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Given a probability space (X, %, u) and a o-algebra A c &, arguably the most
powerfu] tool in gaining information about an %-measurable function f from restricted
knowledge of sf-measurability is that of the conditional expectation E(f | &f); written E“f
throughout the remainder of this note. Two properties of conditional expectation that
may be exploited to gain information, but which also limit conditional expectation’s use
are the following,.

(i) If v is a probability measure mutually absolutely continuous with respect to u,
then the conditional expectation described in terms of v will not in general be the same as
the one developed in terms of u.

(ii) E“fderived its uses from the idea that it represents f on the average with respect
to . Specifically, for each A € &, [, fdu = [4 E¥fdu. This means that except when fis
&-measurable, E“f and f are never related by a pointwise inequality, and conditional
expectation is of limited value in making pointwise estimates to the value of a function. In
this note we shall examine the concept of measurable majorants of nonnegative L'
functions. This concept has a source in the study of subinvariant functions for Markov
operators. Also, recently, C. Akermann and N. Weaver have explored a similar behavior
for nested von Neumann algebras. Before beginning our analysis of majorants we present
a statement of the results from these diverse fields relevant to the present discussion. An
excellent source for the study of Markov operators is [4). The new development by
Akermann and Weaver is found in [1].

ProrosiTiON [1]. Let N < M be von Neumann algebras, let ®: M— N be a faithful

conditional expectation, and let x € M be positive. Then the sequence ®(x™)'" converges in
the strong operator topology to x.., a minimal majorant of x in N.

A result similar to the preceding one is presented below (Lemma 2.1). Our emphasis
is in the L' setting, and the operator algebra point of view will not be stressed in this
article. The measure theoretic setting of Markov operators is directly related to this
investigation.

Let (X, %, 1) be a complete probability space. Given a linear transformation Q on
L'(X,%, 1) which is a Markov operator (i.e. positive: f=0 a.e. > Qf =0 a.e. and
contractive: [x|Qfldu < fx|fldu for all f € L'), and given a measurable function g for
which 0=g =1 a.e,, there is a function g, which is minimal with respect to the properties

() g=go=1ace,

(i) Q*go=go a.e. (subinvariance for Q*)

(see [4, p. 19]). Now suppose that & is a sub-o-algebra of % and let E¥ denote the
conditional expectation operator with respect to & on L'(X, %, n). Then E¥ is a rather
basic Markov operator, and its adjoint is its restriction to L*, which we shall also denote
by E¥ But E¥ has no subinvariant nonegative functions (in L' or L) which are not
invariant, ie., if f=0 and E¥f<f e L', then E¥f =f Also, f is &/ measurable if and
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only if E¥f =f. Thus the subinvariance result mentioned above takes on the following
form for conditional expectations.

ProposITION. Let g € L3(X, &). Then there is an s measurable function g such that
g% is minimal with respect to the property g <g“ =< |Ig|

In this note we shall examine the properties of this measurable majorant. We shall
actually examine the existence and properties of this majorant for nonnegative L'
functions. Unlike the L” case, the majorant need not be finite a.e. This analysis will then
be applied to the question of existence of nonegative generators for the kernel of a
conditional expectation, and to the classification of certain operator order ideals.

1. Notation and terminology. All functions and sets encountered are by assumption
or construction & measurable. When a function’s existence is determined by an argument
outside the usual measure-theoretic countable limit family of constructions, care will be
taken to ascertain its measurability.

All function and set statements are to be interpreted as holding up to a w-null set. In

particular, statements such as “S = 7" should be understood as “‘the symmetric difference
of S and T has measure 0”.

{f = a} is slang for {x € X : f(x) = a}, etc.

L% refers to those L? functions which are nonnegative.

For a o-algebra &, &, is the collection of all sets in & of positive measure.

LY(%F)=LY(X, %, pn), etc.

For a given measurable function g we choose a measurable set suppt. g so that g =0
a.e. on suppt.g and g =0 a.e. off suppt.g. At no time in this article will supports be
employed for more than a countable number of functions simultaneously.

2. Some results in this section are more or less well known results about conditional
expectations. In some cases the proofs are included because the results are not routinely
stated in many reference texts on conditional expectation. The statements of these results
will be preceded by the symbol #.

2.1. Lemma. Let f € LX(%F). Then (E*(f"))'" is increasing a.e.

Proof. Apply the conditional form of Holder’s inequality with p =(n +1)/n and
g=n+1:

Edfn < (E.vi(fn)(n+1)/n)n/(n+1) . (E.nll)l/(n+1) — (E.d(fn+l))n/(n+l)' D
2.2. Dernimion. Let f e LL(%). Then
£ = lim(E“(f)"™.

2.3. RemaRks. Note that £ may be infinite on sets of positive measure. Indeed, any
of the conditional moments E“f” for n =2 may be infinite on sets of positive measure. In
any case, f is a pointwise limit of s/-measurable functions and so it is &/ measurable as
well.

In the special case that & is the trivial o-algebra consisting of sets of measure 0 or 1
only E¥ = [ygdu. In this case & measurable functions are constant, and Lemma 2.1
and Definition 2.2 combine to yield the classic statement.
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For each measurable function f, | f|, is an increasing function of p, and lim | f||, =
p—bm

1f N

At this point it would be more accurate to use the notation f<* since the
construction depends on conditional expectation, which in turn depends not just on the
o-algebra, but on the measure as well. We shall see however, that the definition yields the
same function for all equivalent measures.

Note that for a nonnegative function f, both f and E“f have precisely the same
integral over X. It follows that unless f is & measurable, both {f = E*f} and {f < E*f}
have positive measure. The next result shows that f<=f The proof is essentially a
conditional form of the proof of Chebychev’s inequality.

2.4. ProrosiTiON. Let f € LY(%). Then f <f¥, and if g is A measurable with f <g,
then f9=<g.

Proof. Let €>0 and let A={f*<x}. Then Ae . Let T={f>f+¢€}. Then
T c A and

E¥yr=< E*”((f.v,f+ e)) Xa= (f"+e) E“(f*). Xa-

Now for any nonnegative function g, §""— Ysppt ¢ a.€., s0 that

o
XSuppt.E-"z-rSfd +e Xa< 1L

Thus w (suppt. E¥y;) =0, and consequently yr =0; that is u(T)=0. But € was chosen
arbitrarily, and so f < f*.

Now suppose that g is &f measurable and f = g. Then for each n =1, f* <g”", and so,
since E¥g" = g", we obtain

(Edfn)lln < (E.sdgn)lln =g
It then follows from the definition of f* that f¥<g. O

2.5. CorOLLARY. Let v be a finite measure equivalent to . Then for every
nonnegative function f, f<v = f*,

Proof. By the equivalence of the measures, “a.e.” is unambiguous. Since f < f*,
we have f*¥=<f“# ae., and conversely. O

In light of 2.4 and 2.5 we shall refer to f as the & majorant of f.

ExampLE 1. Consider f = y for F € % Then
(E“Qe)" )" = (E%e)" = Xsuppr. £z
that is

(ZF)J# = XSuppl. E<yp

Thus the support of the conditional probability, E“yr, of F is the smallest & set
containing F.
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ExAMPLE 2. Suppose that & is generated by a finite or countable partition {4} of X.

Then

Ef = 2#—(;—) (Lifdu).x,‘,.,
and so
Consequently,

=2 1 ftals- xa.

ExaMmpLE 3. Let du =4dx on X =[-1,1], & the Lebesgue sets in X, and let & be
the o-algebra generated by the intervals (—a, a) for a € (0,1). Then

E"’f(x) =W'

For any positive numbers s and ¢, (s” +1")""— max{s,}. (Note that a von Neumann
algebra form of this innocent fact plays a central role in [1].) It follows that

f(x) = max{f(x), f (—x)}.

2.6. DerFiniTiON. For f =0, the o minorant of f is defined as

1
Ay
fo= @
where the obvious interpretation is to be used when the denominator is O or .
One may verify in a routine manner that fy,<f and, if g is a nonnegative &
measurable function with g <f, then g=f,. Also, since {f¥ <} e &, it is easily seen
that

fa= (= (f* =) Hipa<or
The properties of & majorants listed in the following proposition may all be proved by
using the minimality of f among all & measurable g = f a.e.

2.7. ProrosiTION. Let f and g be nonnegative ¥ measurable functions and let a and b

be nonnegative s{ measurable functions. Then the following results hold.
() (f +g) =f"+g~

i) (f.8)7=f".g"

(iii) (@a.f+b)¥=a.f“+b.

(iv) If B is a o-algebra with Bc o, then f*<f%.

As noted earlier, u may be replaced by any equivalent finite measure without
affecting f. We shall exploit this fact to study and apply the concept of &/-majorant. For
convenience, define &(u) as the set of all probability measures mutually absolutely
continuous with u. For v € &(u), E¥ is defined to be the conditional expectation with
respect to & and v. The symbol E* will be reserved for the case where the measure used
is p.

Suppose that v is any finite measure with v« pu, and let f=0. Then since
f=f e o, the following is true.
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2.8. LEMMA. For every finite v<«< ., EZf <f<.

We shall make repeated use of the following change of measure formula for
conditional expectations.

2.9. ProprosITION. Let v << u. Then

£«(5,7)
n
E fo’f = T Xsuppt.(dvidu)
(%)
dp

Proof. We shall make use of the following facts.
(i) suppt. u csuppt. E<u, for every nonnegative function u;
(ii) suppt. E¥(u. f) < suppt. E“u, for any nonnegative u and f.

Let u =% and let f € L'(v). Then for A € o, we have
m
fE;';’fdv=ffdv
A A
=f u.fd;z=f E*u.f)du
A A
= L (Ed(u f)) - Xsuppt. Etu du
o 1
= (E (u'f))-XSUppl.E-'u_dV
4 u

= L(Ed(“-f)) + Xsuppt. Es - E“{'.’(%) dv.

As the first and last integrands in this chain are s{-measurable,

ES = (B ). Tppr - 35 )

Temporarily letting f = 1, we see that

1 1
Xsuppt. ESu - Ed(;) = -E_-Tu Xsuppt. E%*u-

Using this in the penultimate displayed equation leads to the desired conclusion. O

As a special case, note that if v is a finite measure equivalent to u, then

Ed(ﬂ-f>
we iy
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dvld
and of course Ed(E—"’(;_i'/Z/.L_)) =1 a.e. On the other hand, if E%u =1 a.e. for u > 0, then

for dv=udu, EZf = E%u.f).
Edfn+1
2.10. LemMA. Let f be a strictly positive function in L'(X, %, ). Then { } is

Aprn
increasing a.e. and E*f
Arn+1
T Tae
Proof. By the conditional expectation version of the Cauchy-Schwarz inequality, we
have
(B = (ES(VF™2 . VM)
=(EFf™?). (EFf),
Edfn+l Edfn+2
hence Ep =r+ i which establishes the stated monotonicity. Let F be the
Eslfn+1

pointwise limit of . Then F is &/-measurable and (putting n =0) F = E*f. If, for

E.sﬂfn
some n =0 we have F" = E“f", then
Edfn+1)
Pz (B9, P (E4pry, BT
=Edf”+l.

n

This shows that F = im (E*f")!" = f<. But for dv, = En du,

r=ir=E4(L f)

E.szlfn'
n+1

15

E.ylfn

E.ﬁlfn+1
= E.alfn —')F’
Aen+1
and consequently f< = lim Earn O

Given a set of &/-measurable functions & we will say that the sf-measurable function
f is the essential supremum of &, f =ess.sup &, if for every ge &, f=g ae. and if h is
any &/-measurable function dominating all the members of &, then h =f a.e. We then
may rephrase the equality established in Lemma 2.10 as follows.

2.11. LemMma. Let f e L\(X, %, ). Then
¥ =ess. sup{E¥f : v e &)

Proof. Using the v,’s from Lemma 2.10, we see that the essential supremum is
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greater than or equal to f a.e. But we have also seen that f¥= E¥f, for every v in
&u) O

3. Two applications. Conditional expectations are particularly pleasant projections
on an L' space in that they are positive, contractive, and their ranges are L' subspaces of
the original space. This point of view was used and developed extensively, notably in [2],
[6] and [3]. However, the complementary projection / — E< is only positive under rather
restrictive conditions, and its range is far from being an L' space. Indeed the kernel of E*
generally possesses few of the algebraic amenities of an L! space. If f e ker E¥ and f =0
then f =0; products of members of the kernel bear no special relationship to the kernel;
etc. We will show now that the behavior of majorants can give at least one useful bit of
information about these kernels. First note that ker E¥={f — E¥*f:f e L\(%¥)}. Of
course, there is nothing unique about representing a member of the kernel of E¥ as
f — E*f. Indeed, if g is an #/-measurable function for which E*g exists and is finite a.e.,
then f — E¥%f = (f + g) — E“(f + g). But this is as bad as it gets. If f — E/f =h — E¥h,
then f — h = E“(f — h), which is &/-measurable. We ask whether, for a given real valued
function k e ker E¥, there is a nonnegative function p such that k = p — E¥p.

3.1. ProrosITION. Let h be a real-valued member of ker E®. Then there exists a
nonnegative function p for which h =p — E*p if and only if (h™)¥ <« a.e. In this case the
function po=h + (h™)* is the minimal nonnegative function for which h = p,— E“p,.

Proof. Suppose that h e kerE¥, f=0, E¥f <, and h=f — Ef. We may then
write f =h + a, for some s{-measurable function a. Since E“h =0 a.e., a = E¥f; and
since f =0, it follows that E“f =0, hence a =0. But h +a=f=0 so that a=—h and
a=0;ie.,a=h". Thus (h~)¥ =a <. This also establishes the minimality of & + (h~)%.

Conversely, suppose that # € ker E< and (h™)¥ <« a.e. Then

h+ (k)Y =h+h =h*=0
and

(h+(h") - E9h+ (h")*)=h. O

The preceding discussion was concerned with finiteness (a.e.) of majorants. The
following material is concerned with having majorants in L'.
For this illustration of the role of majorants, consider

H={f:f. L\(sf)c L\(F)}.

This space was studied in [5]. Its properties relevant to the present discussion are listed
below.

3.2. ProrosiTioN. ([5]).
(i) L&) c K = L(F).
(ii) f € Xifand only if E¥|f| € L. Also |[E®|f] || defines a Banach space norm on
.
(iii) X is an order ideal: f € # and |g| = |fl>g e X.
(iv) (Extreme case.) ¥ = L'(¥) if and only s is generated by a finite partition of X.
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(v) (Extreme case.) ¥ = L*(%) if and only if there is a constant C such that
If|<C. E¥|f|, for every f € L\(F).

We will now examine this last condition with respect to &/ majorants. First note that
for each order ideal such as ¥, there is a dual order ideal ¥’ defined as X' ={f :f. ¥ <
L'(%)}. 1t follows from the general theory of order ideals that % = L'(%) if and only if
A = L™F).

3.3. ProrosiioN. X ={f:|f|¥ e L'}. In particular X' = L\(¥) if and only if |f|¥ €
L(4), for every f € L\(%).

Proof. Foreach f € %", let K;: ¥ — L' be the linear transformation of multiplication
by £ Then a routine use of the closed graph theorem shows that each K} is continuous
(with respect to the norm on % mentioned above). Suppose that |f|¥ e L'. Then, for each

ge X,
[ 1fgldu=] 1717 te1du
X X
= [ 191 B gl
X
< 11l - 1E gl
so that f e "

Conversely, suppose that f € ¥, let ¢ = |K}||, and let A =suppt. E¥|f|. Then, via
Lemma 2.10 and the monotone convergence theorem,

|f|n-+-1 E.szd |fln+l J- P
Xadp=| ——x.d dpu.
BT XA | TR i A nt XIfI m

But

e [70r
. du = . . du,
CE | X = ) g e e
=c

so that |[f|“e L. O

+ —_
As a specific example of of ¢ F where ¥’ = L', note that if E<f(x) =f__(x) 2f (%)

for f € L'([-1,1],dx/2), then |f|<2. E¥|f]. It is worth noting that whereas the extreme
condition “% = L'(%)” allows an essentially measure independent characterization “f is
generated by a finite partition of X, the same cannot be said for the opposite extreme.
Indeed, using the example immediately above, let dv = (1 — x)(dx/2). Then v e &(dx/2)
and

4 (x) = 1 -x)f(x) +2(1 +x)f(—x).

In particular, for any continuous f, ESf(1) = f(—1), and so we cannot bound nonnegative
functions by their conditional expectations.
We conclude this note with a brief examination of some of the curious implications
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of the condition |f|<C. E¥|f|, for all f € L'. Let us assume that this condition holds.
Then for each nonnegative fin L', f¥= C. Ef. But then for any v € &(u),

E¥f <C.E® (Recall that E¥=E)
Equivalently, for every strictly positive L' function g,

E*“(f.
é—ﬁfsC.E“f

But this shows that

E“(f.g)=C.(E*f).(E*®),
which quickly leads to

E“(f.gh=C.(E*Ifl). (E* g,

for all f and g in L'. o-algebras & with this “Hélder’s-like inequality” property seem
worthy of study and classification. One potentially interesting property of such o-algebras
is seen by first noting that when every fin L; yields f in L}, then of course all such f*
are finite a.e. This shows (via Proposition 3.1) that for every real-valued h € ker E¥,
h = p — E“p for the nonnegative function p =h + (h~)%.

3.4. PROPOSITION. Suppose that \f|¥ € L, for every f in L'. Then there is a constant
d >0 such that, for every real-valued h € ker E¥, we have —d. (h*)*<h=<d. (h™)<

Proof. Let h be a real valued function in ker E¥, and let p = h + (h™)* Further,
there is a constant ¢ such that f <c. E¥f a.e., for every nonnegative function f. It follows
that

h+th ) =p=<c.E¥p=c.(h")¥,

and so h=d. (h™)¥, where d = c — 1. Since the same analysis is applicable to —h, we see
that

~h=d.(-h))?=d.(h*)*
andso —d.(h")?*=<h=d.(h")¥. O

3.5. PROPOSITION. Suppose that |f|* € L}, for every fin L'. Then there is an integer N
such that no collection of more than N mutually disjoint sets is independent of .
Moreover, any function independent from o is a simple function.

Proof. Let ¢ be a constant such that |fl<c.E¥|f| ae., for all £ If Fe %, is
independent of &, then E¥yr = u(F) a.e., so that 1 <c. u(F). If {F,:i € I} is a collection
of mutually disjoint sets in %, independent of &, then the cardinalityof I=c. 3 u(F)=<c

iel

This establishes the first assertion. For the second, suppose that fis real-valued and
independent of &f. Then

IfISC-E“’lfI=C-L|fIdu,

so that f e L™. But the finiteness result just established shows that for any countable
partition {S;} of [=||f|l«, |Ifl), all but finitely many of the sets f~*(S;) have measure 0.
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This ensures that f is a simple function. This observation extends to complex-valued
functions immediately. O
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