
S U N S P O T S A N D M A G N E T O H Y D R O D Y N A M I C F L O W S * 

G . F . A N D E R S O N a n d D . H . M E N Z E L 

{Harvard College Observatory, 
Cambridge, Mass., U.S.A.) 

A B S T R A C T 

Theoretical techniques are developed to study compressible, steady-state, magnetically aligned gas 
flows in sunspot regions. The flows are adiabatic and occur in a known streamline configuration. 
The non-linear parabolic partial differential equation describing the flow reduces to an ordinary 
linear differential equation. The solutions are briefly discussed. 

1. Introduction 

T h i s p a p e r deve lops s o m e t h e o r e t i c a l t oo l s necessary t o s t u d y c o m p r e s s i b l e , s t eady-
s t a t e , magne t i ca l l y a l igned g a s f lows in s u n s p o t s . T h e m o t i o n s in t h e s p o t r eg ion t a k e 
p l ace a l o n g m a g n e t i c field l ines , i .e. , 

v(r ) = a ( r ) H ( r ) , (1.1) 

w h e r e v is t h e veloci ty of a g a s e o u s e l ement , a a func t ion of pos i t i on , a n d H t he 
m a g n e t i c field. 

W e specify, a t t he ou t se t , t h e f o r m of the m a g n e t i c field. W e i m p o s e n o res t r ic t ion 
of i r r o t a t i ona l i t y o r i ncompres s ib i l i t y . Such c o n s t r a i n t s i m m e d i a t e l y define t he 
s t r e a m l i n e conf igu ra t ion . F r o m t h e k n o w n s t r eaml ine con f igu ra t i on we d e d u c e t he 
ve loc i ty v(r), m a s s dens i ty Q(T), a n d p re s su re p(r) d i s t r i b u t i o n s t h r o u g h t h e flow 
r eg ion by so lu t i ons of t h e M H D e q u a t i o n s . 

T h e m a g n e t i c field, w h i c h possesses cy l indr ica l s y m m e t r y , m u s t satisfy 

< 9 H 1 
V H = 0 , — = - ( v x H ) = 0 . (1.2) 

dt JA 

Specifically, we e m p l o y t h e d ipo le - l ike field of M e n z e l a n d S h o r e (1966) a s given by 

H ( r , z ) = tf,(r, z ) e r + Hz(r9 z ) e z , (1.3) 
w h e r e 

Hr(r, z ) = 3 Mrza(a2 + r2 + z 2 ) " 5 / 2 , (1.4) 

Hz(r, z) = Ma(2 a2 + 2 z 2 - r2){a2 + r 2 + z 2 ) _ 5 / 2 . (1.5) 

* Presented by G . F . Anderson. 
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T h e vec to r e z is a ver t ica l un i t vec to r d i r ec ted u p w a r d f rom t h e s o l a r sur face a n d 
e r is t he h o r i z o n t a l un i t vec to r . In a d d i t i o n , we shall a s s u m e t h a t t h e gas is perfect ly 
c o n d u c t i n g a n d o b e y s t h e a d i a b a t i c r e la t ion 

PlPo = (plPo)'\ 0 - 6 ) 

w h e r e y is t he r a t i o o f specific h e a t s . 

2 . The Formulation of the Problem 

W e need t w o a d d i t i o n a l e q u a t i o n s t o d e t e r m i n e t h e s t eady- s t a t e f low: t he e q u a t i o n s 
of m o m e n t u m t r a n s p o r t a n d of c o n t i n u i t y . T h e first o f these is 

, 2 
V 

v( 2 + </> + 
dp\ 1 

F = v x ( V x v ) - H x ( V x H ) , (2.1) 
P J 4*P 

w h e r e 0 is the g r a v i t a t i o n a l p o t e n t i a l . Us ing t he E q u a t i o n s (1 .1 ) - (1 .5 ) a n d t a k i n g t h e 
sca la r p r o d u c t of (2.1) w i th H , we get 

3 

* ( H ' V / / 2 ) + a(H-V</>) + ( H * V a ) (a2H2 - Kypy~x) = 0 , (2.2) 

w h e r e K=p0QQY. T h e c o n t i n u i t y e q u a t i o n l eads t o t h e resul t 

V - p v = V p a H = H Vpa = 0 . (2.3) 

T h i s e q u a t i o n tells us t h a t t h e g r a d i e n t o f ga is p e r p e n d i c u l a r t o t he m a g n e t i c field. 
In o t h e r w o r d s , QOL is c o n s t a n t a l o n g t he s t r e a m l ines. 

W e n o w seek s o l u t i o n s o f (2.2) w h e r e t he p r o p o r t i o n a l i t y func t ion a c a n be s e p a r a ­
ted i n t o a p r o d u c t of t h r e e func t ions 

a ( r ) = B ( { ) C ( p ) S ( H ) , (2.4) 

w h e r e G{Q) = ( Q / Q 0 ) ( ' - 1 ) / 2 , S(H) = (H/Hoyl a n d H0 is t h e v a l u e of t h e m a g n e t i c 
a t t h e p o i n t p0, Q0. T h e f o r m of £ ( £ ) will be d e m o n s t r a t e d sho r t l y . S u b s t i t u t i o n of 
(2.4) i n t o (2.2) l eads t o 

H . V ( H . V { ) + < h : ? o ! 

V 4 \ { £ ' K y r i + 2 ( y - l ) { £ ' - | _ n[H-V ({£ ' /£ ) ] " ) 

\ y + \ ) E £2L + Ej + ' ( H - V 0 ( £ ' / £ ) J 
J2h (y- 1) H-VSTI 

+ i - w H r » - ™ - * r v ' v 2 h \ . i - o . 
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£ 
E 

E q u a t i o n (2.6) in t eg ra t e s d i rec t ly t o yield 

" £ T ( 3 y - l ) / KyYll 

• - e L V + 1 - 2 ( ' " i ? ) r ° , 2 - 6 ) 

C , « + C , - £ > « < " » > [ < ' ' ; , 2 . 7 , 

w h e r e C , , C 2 a r e c o n s t a n t s . S u b s t i t u t i n g (2.7) i n t o (2.5) , we find t h e e q u a t i o n for t, 

x , * f " 2 ( y - 1 ) h H-vsn 
"•'("•'o+("-'o[(, + l)'Si- •, J 

+

 ,

1 < ' - L v { +

c o r H - » . - . ( H - w ' - ,2*2 i . o . tt8> 

H ! ( y + D V CJI » H'(y+t)\ 

Let us e x p a n d (2.8) in cy l indr ica l c o o r d i n a t e s i n t o t h e c a n o n i c a l f o rm ( K o s h l y a k o v 
etal., 1964) 

A{ti% X) ^ + B(rj, X) $x + C(iy, X) ^ + D(rj, X) £ = 0 , (2 .9) 

by m e a n s of the t r a n s f o r m a t i o n e q u a t i o n s 

A = A(r , z ) , >y = ^ ( r , z ) , (2.10) 
w h e r e 

in = dZldri, imi = d2ildn2, L = d£ldl. 

A p a r a b o l i c differential e q u a t i o n h a s on ly o n e family of c h a r a c t e r i s t i c cu rves a n d is 
de r ived by i n t e g r a t i o n o f t h e e q u a t i o n o f cha rac te r i s t i c s 

Hrdz - Hzdr = 0. (2.11) 

T h e i n t eg ra t i on of (2.11) yields 

/ l ( r , z ) = r2(a2 + z2 + r 2 ) " 3 / 2 = c o n s t a n t , (2.12) 

a n d p rov ides us wi th t h e first of o u r set of t r a n s f o r m a t i o n e q u a t i o n s (2 .10) . T h e 

w h e r e 

£ ' = d £ / d £ , h = H \ H \ ju=\-KylE\ a n d ^ = H - V 0 . 

E q u a t i o n (2.5) cons t i t u t e s a s e c o n d - o r d e r , non - l i nea r , p a r a b o l i c p a r t i a l differential 
e q u a t i o n for f ( r ) . C o n v e r g e n t a n d s tab le n u m e r i c a l s o l u t i o n s t o p a r t i a l differential 
e q u a t i o n s of th is t ype d e p e n d u p o n t h e fo rm of t h e v a r i a b l e coefficients as well as 
u p o n t h e n a t u r e of t he i n t e g r a t i o n s c h e m e a n d the b o u n d a r y c o n d i t i o n s . W e l l - b e h a v e d 
n u m e r i c a l so lu t i ons for E q u a t i o n (2.5) read i ly fol low if we set t h e coefficient o f 
( H - V £ ) 2 e q u a l t o ze ro . 

T h i s a s s u m p t i o n n o t on ly e l im ina t e s t h e s e c o n d t e r m f r o m (2.5) b u t a l so l eads t o a n 
o r d i n a r y differential e q u a t i o n for E a s a funct ion of £, 
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s e c o n d re l a t ion rj(r, z ) is c h o s e n i n d e p e n d e n t l y . Le t us select 

l(r,z) = r. (2.13) 

T h e t r a n s f o r m a t i o n is va l id eve rywhe re , p r o v i d e d i ts J a c o b i a n , 

d(/i, rj) dk dn dk drj 
= — x x — , (2.14) 

d ( r , z ) dz dr dr dz 
is n o t z e ro . 

T h e J a c o b i a n is z e r o o n l y for p o i n t s o n t h e z-axis a n d o n t h e z = 0 p l a n e . W h e n t h e 
differential E q u a t i o n (2.9) is t r a n s f o r m e d by m e a n s of t h e r e l a t i o n s (2 .12) , (2.13) , we 
h a v e the resul t 

f V2(y- 1) h H -VST1 , x ) 

h (y-l) 

H 2 ( y + l ) 

~H\h ( H - V # ) 2h "I 
(2.15) 

w h e r e C 2 = 0. T h e coefficients of ^ , ^ m a n d ^ a r e n o w func t ions o f t h e new var iab les 
A, rj. T h e differential e q u a t i o n u p o n wh ich the s o l u t i o n t o o u r p r o b l e m d e p e n d s h a s 
been r e d u c e d t o a n o r d i n a r y , l inear , s e c o n d - o r d e r differential e q u a t i o n t h a t c an be 
so lved by s t a n d a r d n u m e r i c a l m e t h o d s . 

3 . The Solution on the z -axis and on the z = 0 P lane 

T h e i n t e g r a t i o n o v e r n i n E q u a t i o n (2.15) is e q u i v a l e n t t o a n i n t e g r a t i o n over r. W e 

first d e d u c e £(r) o n t h e z-axis . F r o m these va lues we c o m p u t e £(r) a w a y f rom the axis 

by t he n u m e r i c a l i n t e g r a t i o n of (2.15) . Since E q u a t i o n (2.15) is n o t val id on t h e axis , 

we m u s t r e t u r n t o o u r o r ig ina l expres s ion , (2.5) . T h i s e q u a t i o n r e d u c e s t o 

(y +1) 

6 f v - n ( 3 1 ) 

(y + 0 

a n d c a n be e i the r i n t e g r a t e d n u m e r i c a l l y o r t r a n s f o r m e d i n t o a n e q u a t i o n w h o s e 
s o l u t i o n is a G a u s s i a n h y p e r g e o m e t r i c func t ion . In t he n e i g h b o r h o o d o f t he or ig in 
(0 , 0 ) , E q u a t i o n (3.1) l eads t o 

2 6 (y - 1) 
fl2£„----—£=0, (3 .2) 

y + 1 
w h o s e genera l so lu t i on is 

Z(z) = Z + e + m : + t;-e-m--, (3.3) 
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i If (y- i ) \ 
w h e r e m = / 6- •• -— , a n d _ a re c o n s t a n t s . 

W\ (y + i ) / 
Simi lar ly , t h e fo rm of t h e s o l u t i o n in t h e p l a n e c a n be de r ived . In th i s i n s t ance we 

find it necessary t o use a t r a n s f o r m a t i o n of va r iab les . T h e resu l t is 

f(r2/ a

2)2[(r2/ f l

2)-2]*(|(r2/ f l

2)-2|)V"- , ) M 7 + , ) 

£(rV) + 4 ] 

w h e r e £ 0 is t h e va lue of £ a t s o m e reference p o i n t in t h e s u n s p o t r eg ion . N e a r t h e 

o r ig in , £ / £ 0 a p p r o a c h e s z e r o . A s a resu l t , f rom (3.3) , 

l i m £ = £ + + £ _ = 0 , (3.5) 
z^O 

a n d <!;_ = —£ + . H e n c e , t h e s o l u t i o n for £ (r ) a l o n g t h e z-axis in t h e n e i g h b o r h o o d of 

t h e o r ig in is of the fo rm £(z) = { + (emz -e~mz). 

4 . The Velocity Fields 

T h e veloci ty is given by 

i»(r) = a / / = £ K ( r ) ] [ p ( r ) r - > / 2 . (4.1) 

In a d d i t i o n t o £ [ £ ( r ) ] , we m u s t specify t he m a s s dens i ty , g(r) , t h r o u g h o u t t h e flow 

r eg ime . T h e m a s s dens i ty is c o m p u t e d in the fo l lowing m a n n e r . A l o n g a s t r eaml ine 

p a = [ p ( r ) ] ( 7 + 1 ) / 2 £ [ { ( r ) ] / / / ( r ) = c o n s t a n t . (4.2) 

F o r o u r m a g n e t i c field all s t r eaml ines in t e rcep t t h e z = 0 p l a n e . Since we k n o w the 

v a r i a t i o n of E a n d H in t h e z = 0 p l a n e , we need only c o m p u t e £>(/*, z = 0) in o r d e r t o 

e v a l u a t e t he c o n s t a n t in (4.2) for a n y given s t r eaml ine . Af te r we e v a l u a t e t h e c o n s t a n t , 

we use (4.2) t o c o m p u t e g(r) a l o n g s t r eaml ines e x t e n d i n g a n y w h e r e in t h e s u n s p o t 

r eg ion . W e d e t e r m i n e g(r, z = 0) f r o m E q u a t i o n (2.2) . Af ter s o m e m a n i p u l a t i o n we 

find 

p ( r , z = 0 ) / p 0 = - r ^ i ^ ( £ / £ 0 ) - ^ - ) l f ( 4 J ) 

L V L ^ r Jz = 0 

w h e r e £ 0 = £ ( { 0 ) . T h e t e r m £ z ( r , z = 0) a p p e a r i n g in E q u a t i o n (4.3) is ca l cu la t ed f rom 

S(r) . 

Fina l ly , o n c e we h a v e d e d u c e d t h e m a s s dens i ty , we c a n de r ive t h e p re s su re a n d 
t e m p e r a t u r e d i s t r i b u t i o n s f r o m t h e p o l y t r o p i c c o n d i t i o n (1 .6) . 
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