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ON HERING’S FLAG TRANSITIVE PLANE
OF ORDER 27

M.L. Naravyana Rao, K, Kuppuswamy Rao
AND K. SATYANARAYANA

The full collineation group of the flag transitive plane of order
27 constructed by Hering is determined. It is shown that the

stabilizer of the origin of this plane is of order 2184,

1.

A collineation group G of an affine plane T is defined to be flag
transitive on W if G is transitive on incident point line pairs or
flags of W . The aim of this paper is to find the full collineation group
of the flag transitive plane of order 27 constructed by Hering [2].
Recently the first two authors [4] in a joint paper discussed some

properties of Hering's plane Ty -

2.

We give a brief description of Hering's plane. Let O bea 3 X3

zero matrix over GF(3) and let

AlO 8132 _OC

0 4

[}
[
-
3
]
-
by

2 3

where

Received 10 August 1981. Research supported by UGC Grant F.23-1176/79
(SRII/SRIII).

17

https://doi.org/10.1017/50004972700005098 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700005098

M.L. Narayana Rao, K. Kuppuswamy Rao and K. Satyanarayana

118

TABLE 2.1
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means that the matrix Mi

M.
T

The entry a b ¢ under the héading C.P. of

has the characteristic polynomial -A3 + aAz + bA + ¢ .
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020 201 200 200
A =|202[, A,=[200|, B =210/, B,=[210],
100 020 122 122
200 100 200 100
By=|210|, B =120, ¢ =[220], C,=|110
222 211 012 221

A1l the matrices in this paper are over GF(3) . Let L26 and L27 be
three dimensional subspaces of V(6, 3) defined by basis vectors as

Ly =¢(1,0,0,0,0,0), (0,1, 0,0,0,0), (0, 0,1, 0,0, 0),

L

27 ¢(o, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0), (0, O, 0, 0, 0, 1)) .

Let L, =L, rs*, 0<i<12, L. .=L, rs*, 0<% <12 . The
1 26

incidence structure Ty with Li (0 =< = 27) and their cosets in the

additive group of V(6, 3) as lines and vectors of V(6, 3) as points
with inclusion as incidence relation is the flag transitive plane of order

27 constructed by Hering [2]. The subspace representing the lines Li

may also be realised by the following procedure.

Let
M = 3 f 8 M. =AtMaA (0si<11), M_-= [g g 8
© oy 12 S T3 2oz’
M .=4AtM a4 (1sis<12), M, = 8 g 8} .
13+2 1 713+i-1"2 > 726 00 0

Let

Z»L = {(.’ZI, Y, 2, P, q, I’) I x, Y, 2 € GF(3)a (p’ q, I”) = (.’L‘, Y, Z)M’L}

for 0 =<7 =26 and 127 =L It is easily verified that Zi = L. for

27 ° 7

0 21 =27 . The set of matrices Mi is given in Table 2.1.

3.

Any nonsingular linear transformation T of V(6, 3) which permutes

the subspaces Li » 0 =1 =27 , among themselves induces a collineation
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of "H

p. 208]. We may denote the collineation by T itself. We now determine

fixing the point corresponding to the zero vector [1, Satz 191, [3,

the group GO of all collineations which fix the point corresponding to

the zero vector. Obviously the linear transformations s, r and h given

earlier are elements of GO . The actions of s, »r and A restricted to

the lines Li , 0 =1 <27 , are given below:

s : (26)(27)(0, 1, ..., 12)(13, 14, ..., 25) ;

r : (0, 26)(13, 27)(1, 12)(2, 19)(3, ¥)(5, 18)(6, 15)(7, 24)(8, 21)
(9, 10)(11, 20)(1k, 25)(16, 17)(22, 23) ;

ho: (26, 27)(0, 13)(1, 17, 3, 25, 9, 23)(2, 21, 6, 24, 5, 20)
(4, 16, 12, 22, 10, 14)(7, 15, 8, 19, 11, 18)

Hence (..., a, b, ¢, ...) means La is mapped onto Lb and so on.

THEOREM 3.1. A4ny collineation of Ty which fixes Lye also fizes

27 *
Proof. [4, Theorem 5.1, p. 3L43].

THEOREM 3.2. There is no collineation which fizes 26 and 27 and
maps 0 onto 13 .

Proof. Here and in the course of this paper line a means La . Any
collineation which fixes the lines 26 and 27 and sends O onto 13 is

of the form [g g) where A and B are 3 X 3 nonsingular matrices

2 0 0)
over GF(3) and O is the zero matrix and B = 4|0 2 0| . A further
20 2
necessary and sufficient condition on 4 is for each ©Z , 0 =<1 <26 ,
1 200 (200 221
A MiA = k% 020 for some j , 0= J <26 . But M& 020 =122
102 1 02 100

3

has the characteristic polynomial -\~ + A2 + 22 + 2 vwhich is not the

characteristic polynomial of any Mi », 0=171=<26. Hence there is no

collineation that fixes lines 26 and 27 and sends line O to line
13 . We may conclude that the sets of lines {0, 1, ..., 12} and

{13, 14, ..., 25} are invariant under the group of all collineations
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fixing lines 26 and 27 .

THEQREM 3.3. The group of all collineations fixing lines 26, 27, O
and 13 1is generated by W .

Proof. Any nonsingular linear transformation which fixes the lines
26, 27, 0 and 13 1is of the form [g 2] where A 1is a nonsingular

3 X 3 matrix over GF(3) and O is the zero matrix and further

a0o0
AMi3 = M13A . Then A 1is of the form |x y 0| with a# 0 #y . On
qa
examination of Table 2.1 we find that Ml’ M3 and Mé are the only

matrices having the characteristic polynomial —X3 + A +1 and in fact,
they are similar. Thus if the above linear transformation is a

collineation, then it must map 1, 3 and 9 among themselves. This

forces A to be an element of the group generated by the matrix

N
o
oo

vhich forces in its turn that any collineation that fixes the lines 26,

27, 0 and 13 is a power of h2 and the group of all such collineations

is of order 6 .

THEOREM 3.4. The group Gy of all collineations which fix the point
corresponding to the zero vector and permute the lines L, among
themselves is generated by {s, r, h} .

Proof. Let H26 be the group of collineations from GO which fix
26 . Since the restriction of GO to the lines Li is transitive on the
set of lines Li , 0= =27, GO is given by a disjoint union of
cosets of H26 by the expression

where for each 1 , a; is a collineation from GO which sends L26 onto
Li . We now determine H26 . The group H26 contains the collineation s

which is transitive on the set of lines {0, 1, ..., 12} . 1In view of
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Theorem 3.2 we may conclude that H26 is transitive on the set of lines

{0, 1, 2, ..., 12} . Let KX be the group of all collineations from

26,0
H26 that fix line 0 . Since the collineation sz fixes the line 26

and sends line O to line < for 0 <1 = 12 we may express H26 as a

disjoint union of cosets of K26 0 given by the expression
>

1=12

Hyg = U Ky o
=0

7
8

We have to determine K26,O .

and zero. In view of Theorem 3.1 we may say that it fixes the line 27

Suppose a collinestion fixes the lines 26

also. Further its conjugate by r fixes lines O and 13 showing that
whenever line 0 is fixed by a collineation, the line 13 also is fixed
by the same collineation. Thus if a collineation fixes lines 26 and 0 ,

then it fixes lines 27 and 13 as well. The group K26 0 consists of
>

all collineations from H26 which fix simultaneously lines 26, 27, 0 and

13 . Theorem 3.3 implies that K26 0= <h2) . Then
?
1=12 .
H,= U (h%re .
26 .
1=0
. . _ o1 . _ i
Let ase be the identity, a, =7rvs , 0 <7 =<12 , and A 34p = hrs” ,
0 <71 =12, and Ay = h . It is easily seen that a;, sends line 26
onto line % for O <% < 27 . We may now conclude that
27 12 .
Go= U U (r)s"a,
J=0 =0 J

and Go contains 6°13°28 = 2184 elements. If G’ 1is the group of all
translations, then the full collineation group & of Ty is given by

—_ !
G=¢a", G .
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