theorem 6.4, Ch. IV]); so it follows that for any fixed A € C with ImA < 0,

pala,)| < e~ MM, (2-8)

For any 1€ C, the elementary spherical function ¢, has the following integral
representation:

Pa(x) = f e WHPHOK) g for all x € G. (2-9)
K
We now list down some well-known properties of the elementary spherical

functions which are important for us [11, Proposition 3.1.4 and Ch. 4, Section 4.6],
[17, Lemma 1.18, page 221].
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(1) ¢a(g)is K-biinvariant in g € G, ¢, = ¢_y, pa(g) = da(g™h).
(2) ¢a(g)is C™ in g € G and holomorphic in A € C.
(3) The following inequality holds:

e <gola) <1+t e?, t>0.
4) lgax) < 1forallxe Gifandonlyifd €S, ={1€C:[ImA| <p}.
We also have the following proposition from [15, Ch. IV, Proposition 2.2].

PROPOSITION 2.3. Let f be a complex-valued continuous function on G, not identi-
cally 0. Then f is a spherical function if and only if

fK f(xky) dk = f(x)f(y)

forall x,y € G.
The following proposition from [20, Proposition 2.1] will be useful.
LEMMA 2.4. The elementary spherical function ¢, satisfies the following properties.

(1) Forany A1, 4, € Cwith [Ima;| > [ImA,| > 0 and for any r = 0, |¢,,(0)|(1 + x)" <
Cloa, (x)| for all x € G, where C is a constant depending on A, A, and r.
(2) Forl<p<?2 ¢,eL”>°(G//K)ifand only if 1 € Sy,

2.6. Spherical Fourier transform. The spherical transform f of a suitable
K-biinvariant function f is defined by the formula

J?(/U = fo(X)fﬁ,i(x_l)dx.

It is well known that if f € L'(G//K), then fis analytic on S, continuous on S, and
If()] = Oas | - coinS,.

Let C°(G//K) be the set of all C* compactly supported K-biinvariant functions
on G. Also let PW(C) be the set of all entire functions 4 : C — C such that & is of
exponential type T for some T > 0, that is, for each N € N,

sup (1 + [ADMa)]e” MU < 0o
AeC

and let PW(C), be the set of all even functions in PW(C). Then we have the following
Paley—Wiener theorem.

THEOREM 2.5 [1, Theorem 2]. The function f +— fis a topological isomorphism
between C°(G//K) and PW(C),.

3. Wiener Tauberian theorem on weighted spaces

Let G be a connected, noncompact, real-rank-one semisimple Lie group with finite
centre, and K be a maximal compact subgroup of G. For fixed @ >0 and r > 0,
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we define

War(¥) = Pia(O)(1 +x7)"

for all x € G, where we recall x* from Equation (2-3). For @ and r as above, we define
the weighted L'-spaces as

LY (G//K, Wa,r):={f : G>C: fis measurable and K-biinvariant with ||f||L(1W < o0},

where

s, = [ 170w, dx.
‘ G
From the inequality in [11, Proposition 4.6.11], we have
A+yH/A+xH <A+ <A +xH)A +yh).

Then it follows that L' (G//K, Wq,r) 1s a Banach algebra.

We note that L' (G/ /K, Wpp) = L'(G//K), and for convenience henceforth, we write
L'(@a,) for L'Y(G/ /K, wa,).

First, we determine the maximal ideal space of Ll(wa,r). Let A : Ll(w(,,,) — C be
a nonzero algebra homomorphism. Then by the Riesz representation theorem, there
exists a function g € L*(G//K, 1/w, ), such that

A(f) = L f)galx) dx

for all f € L'(w,,,). Since

A(fi = o) = A(fA(f)  forall fi, f € LY (wa,),
we get that

f gn(xky) dk = gn(x)ga(y)
K

for all x,y € G. Thus, from Proposition 2.3, we have gp = ¢, for some A€ C.
Therefore, the maximal ideal space of L (War) 18

T, = {4 € C 2 sup|pa(0)/War(x) < oo},
xeG
Then it follows that for f € L!(w,.,), its spherical Fourier transform
fy = f Fpax) dx
G
exists for A € Z,,,,. Moreover, fis analytic on X, ~and continuous on X, .
In the following lemma, we determine X, . explicitly using the asymptotic estimate

in Equation (2-7) of ¢,(a;) and show that X,  is independent of r. We recall here that
S, ={1€C:|Imi| £ a}.
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LEMMA 3.1. Suppose a > 0, then X,,,, = S, for any r > 0.

PROOF. Since ¢, (x) = ¢_,(x) and [¢p1(x)| < ¢dima(x) for all x € G (see Equation (2-9)),
it follows that S, C X, . Now to prove S, = %, , let 1 € C with ImA > a. Then for
x = kiasky,

a0l lpatal et
i) +x) Gigla)A +0) A+’

which goes to infinity as t — oo. Therefore, A ¢ X,,,, and since ¢, = ¢_,, we conclude
S, =2, O

3.1. A dense subspace of Ll(wa,,). We now construct a dense subset of L!(w,.,),
which plays a crucial role towards proving Theorem 1.2. This collection is a suitable
scalar multiple of @,. For 4 € C, := {1 € C: ImA > 0}, we define
i
2c(—A)

ba(ay) = ®,(a,) fort>0. (3-1)

We extend b, to a K-biinvariant function on G\K, using the Cartan decomposition
by(kiaksy) = ba(a;) forallt > 0. (3-2)

Hence, b, is also a solution of Equation (2-5) on G/K \ {eK}. Next, using the
asymptotic estimates of ®@,(a,) (see Equation (2-6)) and ¢,,(a;) (see Equation (2-7))
near ¢ = oo, we observe that if ImA < a, then the functions b; do not belong to L' (War)-
In the following lemma, we show for A € C, with ImA > «, b, € Ll(ww), and along
with this, the lemma also gives us a dense subspace of Ll(cua,r).

LEMMA 3.2. The functions {b, : ImA > a} span a dense subspace of L'(w,.,).

We prove this lemma step by step. First, we show that for ImA > «, b, belongs to
LY (w,.,). To show this, we borrow the estimates of b;(a,) from [21, Lemma 3.1] near
t = 0 and away from zero. Later in Lemma 3.5, we find the spherical transforms of b,,
which are essential to prove that the collection {b, : ImA > @} spans a dense subspace
of LY (wa,,).

LEMMA 3.3 [21, Lemma 3.1]. Let A € C,. Then b,(a,) satisfies the following estimates
neart = 0 and oo.
(a) There is a positive constant C such that for all t € (0,1/2],
C(1 + AN mrm=D it 4oy > 1,
ba(ay)| < 1
1baa) Clog - ifmy +my = 1.

(b) There is a positive constant C and a natural number M such that for all t € [1/2, o0],

Iba(a)l < C(1 + |AM e~ Ama+p)
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LEMMA 3.4. If ImA > a, then b, € L'(G//K, Wq ). Moreover, there exist n,Ny € N
and a constant C > 0 (independent of 1) such that the following estimate holds:

(1 +[ap™e

b <C—r——"—.
I /IHle,r (ImA — a)™+!

PROOF. Let A € C, with ImA > @ and n = [r] + 1. Then using the estimates of b,(a;)
and Equation (2-8) of ¢, (a;),

i, < [ atalitan + s a

1/2 0o
< Cd +|/1|)"“”‘{N’M}( f tinla)(1 +0)'dt + f e
0

((l*lm/l)t(l + [)n dt)
1/2

1
< CA+ ™M1+ )
(ImA — a)+!

cca+ )N
~ (ImA — a)™!”

LEMMA 3.5. Let A € C, withImA > a. Then we have

ZA(Z) = forallz €8S,.

2_ 2
PROOF. Suppose A € C, with ImAd > @. Then from [21, Lemma 3.4], we get bl(f)
1/(£* = A%) for all £ € R. From Lemma 3.4, we have b, € L' (wq.r). Hence, b,{ is a
well-defined continuous function on the strip S, and holomorphic on S;,. Therefore,
by analytic continuation, the lemma follows. ]

PROOF OF LEMMA 3.2. We will show that span{b, : ImA > a} contains C.°(G//K)
and since C°(G//K) is dense in LY (w,.,), the lemma will follow. Let f € C2(G//K),

then f is entire (see Theorem 2.5). Applying Cauchy’s integral formula for f,

f ()

f( ) = dz forallweS,, (3-3)
-w

2” &
where (r is the contour consisting of a rectangle with vertices R +i(a + 1),
—-R+i(@+1), -R—i(e+1), R—i(e+1) (R is sufficiently large) and the positive
counterclockwise orientation. From Theorem 2.5, we get the integrals on the vertical
sides of {g to go to 0, as R — oo. Therefore, Equation (3-3) gives

f (z) f ()

Lz2—w 2m BZ—W

f()—

dz forweS,,

where A = R+ i(a + 1) and B = R — i(@ + 1). We know f(z) is an even function, and
so by the change of variable 7 — —z in the second integral, we get for all w € S,,,
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flw) = i f 22/(@) dz
2mi

AZ2_W2

Now for z € A, Imz > a, so (by Lemma 3.4) b, is in L'(a)w). Also, from Lemma 3.5,
we can write
- 1 —_
fw) = 5= f 2zf(2)b;(w) dz. (3-4)
A

2mi

From the estimate of ||b.]|,,, and the decay condition of ﬁ it follows that the Ll(ww)
integral

L. f 22f ()b () dz
27Tl A

converges. Equation (3-4) shows that it must converge to f. Since the Riemann sums of
the integral are nothing but finite linear combinations of b,, we conclude that f is in
the closed subspace spanned by {b, : ImA > a}. Hence, the lemma follows. O

We need to prove ||b,|| L, — 0 as 4 — oo along the positive imaginary axis. For
the r = 0 case, Dahlner [6] proved it by using ||b||;1 = Eg(ia/) for large £. However, in
general, for r > 0, this is not true.

LEMMA 3.6. We have ||b,ll;y ~— 0 as A — oo along the positive imaginary axis.

PROOF. Let us take A = i£, where & > 0 is very large. Then from Equation (3-1), we
have b;s(a;) is positive, and so

loielly, = fo bie(aia(a)(1 + 1 AD di

<C f bie(ar)pria(a)A(®) dt  (using Proposition 2.4)
0

1
C—.
&2 — 42

The lemma follows by sending ¢ to infinity. ]

3.2. Resolvent transform. Let L}(w,,,) be the unitization of L'(w,,), where § is
the K-biinvariant distribution on G, defined by 6(¢) = ¢(e) for all ¢ € C°(G//K).
The maximal ideal space of L(‘s(wa,r) is {L;:z€8S,U{co}}, where the complex
homomorphisms L, on Lé(wa,,) are defined by the following:

1 iff=6

for all f € L (wq,).
0 iffelLliwy, O Eh@n)

L(f) = f(2), z€Sa Lo(f)= {

Let I denote the closed ideal from the hypothesis of Theorem 1.2. Then the spherical
transform of the functions in / does not have any common zero in S,. Therefore, the
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maximal ideal space of the quotient algebra L}(w,,,)/!I is the complex homomorphism
L., defined by

Loo(f) = f(oo) forall f € Li(wq,)/1.

It also follows that an element f + I € L}S(a)w) /1 is invertible if and only if ]?(oo) # 0.

Now suppose 4o is a fixed complex number with Imdy > @. So by Lemma 3.4,
by, € LY(w,.,), and for A € C, the function 1 — ¢ — (2% - /1(2))1740 does not vanish at oo,
Hence, 6 — (1% — /l%)b/lo + I is invertible in the quotient algebra L(ls(a)a‘r)/l forall A € C.
We put

Byi= (6= (= )by, + D7 % (b + 1. (3-5)

For each g € L*(G//K, 1/w, ) that annihilates the closed ideal /, we associate its
resolvent transform

R(gl(A) =(By,g) fordeC.

3.3. Properties of R[g](1). We first find the representative of B, in L'(G//K, wq.,)
that gives the explicit expression of R[g](1). Let A4 € C be such that 0 < ImA < @ and
f € LY(w,.,). Then we define

T, f(a)) = ba(a,) f f(as)palas)As) ds — ¢a(ar) f flas)b(as)Als)ds, >0,
(3-6)

and extend it to a K-biinvariant function on G \ K.

We first show that for a given f € L'(w,,), Tif € L'(w,,), and find a good
quantitative bound of [|Tfll;; (in the next lemma). Then (in Lemma 3.9), we find
its spherical Fourier transform. This is essential to finding the representative of B, in
terms of T, f for 0 < ImA < a.

LEMMA 3.7. Let 0 < ImA <@ and f € Ll(wa,,). Then, T,f € Ll(a)a,,). Moreover, if

ITaflis, . < Cliflly, (1+1A)*d(2,85,)
for some nonnegative integer L, where d(A, 0S,) denotes the Euclidean distance of A
from the boundary 0S, of the strip S, and B,(0) denotes the closed ball in C of radius

a centred at zero.

To find the estimate of [|T,f]|.
functions.

(w,,)» We need the following property of spherical

https://doi.org/10.1017/5144678872300006X Published online by Cambridge University Press


https://doi.org/10.1017/S144678872300006X

[14] Wiener Tauberian theorems for Banach algebras 81

LEMMA 3.8. Suppose 0 < v < a, then we have ¢;,(x) < ¢;o(x) for all x € G.

PROOF. By the Cartan decomposition, it is enough to show that ¢;,(a;) < ¢;,(a,) for
all ¢ > 0, when 0 < v < a. For any two smooth functions f and g on (0, c0), we define

[f,81(0) := (f"(0g(®) - f(Dg' (D) A1), t> 0.
An easy calculation shows that
[f.gl' ()= (Lf-g— [ LOMA®), (3-7)
where we recall L is the Laplace—Beltrami operator on G/K and
A(r) = (2 sinh 1™ (2 cosh £)".
Now putting f = ¢;, and g = ¢;, in Equation (3-7),

[Bivs Dial (@) = (V= pD)Pivia — Divbia(@® — pP)A(2)
= (v — &) dia A1)

Hence, [¢;y, ¢io](a,) < 0 for all £ > 0. So we have

G\ (Bialadd), (@) — dia)d(a)
(52) @ =( i <o
Therefore, ¢;,(a;) < ¢in(a,) for all t > 0. O

PROOF OF LEMMA 3.7. We have
ITafllLy,, = f ITaf (apldia(a) A@)(1 + 1) dt.
! 0

Let

1

C(1 + [APNA=m=m) ity +mp > 1,
rat) = .
log; ifm +my = 1.

We observe the following properties of r,(¢): :

(i)  r,is adecreasing function;
Q) [ rA@d < (1 + )Y
(iii) [balan)l < ra(0), t € (0,1/2].

We write

f"" ITaf(a)lpia(a)AA + 1) dt < Iy + I + I3 + 14,
0
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where
1/2 o
I = fo |b/l(at)|¢ia(at)A(t)(1+t)r( f |f(as)||¢ﬂ(as)|A(s)ds)dt’
1/2 -
L= f I@(at)l«ﬁia(at)A(t)(l+t)r( f |f(as)||b,1(as)|A(s)ds)dt’
0 t
L= " |ba(ad)llpio (a) A +t)r(f |f(a5)||¢/l(as)|A(S)ds)d[,
Iy = fl B |¢A(az)|¢ia(at)A(l)(1+l)"( f |f(as)||bl(as)|A(S)ds)dt_
Then,

1/2 o
L<cC f D@0 + o f /(@) an(a)A(s) ds) e (using Lemma 3.5)
0 0

< A+ 1DMfll,
12

1/2
bs | ¢lm(al>¢,-a<a,)A<t)<1+t)’( f |f(as)||bﬂ(as>|A<s)ds)dr

12

¥ ¢amﬂ(a,>¢m(at>A<z><1+r>’( f |f<as>||bﬂ<as)|A(s>ds)dt.
0 12

1/2 1/2
<C f ra(DA) dt f |F(@9)lpia(a)As)(1 + 5)"A(s) ds
0 0

+C(L+1AM | 1f(as)le ™ P Als) ds
1/2

12
<Cad+ Iﬂl)max(M’N)( f |f(ap)lpia(as)A(s)(1 + 5)" ds

0
v f @)l (@A6)1 + 57 ds) (using Equation (2~ 7)
1/2
< C(L+ )™MV |

Next, using the estimates of b,(a;) and ¢,(a;) (see Equation (2-7) and Lemma 3.3) and
changing the order of integration,

Iy < €+ M e=Dle-a)) [ e@tmdrgy +t>f( f ) If(as)le(m"’)“'A(S)dS) dr
1/2 t

< C( + A [e(=Dlle(-a)l f1 : |f(as)|e<"‘1““>“‘A(s)( fo S e tmbr(q +r)’dr)ds

(@—ImA)s _ e(a/—lm/l)l/2
) ds

< C(1 + [AMe(=Dlle(-a)| f f(as)le™ "5 (1 +S)’A(S)( I
1/2 — ImA

< CQ+LMe=DIIf Iy, d(A.08,)7".
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Simliarly, we can prove
Iy < C(1 + 1AM le=DIfNl,, d(A,8.)™"
Since
2p7I(IMARENT() 20T (MHEELT( + i)

FEEHME +8)  iarEHre? + 4)

e(=A) =

by the polynomial approximation of gamma functions,

C
AU+ Ay D72

le(=D)| <
Now A ¢ B,(0), so we can dominate |c(—A)| by a polynomial. Finally, from the
estimates Iy, I, I3 and I, the lemma follows. O

We will use the inverse spherical transform to show 7, f is a representative of B, for
0 < ImA < a. To apply an inverse spherical transform, we need the following lemma.

LEMMA 3.9. Let 0 < ImA < a and f € L'(G//K, w,.,). Then,
) - f)
Z2 _ /12

PROOF. Using the definition of T, f in Equation (3-6),

T.f(2) = forall z € Sy \ {=A).

T\f2) = fo bl(at)¢z(at)( f f (as)(b/l(as)A(s)ds)A(t)dt

- fo ¢A<a,>¢z<at>( f f(a;)bﬂ(asm(s)ds)mt) dr.

By changing the order of integration,

Tof () = fo f(as)(m(as) fo ba(and,(apA) di — byay) fo ‘ m(a,)sbz(a,)A(r)dz)A(s)ds.

Putting f = ®@,, g = ¢, in Equation (3-7), we get forany 0 < r < s,
1
_2

Now sending r — 0 and using the asymptotic behaviour of ®,(a;) near t = 0, we get
(see [21, Lemma 8.1])

f | Qi(a)p-(a)At) dt = 2 (@1, ¢-1(ay) — [P, ¢-1(ay)). (3-8)

lim [©y, ¢:(a,) = 2ide(=).

Consequently, Equation (3-8) becomes

S 1
[ batars@nwd = sz brodar + 1,
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Similarly, putting f = ®,, g = ¢, in Equation (3-7), we get [¢,, ©,](-) is constant on
(0, 00). Next, using the asymptotic behaviour of A(¢) and ®,(a;) near ¢ = oo, we get (see
[21, Lemma 8.1])

[$2, @aIC) = lim [y, D,)(a,) = ~2ide(=A).

Next, from the equations above, it follows that

1(s) := ¢alas)A(s) fo bi(a)¢-(a)At) dt — ba(a)Als) fo Palag-(a)A(r) dt

1
= ap (Da(as)A(s)([Da, ¢-1(ay) + 1) = Da(as)As)[¢z, hal(as))
1

=ap (da(as) — ¢-(as))A(s) (here we use the fact [¢, ba]() = D).

Therefore,

F) -7

¢ forall z € S, \ {£4}. O
2 —

T.f(2) =

We are now equipped with all the tools to find out the explicit formula of R[g]. The
relevancy of the functions b, and T, f is made clear in the following lemma, where we
summarize the necessary properties of the resolvent transform.

LEMMA 3.10. Assume that g € L*(G/ /K, 1/w, ) annihilates the ideal I. Then:

(a) RIglQ) is an even holomorphic function on C;
(b) forIma > a,

RIGID) = (ba, &);
(c) forany function f € I and 0 < ImA < «,

T
RiglD) = /-8
7

provided A ¢ Z(]?) ={z€8S,: ]?(z) =0};
(d) for|ImAa| > «a,

(1 +1AD"Y .

RIGIDI < Cligls,,, 5758 5"

(e) for|Imd| < «,
= (1 + ™
[FCDORIGIDI] < C||f||ij'r||g||L‘;jww d.98y)

where the constant C is independent of A and f € I.
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PROOF. (a) This follows from the definition of B, (see Equation (3-5)).
(b) Suppose A be a fixed complex number with ImAy > . We recall from Lemma
3.4 that for ImA > a, we have b, € Ll(wa,,). Then from Lemma 3.5, for all z € S,,

(1= (A% = )b, (@)ba(2) = by, (), forallz €S,
Hence, by the inverse spherical transform,
(6 = (2 = b, (-)) # ba() = by, ()
as L§(w,,,) functions. Therefore, in the quotient algebra L}(w, )/,
(6= = Aby, + 1)+ (by+1) = by, + 1. (3-9)

Since (6 — (1% - /l(z))bjo +1) is invertible in L}(w,,)/I, from the definition of B, (see
Equation (3-5)) and Equation (3-9), we get B, = b, + I. Accordingly,

RIgI(A) = (ba, &)- (3-10)

(c) Let f €I and A € C with 0 < ImA < @, then by Lemma 3.7, T f is in Ll(ww).
Now if A is such that f(1) # 0, then, similarly as in the previous case, we have from
Lemma 3.9 and the inverse spherical transform,

6= = iy # (L) < o - 2200
7

—

J()

as Li(w,,) functions. Since f €I,

T
6 — (22 = Dby, +1) * (ALf +1) = by, +1.
e
From the definition in Equation (3-5) of By, we get B, = T,f /f(l) + I. Hence, from
the equation above and the fact that the spherical transforms of functions in 7/ do not
have a common zero, we get the expression

RIgI(A) = (%g}

provided 1 ¢ Z(f) = {z € S, : f(z) = O}.
(d) From item (a), we have R[g] is an even function, so it is enough to consider the
case ImA > @. Now for ImA > «, we have from Equation (3-10) and Lemma 3.4,
(1 + N

IRLgI(DI < Cligllzs,, AL 35y for some C > 0.

(e) From the estimate of ||Tﬂf||L1w” (Lemma 3.7), we get for 0 < ImA < @, 4 ¢ B,(0),

— 1 /lL
FOOREID! < Cllfl lglls D

_— 3-11
Wa,r l/wa,r d(/l’ 650) ( )
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As f(/l)‘R[g](/l) is an even function on S,, we get the same estimate for 0 < |[Im4| <
a, A ¢ B,(0). Now from continuity of R[g](1) and using Holder’s inequality for A €
BLY(O)3

IFORIZID] < Clfll,

where C is a constant independent of f and A. Hence, using continuity of R[g](1) and
f(A) again, we can find a constant C > 0 such that for all A € C with 0 < ImA < a,
Equation (3-11) holds. m|
PROOF OF THEOREM 1.2. Since the ideal generated by {f3 : B € A} is the same as
the ideal generated by the elements { fz/||fgll;, B € A} and 6 (f) = 6o (f/IIf1Is, ),
we assume that the functions f are of unit LY(w,,) norm. Let g € L*(G//K, 1/w,.,)
annihilate the closed ideal / generated by {fz : 5 € A}. We will show that g = 0. Then
by an application of the Hahn-Banach theorem, it will follow that I = L'(G//K, W r)-
From the hypothesis,

. At TN =T\ _
}fé{ 0o (fp) = }ggl{ 0 (fp) = 0.
By Lemma 3.10, the entire function R[g] satisfies the following estimates:
[RIg)2)| < C(1 +12D)(d(z, 88,)) ™!,z € C\S,,
@RI < C(1+[2)(d(z 88.)) ", z€ S,

for all B € A, where C is a constant and we choose it to be greater than e and we
recall n = [r] + 1. Let M : (0, 00) — (e, o) be a continuously differentiable decreasing
function such that M(r) = ,f;l for 0 <t<1, and flm loglog M(1) dt < co. With this
definition of M,

1R[] < (1 + [zDM(d(z,0S,)) z € C\S,,
@RI < (1 +2)M(d(z,8S,)) z €S0, forall B e A.

Therefore, applying Theorem 2.2, we get R[gl(z) is a polynomial. Now from
Lemma 3.6, we get ”bZ”LL,a, — 0 as z goes to infinity along the positive imaginary
axis. However, Lemma 3.10 gives

IRIg1@) < I1b:lls, llglls,  for Imz > a,
so we get R[gl(z) — 0, when z — co along the positive imaginary axis. Therefore,
Rlg] is the zero polynomial. Hence, (b,, g) = 0 whenever ImA > a, but the collection
{b, : ImA > a} spans a dense subset of L'(G//K, w,,,). So g = 0, and the theorem is
proved. ]
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4. Wiener Tauberian theorem for complex semisimple Lie groups

In this section, we prove an analogue of the Wiener Tauberian theorem for Lorentz
spaces L”!, 1 < p <2 of K-biinvariant functions on a noncompact, real-rank-one
complex semisimple Lie group G = SL(2,C). It is known that for a noncompact
complex semisimple Lie group @ € £*, my =2 and m, = 0 [16, Theorem 6.14]. As
in the real case, we identify p with 1. Throughout this section, p will always lie in
[1,2). We alsorecall y, = (2/p — 1) and Syp ={1€C:ImA| <v,}.

We have the following integral formulae corresponding to the Cartan decomposition
(see [10, Section 3]):

f F(g)dg = f f f Flkraks) B dky dt dis,
G K JRt JK

where A(f) = (¢! — e )2, t € R,

4.1. Spherical functions. The spherical functions on G with respect to K have the
following formula (see [12, Equation (2.2)] and [16, page 432, Theorem 5.7]):

sin At
sinht’

Palar) = ic(d)

where

) = 2(1—i/1>1“(%)1"(i/l) B r(%)r(%)F(”T“) B
) = I'(1+ %)F(H_ZM) - \Vr (1 + %)F(HTM) =

The spherical transform fof a function f € L”!'(G//K) is defined as

) = f f@p_axdx forall A€, .
G

As in the rank-one real semisimple Lie group, similar properties of spherical functions
and spherical Fourier transforms hold for the rank-one complex semisimple Lie group.
We refer the reader to [10] for further details.

4.2. A dense subspace of L”!(G//K). Now, to prove Theorem 1.3, we follow a
similar strategy as in Theorem 1.2. First, we construct a dense subspace of L”!(G//K).
We define for A € C,,

l-el/lt el/ll

balad = 07D = 270

forallr > 0,

where J(¢) = (¢' — e™"). We extend b,(-) as a K-biinvariant function in G/K \ {eK}
using the Cartan decomposition of G.

LEMMA 4.1. The functions {b, : ImA > y,} span a dense subspace of L (G//K).
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To prove the lemma above, we first show that for ImA > vy, b, € LPY(G//K). After

that, we show that the spherical transform of b, is by(z) = 1/(z* — A%) forall z € S, ,
and then the proof of the lemma above follows exactly as in Lemma 3.2.

LEMMA 4.2. Let 1 < p <2 and A € C, with ImA > vy, then b, € LPY(G//K). More-
over, there exists a constant C > 0 (independent of 1) such that the following estimate
holds:

1+ 4
b <C—7—. 4-1
151l 5,1 Tmi-y, 4-1)
PROOF. Suppose A € C,.. Then using an asymptotic estimate of J(¢), we get
Ibatanl < C(f(1) + g(1)), (4-2)

where

f@ =xon®r" and g0 = xp1.e)®e ™D for ¢ > 0.

We extend f and g as K biinvariant functions in G similarly as in Equation (3-2). The
proof will be completed if we show that [|f1],,1 + |Igll,,1 is dominated by the right-hand
side of Equation (4-1). We have, for @ > 0,

de(@) = mit € [0,00] : |[f(1) > @} = mit € (0, 1] : 17" > @} = m{z €(0,1]:1< %}

where m is the Haar measure on G in the Cartan decomposition. We observe that for
a < 1, ds(a) is constant. For @ > 1, we have

-1 a/_] a
de(a) = f' A(t)dt = f (¢ — e dt = f Pdr= a3
0 0 0

1l = p( fo df(a)l/”da') < p(C+ fl 01_3/”07&) — C(sincep<2).  (43)

Now,

For the function g,
1 1
dg(a') = m{t S [1/2, oo) . e_(Im/Hl)t > a/} = m{t € [1/2, 00) < m IOg E}

—(ImA+1)/2 —(ImA+1)/2

Therefore, d,(ar) = 0 whenever « > e and for therange 0 < a < e

1/(ImA+1)log 1/a
dy(a) < j]‘ dr <

2 = g2/ma+D)”

Then,

lgllp.1 = p(f dg(a)l/pda') < p(f a_z/"am’l”)da) =—7F (4-4)
0 0

1- pImA+1)
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The integral in Equation (4-4) converges since 2/(ImA + 1)p < 1 for ImA > y,,. Next,
from Equations (4-3) and (4-4),

1 1+
il < €+ ———— < Co
~ p(ImA+1) Yp
This completes the proof of the lemma. ]

LEMMA 4.3. For A € C, withImA > vy,,

— 1
b(z) = zz——/lz’ forallz €S, .

PROOF. Suppose z € S, , then,

- 1 00 iAl o3
ba(2) = f —e sin(af) (el — 6_1)2 dt
0

2z J, J(t)sinht
— L fm(ei(/Hz)t _ ei(/l—z)t) dt
2iz 0
1 2z 1

- jz(/lz—zz) - (2 -2

From the pointwise estimate in Equation (4-2) of b,(a,), we observe that if Im(A) is
sufficiently large, then b, € LP!(G//K) for any small p. In particular, if ImA > Yp+ 1,
then ’l;l exists at the point and’l;,l(i) = 1/—(A% + 1). Using this along with the estimate
of b,(a;), we show that for all p €[1,2), ||ball,,; — O whenever A — oo along the
positive imaginary axis.

LEMMA 4.4. We have ||b,l|,,;1 — 0 as A — oo along the positive imaginary axis.

PROOF. We are going to show for A = { + i€, ||ball,,1 — 0 as & — oo, for any fixed
{ € R. Suppose A = ¢ + i€ and £ is a large positive real number and g € [1, 2). Then,
bis(a,) is positive and for a fixed ¢, [bi(a,)| < Cbig(a,) for all ¢ > 0. Hence, for large
£>0,

X - . 1
goes to zero as & — oo. Next, we show that for any ¢ € [1,2),
Jim [Ibigllg = 0. (4-5)
We have
Ly ” Dgr+2
el < ¢ [ (3) B c [ e
0 1

< C+ Ce!¢*hal2,

https://doi.org/10.1017/5144678872300006X Published online by Cambridge University Press


https://doi.org/10.1017/S144678872300006X

90 T. Rana [23]

Let 1 < p < g, then there exists 8 € (0, 1) such that 1/p = (1 — 6) + 6/p. By Holder’s
inequality,

lm ||biell, < Hm ||bi]|} =0 lim ||be||C =
fWllbzg:llp_ HOllbzflll fwllblfllq 0

as limg_,e [|biglli = O (see [21, Lemma 3.5]). Since p, g are arbitrary, we get Equation
(4-5). Now for p; < p < p>, we have from Lemma 2.1,

Bigllp,1 < CUlbillp, + Nlbicllp,)-
This implies [|b4]l,1 — 0 as 4 — oo through any vertical line. O

4.3. Resolvent transform. As before, here also we define a resolvent transform
associated to each g € L”>°(G//K) that annihilates the closed ideal I generated by
the functions {f3 : 8 € A} from the hypothesis of Theorem 1.3. Let Lg’l(G/ /K) be the

unitization of L”!'(G//K) and §. The maximal ideal space of Lg’l(G//K) is{L,:z¢€
S,, U oo}, where L, are complex homomorphisms on Lg’l(G/ /K) defined similarly as

in Equation (3-2). We have that the collection {]/‘,Z : B € A} does not have any common
zero in S, . So by Banach algebra theory, we get that the maximal ideal space of

Lf;’l(G/ /K)/I is the complex homomorphism L., defined by
Lo(f+ 1) = f(co) forall f e L(G//K)/I.

For each g € LP°(G//K) that annihilates the closed ideal I, we associate its resolvent
transform

RIgI(D) = (ba,g), ImA >y,

Now suppose Ay is a fixed complex number with ImAy > y,,. Then, using an analogous
argument as in Equation (3-5), we define the resolvent transform

RIgl() = (Br.g) A€C,
which is analytic on the entire complex plane, where
By = (06— (A% = A)bay + D)7 % (by, + D).

Our next objective is to find an explicit formula for R[g](1) by acquiring represen-
tatives of B, in L”'(G//K)/I. We will show, for ImA > vp, a representative of B, is
b,, which is in Lg’l(G//K). Before that, we find a representative of B, in Lg’l(G//K)/I
for 0 < ImA < y,. Suppose 4 € Cwith0 <ImAd <y, and f € L7'(G//K). Then for all
t > 0, we define

Tf(a;) = balay) f Fag)pa(a)N(s) ds — a(ar) f flaba(a)A(s)ds,  (4-6)

and extend it as a K biinvariant function on G. Next, using the estimate of b,(a,), we
find a quantitative estimate of |7, f1|,,1 in the following lemma.
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LEMMA 4.5. For A € C, with 0 <ImA < y,, we have T)f € LPY(G//K) and moreover
for ¢ B, (0), its L»(G//K) norm satisfies ITaflpa < C(1 +14])/d(4,8S,,).

PROOF. Suppose h € LP*(G//K) with ll#]l o < 1, then from Equation (4-6),

_ ] fo Tﬂf(a»h(a,)'&(r)dr‘
fo (b»(a» f Flas)balas)A(s) ds

— alay) f f(as)b/l(as)z(s)ds)h(f)g(t)df‘-

‘ L Trf (x)h(x) dx

Now we divide the integral into four parts to use the estimates of b,(a;):

<Lh+bL+1+1,

’ L T, f(x)h(x) dx
where

1 - ~ -
I = fo Ibatalta))( f £ (@lgata)idGs) dsJA d,

1 . N R
Iz:j; |¢/l(at)||h(az)|(f |f(a3)”b/l(as)|A(S)ds)A(t)dt’

LI =fl |b/1(at)”h(at)|(f |f(as)||¢/l(as)|Z(S)ds)Z(t)dt
and

I = fl |¢A(a,)||h(at>|( f |f<as>||b4<as>|K(s>ds)K(t>dt-

Then, using Holder’s inequality and our estimates of b,,

1 00 . _
11S](; Ib/l(a,)llh(a,)l(f |f(as)||¢/l(as)|A(S)dS)A(t)df

t

< ClApallbally colllly oo
1 00 — —
L< fo |¢A<at>||h<a,)|( f |f(as)||b/1(as)|A(S)dS)A(l)dl

12
<C f (@ A@)fllp.1 (C + 1.0 ()™ D5, o) dit
0
< CllAllpallAlly co.

Since A is inside the strip Syp, that is, 0 < ImA < ), by a similar calculation as in
Equation (4-2), we can show ||¢,l]7 co and |[x[1,00)()P2(as)ll 7 0 18 bounded by a constant
independent of A.
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Before we estimate /3 and I, we need to find an L”*!-norm estimate of the following
K biinvariant function on G, defined by

g(t) = "™V (1),  where s > 1 s fixed.
Then the distribution function is
1 1
) =mlre st 1< —1og 1),
(@) = mit € [1,s] <(1—Im/l) oga

Recall m is the Haar measure on G in the Cartan decomposition. Now we observe,
unless 0 < @ < ™D 4 (@) = 0. Furthermore, when 0 < @ < e™m4=1s,

2s _ 82

dy(a) XI A=
1 2

and for eMDs < o < ¢MMA=D) "ye get

og 1/e/(1-Tmd) 1 2
- tge_ L ¢
dg(a) = fl et dt = 202/ m) ~

Therefore,

llgllp,1 = Pf dy(@)'Pdar = Pf
0 0

< Ce(lm/l+2/p—1)s +

e(Im1- Ds (Ima-1)

dy(@)""Pda + p f dy(@)'"?da

e(ImA-1)s

PIMA=1+2/p _ ,(ImA=1+42/p)s

2
1- p(-Im.)
(ImA+2/p-1)s (2/p—1+ImA)s
<Cl+)———=<CA+A)) ——.
(1—2]—1)1+Im/1 (%—1)—Im/l

Similarly, if we take g(f) = e~ M4y (), for a fixed s > 1,

(2/p—-1-ImA)s
g <Cl+|)=———. 4-7
Bl = €O+ WD (“7)

Now, using the estimates of b,, ¢, and changing the order of integration,

<< f B e‘(lm“l)’lh(t)l( f " @)™ DA (s) ds)Z(t) dr
| Jy '

e f Uit f R0 dn G ds
1l Ji 1

C ~ £2/p=1-ImDs _
< —(1+a]) f |f(a)le"™ ™ ———————|Ihlly A(s) ds (using Equation (4-7))
|/l| 1 (E - 1) —ImA
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C(1 +|A))| f‘” s _
=2 1 T as)le Al o A(S) ds
AC - 1-tmy J; V@l MlrsbO

C(1+|A _
< Dd(ﬂ,ﬁSn) N Al co-

|1
Similarly, we can prove
< Ca + 14D
|l

Since A ¢ By, (0), 1/]4| < C, and so adding the estimates of /1, I, I3 and /4, the lemma
follows. o

Iy (2,08, 1l Il o

Now that we have T, f € L»'(G//K) for 0 < ImA < ¥p, next we need the spherical
transform of T, f to prove that T, f is a representative of B, in L”!(G//K). We find
the spherical transform of T, f, using the same calculation in Lemma 3.9 to prove the
following lemma.

LEMMA 4.6. Suppose 0 <ImA <y, and f € L"Y(G//K). Then,

T f(z) = % forallz €8S, \{xA4}.
PROOF OF THEOREM 1.3. We have gathered all the details to find the explicit
formula of the resolvent transform for the outside and inside of the strip S, , as
in Lemma 3.10. Using the spherical Fourier transform of b, and its L”*! norm
estimates, we can show that the associated resolvent transform is the zero polyno-
mial for each g € L”**°(G//K) that annihilates the ideal /. This gives a proof of

Theorem 1.3. O

REMARK 4.7. We could not prove the Wiener Tauberian theorem for L”!'(G//K),
1 < p <2, for a real-rank-one semisimple Lie group G (other than SL(2, R)), because
of the following reason. It is known that for A € C,, by(a,) is asymptotic to ¢~ "1+m=1
when my +my > 1. By a direct calculation, it follows that {b, : ImA > y,} does
not belong to L”'(G//K) unless p < (m; +my + 1)/(m; + my — 1). So one cannot
define the resolvent transform as in Section 4.3 for all p €[1,2). Even for p <
(my +my + 1)/(m; + my — 1), we are unable to prove [|b,]|,,1 goes to zero as A — oo,
which was crucially used to show that R[g] is the zero polynomial.
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