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ON ALMOST PRIMITIVE ELEMENTS OF FREE GROUPS
WITH AN APPLICATION TO FUCHSIAN GROUPS

A. M. BRUNNER, R. G. BURNS AND SHEILA OATES-WILLIAMS

ABSTRACT  An element of a free group F 1s called almost prinutive in F, 1f 1t 1s
primitive 1n every proper subgroup containing 1t, though not in Fitself Several exam-
ples of almost primitive elements (APEs) are exhibited The main results concern the
behaviour of proper powers w’ of certan APEs w 1n a free group F (and, more gen-
erally, in free products of cycles) with respect to any subgroup H contamning such a
power “minimally” these assert, in essence, that either such powers of w behave in H
as do powers of primitives of F, or, 1f not, then they “almost” do so and furthermore H
must then have finite index 1n F precisely determined by the smallest positive powers of
conjugates of w lying in H Finally, these results are applied to show that the groups of
a certain class (potentially larger than that of finitely generated Fuchsian groups) have
the property that all their subgroups of infinite index are free products of cyclic groups

1. Introduction. The concept of “primitivity” of an element w of a free group F
1s well-known: w is primitive in F, if it can be included in some free basis for F. It is
natural then to define an element of a free group F to be an almost primitive element of
F (briefly, APE) if it is primitive in every proper subgroup containing it, though not in
the whole group F. Here are some examples of inequivalent (i.e. not transformable one
into another by means of an automorphism) “irreducible” APEs.

1.1 EXAMPLES OF ALMOST PRIMITIVE ELEMENTS. (i) ¥, p prime, in the infinite cyclic
group F(x);

(ii) the commutator [x, y](:= x~'y~'xy) in the free group F(x, y) of rank 2;

() x[y,x], xyx>y® 1 F(x, y).

(Here (i) is easy. We indicate briefly a proof of (ii): Let [x,y] € H < F(x,y). If
x ¢ H, then there is a right Schreier transversal for H in F containing x !, and then
the Schreier rewrite of x~'y~!xy will yield a word of length < 3 in the corresponding
Schreier free generators of H. As squares or cubes of such generators are easily ruled out,
it follows that [x, y] is primitive in H. On the other hand if x € H, then y ¢ H, and the
preceding argument applies to [y,x] = [x,y]~' with the roles of x and y interchanged.
That the elements in (iii) are primitive in every proper subgroup containing them can
be established along simular lines. That they are not primitive is an easy consequence
of J. Nielsen’s result that the natural epimorphism Aut F(x,y) — AutA,, where A 1s
the abelianization of F(x, y), has kernel Inn F(x, y). That they are inequivalent follows by
applying Whitehead’s algorithm (see e.g. [4], p. 166).)
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The notion of “primitivity”, and so also “almost primitivity”, may be extended to
arbitrary groups: We shall say that an element g of an arbitrary group G is primitive
in G if g generates an infinite cyclic free factor of G, i.e. if g has infinite order, and
G = (g) * G, for some G, < G. An element of G is then almost primitive in G if, as
before, it is primitive in every proper subgroup containing it, but not in the whole group
G. An example germane to the application we have in view is that of a finite cyclic group
C,: any generator is (vacuously) an APE in C,,.

The following simple result (proved in §2) furnishes a method of obtaining new APEs
from known “irreducible” ones.

PROPOSITION 1.2. Let A, B be arbitrary groups containing APEs a, b respectively.
Then the product ab is either primitive or an APE in the free product A x B.

(It is highly likely that in fact ab is an APE in A x B if and only if a,b are APEs in
A, B respectively; this may be provable for instance by modifying part of the proof of the
Grushko-Neumann theorem in [S]. As this stronger result will not be needed, we shall
not pursue the matter further here.)

Of the resulting examples we single out two particular types for attention.

1.3 EXAMPLES OF REDUCIBLE APES. (i) (¢f. [7, Theorem 2.2]). In the free group
F = F(x,yi,z;;1 <i<m,1 <j <n)ofrank 2m + n the element

(l) [xls,\"l]"'[xnuym]zll?]"'Z{:",

(where the p; are not necessarily distinct primes) is an almost primitive element of F.
(ii) Let ¢y, . .., ¢, be generators of finite cyclic groups Ch,, ..., C,,. In the group

2 K:Cm*"'*Cm*F(xiayi;l <i<m),

the free product of the & finite cycles and 2m infinite cycles, the element
(3) cpece Ck[xl s V1 ] e [xma.\’m]

is almost primitive.

The example (ii) is of interest (see also below) since setting the element (3) equal to |
in K yields the general presentation of the finitely generated Fuchsian groups (other than
those that are free products of cyclic groups).

Our main results concern what might be termed the “primitive” behaviour of powers
of APE:s in subgroups containing such powers minimally. If x is primitive in a group G,
and x" is the smallest positive power of x in a subgroup H, then it is not difficult to show
that x” is primitive in H. In fact much more is true: there is a full set of representatives
gi, i € 1, for the double cosets Hg(x), with the property that the smallest positive powers
gix'g; ! in H (for those i for which g;(x)g; ' N H # {1}) form a “coprimitive” subset of
H, i.e. freely generate a free factor of H. (This can be established easily using the Kurosh
subgroup theorem.) The situation for an almost primitive element is more complex, al-
though, at least in some cases, still tractable. For the APE [x,y] in F(x,y) we have the
following result.
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THEOREM 1.4. Let H be any subgroup of F(x,y), and let {a, | i € I} be a full set of
representatives (including 1) of the double cosets Hg([x,y)), g € F. Let J C I consist of
those indices j for which

alx,yl)a, ' NH # {1},

and for each such j denote by m, the least positive integer such that a,[x, y]™ aj_’ € H.
Then the elements a,[x, y|™ aj‘l are all distinct, and the a,, i € I, may be so chosen that
either:
(i) the a)lx, y]’"/aj”l,j € J, are coprimitive in H; or
(ii) they form a finite, non-empty, minimally non-coprimitive set in H (in the sense
that every proper subset, but not the whole set, is coprimitive—one might use the
term “almost coprimitive”), and furthermore

|[F:Hl =% m (<00),
JjeJ

(so that in fact J = I).
Motivated by this result, we make the following definition.

DEFINITION 1.5. Let w be an APE in an arbitrary group G. For any subgroupH < G,
let {g, | i € I} be a full set of representatives, including 1, of the double cosets Hg(w),
let {g, | j € J C I} be the subset of those representatives for which

g{w)g, 'NH # {1},

and for each j € J denote by ¢, the least positive integer such that gjwf g]'l € H. We shall
say that the APE w is tame in G if the representatives g,, i € I, can always (i.e. for every
H < G) be chosen so that the g,w’/g}", J € J, are all distinct, and either:

(i) are coprimitive in H, or

(i1) form a non-empty, finite, minimally non-coprimitive subset of H, which further-

more has finite index in G, given by
|G:Hl=3( (<00),
JeJ

(whence, in particular, J = I).

Thus by Theorem 1.4, the commutator [x, y] is a tame APE in F(x, y), and our object
is to identify as many more tame APEs as possible. It is easy to verify that a generator of
a finite cyclic group is (vacuously) tame. However x”, p prime, is not tame in F(x) and,
as we shall see below, neither is x’y7 (p, g primes) in F(x, y). However the “free product”
of tame APEs is again tame.

THEOREM 1.6. If a and b are tame APEs in groups A and B respectively, then their
product ab is tame in A x B.

COROLLARY 1.7.  In the group (2), namely

K:Cn]*"'*an*F(xuyl;] <i<m),
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the element cy - - - cglx1, y11 -+ [Xm, ym] is a tame APE.

COROLLARY 1.8 (cf. ROSENBERGER [6]). Ifwisatame APE ina group G (e.g. as in
the preceding corollary) and H < G contains w*, X\ > 0, but no smaller positive power
of w, then either

(i) whis primitive in H, or
(ii) w? is an APE of H, and H has index X in G (so that{l, W, wt } is a complete
left or right coset representative system for H in G).

(This is immediate from the definition of “tame APE”, except for the assertion in (ii)
that w* is an APE in H. To see this, suppose H, < H is such that w* € H;. Then H; does
not satisfy (ii) since the index is wrong, so that (i) must hold for this subgroup H,, i.e.
w* must be primitive in H.)

We note that the example on p. 172 of [7] shows that the alternative (ii) can arise.

COROLLARY 1.9 (HOARE, KARRASS, SOLITAR [1]). In a finitely generated Fuchsian
group, the subgroups of infinite index are free products of cyclic groups.

PROOE.  If the Fuchsian group is a free product of cycles, then by the Kurosh sub-
group theorem so is every subgroup. Hence we may suppose that the Fuchsian group is
isomorphic to
4
K:=K/(w)¥

ACl, e S CEXLY e XmsYm | == =yl s ym] = 1),
where K is as in (2) and w as in (3). Write N for the normal closure in K of the word w.
Let A be any subgroup of infinite index in K = K /N (the group (4)); its complete inverse
image, H say, under the natural epimorphism K — K /N, is then a subgroup of infinite
index in K, containing N. Since H > N, we have gwg™' € H for all g € K, so that by
Corollary 1.7 there is a full set {g, | i € I} of representative of double cosets Hg(w) in
K such that the elements

h, = g,wg,“], iel,

are coprimitive in H. Let H; < H be such that
H=(h|ie€l)xH,.

Now each g € G has the form g = hg,w? forsome h € H, i € I, g € Z (all depending
on g), whence
gwg ' = hg,wgl_l}fl = hhh "

From this it is clear that N is the normal closure in H of the set {#, | i € I}, so that
H/N = H,, which has the requisite structure (by the Kurosh subgroup theorem—see
below). =

REMARKS. 1. This argument applies (potentially) more generally: If any tame APE
in a free product of cycles is set equal to 1, then in the resulting group all subgroups of
infinite index will be free products of cycles.
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2. We may conclude from this proof that ¥’y? is not a tame APE, since the group
(x,y | ¥’y? = 1) has infinite-index subgroups that are free abelian of rank 2.

The proof's of our main results (Theorems 1.4 and 1.6), though lengthy, are elementary
(given some familiarity with the Schreier and Kurosh subgroup theorems), and so provide
a possible alternative approach to the exploration of structure of a natural class of groups
potentially wider than that of the finitely generated Fuchsian groups.

The following questions naturally suggest themselves.

1. Are there tame APEs other than those of the form (3) (and their automorphic im-
ages)? Are, for instance, [x, y]z’, ¥’y?Z" (p, q, r prime) tame APEs in F(x, y,z)?

2. Is it possible to classify all irreducible APEs, at least of F(x, y)?

2. Preliminaries to the proof of Theorem 1.6: The Kurosh subgroup theorem.
Let A, B be groups. It is well-known that each element g of their free product A x B has a
unique normal (or reduced) form as an “alternating” product g = d, - - - d,, where n > 0
and the d, belong to A \ {1} or B\ {1} with adjacent d, from different factors. Forn > 1
we call the did, - - - d,, i > 0, initial segments of g, and d| the beginning of g; terminal
segments, and the ending of g are defined analogously.

For a precise formulation of the Kurosh subgroup theorem for A * B, the concept of
a “Kurosh system”, analogous to that of a Schreier transversal for a subgroup of a free
group, is useful.

DEFINITION 2.1. Let H < A x B. A Kurosh system for H in A x B, is a pair (T4, Ts)
of right transversals for H in A * B, both containing 1, with the following properties:
(1) each of the sets Ty, Tp is closed under taking initial segments;
(i1) ifr € T4 U Tp ends in an element of A, then t € T4 (and, similarly, if the ending
of tisin B, then t € Tg);

(iii) for each fixed s € T, such that either s = 1 or s ends in an element of B\ {1}, the
set of elements o € A such that sa € Ty, forms a right transversal for s 'HsNA
in A (and analogously with A replaced by B throughout).

We shall also need the notation S4 for the subset of T4 containing 1 and those elements

of T4 whose ending is from B \ {1} (and Sp analogously).

THEOREM 2.2 (THE KUROSH SUBGROUP THEOREM). Let H < A x B. There exists a
Kurosh system for H in A x B, and for any such system the following assertions are valid:
(i) the set

Q) O := {tlp®)] ' | 1€ Tr\ Ts},

where @: Ty — Tg is the bijection defined by Ht = Hp(t), is a free basis for the subgroup
F, say, it generates;

(ii) the subgroup H is generated by the subgroup F together with the subgroups
sAAs;I NH, sy € Sy, and sBle;l M H, sg € Sp, as the free product of these subgroups:

(6) H=Fx [ " (sadsy' N H)] « [ (ssBs;' N H).

SAESA spESp
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This theorem may be deduced from a “rigidity” or “non-cancellation” property of
the generators of H given by (ii). As we shall be exploiting this property, we shall now
describe it in some detail. We shall call the non-trivial elements of the groups s4As, ' NH,
sa € Sa, of the spBsz! M H, s € Sp, and the elements of ® Kurosh generators of
H (relative to a given Kurosh system (T4, Tp)). We define the “significant”, i.e. non-
cancelling, syllables of a Kurosh generator as follows: Taking any ¢t = tja; € T, \ Tp,
and writing p(1) = 71b; € Tg \ T4 (so that ay, b, are the endings of 1, ¢(¢) respectively),
we have

o) = tiaby 'ry!

as the reduced form of a typical element of @; the significant symbols of this element are
then defined to be the symbols a; and b7!. For a Kurosh generator of the form syas; !,
a € A\ {1}, on the other hand, we define the significant symbol to be «, the central one,
and make the analogous definition for Kurosh generators of the form sgg3sz ', 3 € B\{1}.

The well-known non-cancellation property of the significant symbols is as follows.

LEMMA23. () ®dNd ! =0

(ii) Let hy - - -h, be a product of n > 1 Kurosh generators of H < A x B or their
inverses, where adjacent h; are not mutually inverse elements of ®U® !, nor in the same
subgroup spAs,y ' MH or sgBsg' M H. (In other words hy - - - hy, is, potentially or formally,
the normal form of a non-trivial element of the free product on the right-hand side of (6).)
Then in reducing hy - - - h, to its normal form as an element of the free product A x B, the
significant symbol(s) of each h, remain uncancelled, although they may be consolidated
(i.e. merge without cancelling, with symbols from the same free factor A or B).

For our proof of Theorem 1.6 to follow, we shall be needing a rather special Kurosh
system (T4, Tp) for H in A *x B, defined in terms of the given elements a € A, b € B,
by modifying the usual construction. In that construction, one first chooses the identity
element 1 as representative of each of the double cosets HA, HB, and then, assuming
inductively that A- and B-representatives have been chosen (i.e. to go into T4 and Tp)
for the right cosets of H containing elements of length < k (where k > 1), one chooses
double-coset representatives of the (H, A)-double cosets of length £ by choosing from
each such double coset HgA an element 7 of smallest length k, say 7 = 1,b in reduced
form, where b; € B\ {1} and then replacing #, by its A-representative t, say, already
chosen (by the inductive hypothesis), obtaining thereby t = b, as the new member of
T, (and Tp). The A-representatives of the cosets Hg; C HgA = H!A are then obtained,
according to the usual procedure, by arbitrarily choosing a right transversal {a}, con-
taining 1, for t~!Ht N A in A, and including in T all multiples of ¢ on the right by the
members of this transversal, i.e. all ra (¢f. the defining condition 2.1(iii)). The procedure
for constructing T is analogous.

Relative to prescribed elements a € A, b € B (ultimately to be APEs in the groups
A, B respectively), the inductive step in the foregoing construction may be modified as
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follows: Rather than choose the transversal {a} arbitrarily, we first choose representa-
tives a,, i € I (some index set) of the (t'HiN A, (a))-double cosets in A, choosing 1
to represent (t~'Ht M A){a), and then augment these to the desired full transversal for
t~'"Ht M A in A given by adjoining the elements

(7 ad, 0 <j, <m0 ifa "t '"Hta,N{a) = (a™®), m(1) >0,
aa", m € Zifa, 't 'Hta,N (a) = {1}.

(The B-endings to be attached to s € Sp (s assumed already constructed) are chosen
analogously using (b) in place of (a).)
We end this section with the

PROOF OF PROPOSITION 1.2. Let H < A * B be such that ab € H. Suppose first
that « € H (whence also b € H). By the Kurosh subgroup Theorem (2.2) H can be
decomposed as a free product of the form

H=ANH) *(BNH)*H,.

If AN H < A, then a is primitive in A N H, and therefore, in view of the above free
decomposition of H, is also primitive in H. If on the other hand ANH = A, then we must
have BN H < B, and we infer in the same way that b is primitive in H. In either case it
follows that ab is primitive in H.

If nowa ¢ H, then also b ¢ H, and we may choose a Kurosh system (T4, Tg) for H in
A x Bwitha € Ty, b~' € Ty (by the usual procedure for constructing a Kurosh system
described above). This done, we shall have a(b~')~! as an element of the set ® (see (5)),
so that ab is primitive in H. [

3. Proof of Theorem 1.6: The free product of tame APEs is a tame APE. As in
that theorem, let a, b be tame APEs in the groups A, B respectively, and let H < AxB. We
construct a “minimal” Kurosh system for H as above (see in particular (7)), but now being
more particular in our choice, at the inductive step, of the double-coset representatives
a, to be attached as A-endings to an element ¢ already constructed in S4 (and likewise
in our choice of the B-endings b, to be attached to the s € Sg). The choice of these a,,
i € I}, is made as follows: By hypothesis, Definition 1.5 applies to the APEa of A, in
particular with respect to the subgroup ' Ht M A. Choose a,, i € I, to form a full set of
representatives of double cosets (1 'HtNA)a(a), a € A, for which one of the conditions
(i) or (ii) of Definition 1.5 is satisfied. Thus if the subset {q, | j € J* C I*} consists
of those representatives for which ta,(a)a, 'r™' "VH # {1}, and for each j € J7', m(1)
denotes the least positive integer for which ta,a™a;'t"! € H, then, as well as being
distinct,

(i) the elements

8) ta,a’"/“’aj“ 't=1 j € J?, are coprimitivein H N tAt™", or
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(ii) these elements form a finite minimally non-coprimitive set in H N A7~ ', and
9) A HOAC! | = 3 m(n) (< 00).
ISA

Similarly, in the inductive step in the construction of T (carried out in step with the
construction of T4), we choose (s"'Hs N B, (b))-double coset representatives b,, i € I?
(s assumed already constructed in Sg) to be attached as B-endings to s, such that Defi-
nition 1.5 is satisfied for these b, with respect to the subgroup s™'Hs N B < B and the
APEb in B; i.e. if {b, | j € J® C IB} is the subset of those representatives among the
b,,i € I, for which sb,(b)b;"'s™' MH # {1} and n,(s) denotes the least positive integer
such that sb,b"“b;'s™! € H, then one of the analogues of (i), (ii) above occurs.

Having thus carefully chosen the (minimal) special Kurosh system (T4, Tg) for H,
let {g, | i € I} be a full set of (H, (ab))-double coset representatives of least length
subject to being in T4. Let {g, | j € J C I} be the subset of these representatives for
which g,(ab)gj" N H # {1}, and for each j € J denote by /, the least positive integer
satisfying g}(ab)’/gj‘l € H. We shall show that the defining conditions for a tame APE
hold for ab € A x B with respect to H < A * B and this choice of g,, i € I, that is that the
g(ab)ig-! are distinct, and:

(10) (i) they are coprimitive in H, or

(11) (ii) they form a finite, minimally non-coprimitive set in H, and
|F:H| =31 (<o0).
Jes

We shall henceforth assume that (i) does not occur and deduce from this that (ii) must
occur.

We separate out portions of the proof as lemmas (the first of which uses only the
assumption that the appropriate conjugates are distinct).

LEMMA 3.1. Let H < A x B and let (T4, Tg) be a special Kurosh system chosen as
above relative to the APEs a € A, b € B. The following assertions are valid.
(i) In the reduced rewritten expressions

(12) glab)g ' =hy - b, jEJ,

fortheg, (ab)" gj" (see above) in terms of the Kurosh generators determined by the spe-
cial Kurosh system (Tg, Tp), any Kurosh generator hy of “conjugate form”, e.g. from
some subgroup tAt"' VH, t € Sa, has the form ta,a™"a 't~ for some representative
a, € A (chosen as above) of a (t 'HtNA, (a))-double coset. Moreover each such Kurosh
generator occurs at most once in the totality of the right-hand-side expressions in (12).
(The analogous assertion is valid with B, b in place of A, a.)

(ii) Any Kurosh generator from @ (see (5)) appearing in a rewritten expression in
(12), occurs at most twice in the totality of such expressions, and if twice then once to
each of the exponents +1.
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PROOF.  Applyingto g,(ab)" g]’l the left-to-right “Kurosh rewriting process” for sys-
tematically expressing an element of H in terms of our Kurosh generators (see [4,
p. 230]), one obtains generators of the following forms:

: o [ palg(ab)la{palg (ab)ial} s
of conjugate form (or trivial) { <pB[gj(ab)k/a]b{@B[jg](ab)kf”]}" :

(13)

g - palg (ab)bal{pplg (abysal}~";
from U@ (if nontrivial) { sl @b {palgy @bl 1},

where 0 <k, <[,and ps:AxB — Ty, pp: AxB — Tp, are the right-coset representative
functions for H in A * B.

In view of our special choice of Kurosh system, each element (4[g,(ab)*] must have
the form fa,a’ for some 1 € Sy, specially chosen (¢t 'HiNA, (a))-double coset repre-
sentative g, in A, and integer [/ satisfying 0 < [ < m,(¢) if m,(¢) is defined, otherwise
arbitrary (i.e. if ta,(a)a;'t"' M H = {1}), and the same is true of p4[g,(ab)“a] (with
the same ¢ and q, for the same k). It follows that for an expression of the first type in
(13) to represent a non-trivial generator we must have @A[gj(ab)"lj = ta,a™D-" (for
some £, a, as before), and ¢4 [g](ab)"f a] = ta, (and then that generator will have the form
ta,@™Pa't~1). (Analogously, a non-trivial generator of the second type in (13) must
have the corresponding form sb,b™ b !s~!.) Thus a generator of the first type can arise
twice in the course of applying the Kurosh rewriting process to the g,(ab)" g;], if and
only if there exist j, / € J such that

a4 palgab)¥] = pale@b)f] (= taa™O ),

for some appropriate k,, k;. However then Hg,(ab) = Hg,{ab), so that we must in fact
have j = [; but then by (14) again, with j = [, we have

g(ab)bhlg=t € 1,

and k, # k, would entail 0 < |k, — k| < [,, contradicting the minimality of /,. Hence
k= 12], and we see that in fact no such generator can arise twice during the rewriting of
the totality of the g](ab)’/ gj". (Clearly the same argument establishes that a generator of
the form sb,6" b s~ can likewise arise at most once.)

It is on the face of it, however, conceivable that two non-trivial distinct generators

1

(15) tad" Va7t taad™Pa 't (same 1)

might emerge as adjacent in the course of the rewriting process, in which case the rewrit-
ten expression would not be reduced in the Kurosh generators. We now show that this
cannot happen. Suppose that (as above)

m(H—1

palg(@b)¥] = ta,a™ "', palg(ab)a) = ta,

https://doi.org/10.4153/CJM-1993-011-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-011-9

234 A. M. BRUNNER, R. G. BURNS AND SHEILA OATES-WILLIAMS

and that the next non-trivial generator arising (to the right of this one) is of this form for
the same ¢, so that for some [ > 0,0 <k, +[ </,

(16) palg @)™ = 1 @™ ", palg (ab)*al = 1a.
The triviality of the intervening expressions (13) would then mean that
8l8,(ab)"™'] = palg(ab)"™'] = palg (ab)oalblab) ' = tab(ab)~",

which is incompatible with (16). (The same argument shows that, analogously, non-
trivial generators from sBs~' M H cannot arise next to one another in the rewriting pro-
cess.)

If a non-trivial generator of the third type in (13) (i.e. an element of ®) were to arise
more than once in rewriting the g,(ab)’l gj‘l , then, the “first half” of such a generator being
uniquely determined, we should have

valg(ab)ial = palg(ab)a),

for some j, I € J and appropriate k,, k. However this yields g (ab)® *g;"! € H, so that
J = [, and then it follows as before thatk, = 12,. A similar argument shows that a nontrivial
generator of the fourth type in (13), an element of @~ !, likewise occurs at most once as
an h-symbol in the totality of reduced rewritten expressions in (12). u

COROLLARY 3.2. Witha € A, b € B, H < A xB, (T, Tg) a special Kurosh system
for H,J C [, etc., as above, suppose that the possibility (10) does not occur. There then
exists a finite (non-empty) minimally non-coprimitive subset M of the gj(ab)f'gj‘l, and
any such subset M, consisting of elements

(17) giab)igr, ... gulab) gy,

say, with reduced rewritten expressions in terms of the Kurosh generators of H deter-
mined by (T4, Tg) given by (cf. (12))

(18) gu(ab)f“g;l = h;tl .o 'h,ur“’ = 1,...,k,

must have the following properties.
(i) If a Kurosh generator hy,, in (18) is of conjugate form, say (invoking Lemma 3.1)

(D)1 1
hy,, = ta,d™a; 't

wheret € Sy and a,, i € I, is a specially chosen (t"'Ht N A, (a))-double coset represen-
tative in A, etc., then every “cognate” generator

ta,a"‘/(')a;'t_', jeJA

must also occur as an h-symbol in (18) (and then just once by Lemma 3.1), and further-
more (9) must hold for this t € S4. (The analogous assertion is valid for generators of
the form sb,b"f(s)bj_'s”l. )
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(ii) Each Kurosh generator h,,, € ® appearing in (18) occurs exactly twice, once to
each of the exponents £1.

PROOF.  We first establish (i) and (ii) for such a finite non-empty set M, and then give
the (considerably longer) proof that such a set M exists.

Thus let M be as in the statement of the corollary. To see that (i) holds, suppose the
contrary, and leth,,,,,, ..., h,,,, beall the Kurosh generators from tAr~INH (¢t € S, fixed)
occuring in the right-hand sides of (18). Assuming, as we are, that the conclusion of (i)
fails, then either because (8) holds or because A,,,,,,...,h,,,, do not exhaust all of the
ta@Va; 't j € J}, the elements Ay, ..., hy,, must generate freely a free factor H,
say, of H, which furthermore by the Kurosh subgroup theorem has a “free complement”
H, (i.e. such that H = H; x H>) containing all other A, occurring in (18). It follows
that if g(ab)'g;" say, is the (unique) element on the left-hand side of (18) involving
Ryv,» then (gi(ab)"1g;") has a free complement in H containing all h,, # h,,,,, and
therefore g2(ab)"2g, !, ..., gi(ab)*g; '. Hence the subset M\ {g1(ab)"1 g, ' } must be non-
coprimitive in H, contradicting the minimality of M.

For (ii), observe that if there were no h,; = h,,) € @', then, supposing without loss
of generality that gl(ab)f ! gl‘l is the (unique) element in (18) involving A, , we could,
as in the above proof of (i), decompose H as a free product (gl(ab)" ! gl") *x H3 where
H3 contains all hys # hy, in (18), thereby obtaining once again a contradiction of the
minimality property of M.

It follows in much the same way that if for any 7 € S, the set

(19) X := {ta@a™Pa 't | j€ '}

is coprimitive, then the set of those gj(ab)‘/fgj‘l involving generators from X;, freely gen-

erates a subgroup H, of H freely complemented in H by the subgroup H, generated by
all other X; together with @, which clearly contains all g](ab)gfgj’1 not involving gener-
ators from X;. Hence in view of our assumption that the totality of the gj(ab)gigj_l are
not coprimitive, these latter g](ab)ffgj‘1 cannot be coprimitive, and we may restrict at-
tention to them. Thus we may suppose without loss of generality that every X, is a finite
minimally non-coprimitive subset of tAz~' N H. The existence of a (non-empty) finite,
non-coprimitive subset of the gj(ab)g/gj’1 (and therefore a minimal such subset), under
the assumption of the corollary, is then immediate from the following

LEMMA 3.3. Let {H), | A € A} be a family of groups and for each X let X, be a
finite almost coprimitive set of generators of Hy. Let X be a subset of the free product
H:= H* H)\,
XEA
with the property that there exist expressions for the elements of X as (semigroup) prod-
ucts of the generators from | Jycp X), with each such generator appearing at most once

in the totality of these expressions. Then either X is coprimitive in H, or  contains a
(non-empty) finite non-coprimitive subset.
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(In the context of Corollary 3.2, the role of the X, is played by the X, (assumed finite
and almost coprimitive) together with the sets {h,h~'}, h € ®, also finite and almost
coprimitive.)

PROOF OF LEMMA 3.3. (As an aid to understanding the argument the following
two examples may be useful: Let x,, n € Z, be free generators of a free group F; then
the set {x,'x2,, | n € Z}, though locally coprimitive in F is not coprimitive (and
the assumptions of the lemma, with X, := {x,',x2}, do not hold for it), while the set
{x,x;) | n € Z} is coprimitive in F.)

Writing X, for the subset of X consisting of those elements having at least one syllable
from X, we define a graph I by taking as vertices the X, and joining two distinct vertices
Z),, 2y, by an edge precisely if £, NZ,, # (. (Note that since the X, are finite, each
vertex has finite valency in I'.) We shall show that the union of the vertices of any infinite
connected component of I is a coprimitive subset of H, in fact of the free product of those
H), such that X, belongs to the component. It will then follow that if the whole set X is
not coprimitive in H, that there must be a finite connected component of I" the union of
whose vertices is a (finite) non-coprimitive subset of H.

Thus let C be an infinite connected component of I'. Choose a subtree 7 of C induc-
tively as follows: Choose a “root”, or level 1, vertex X, say, arbitrarily. (We shall re-index
the X, € Vert 7 with the natural numbers as we progressively choose them.) The level 2
vertices are chosen next in the following manner: let X, (= E(22>—we shall occasionally
use superscripts to indicate the level of a vertex in 7) be any vertex of C adjacent to X,
and not contained in X, (i.e. £, € X)), and X3 (= Zgz)) any other vertex of C adjacent
to X, and not contained in X U X,, and so on, until all vertices adjacent to X, have been
used up. We shall then have as our level 2 vertices in 7, all joined to X,

(2) (2)
DI i

where % Z X,UZ,U- - -UZ,_, foreach i = 2,..., k. To obtain the level 3 vertices, first
join to 2(22) a vertex Zﬁ)l adjacent to it in C and not contained in Uf‘zl Z,, and continue as
for the adjunction of the level 2 vertices to Z;. Repeat this procedure for 2(32), =2 in

PRATUD i
order, to obtain all of the level 3 vertices, say

3)
YA PRRRED Hav

where again £ ¢ (J/—| Z, for each r < k + £. The tree T is constructed by continuing
in this way (inductively) ad infinitum, by joining to each level i vertex (in order) certain
of the adjacent vertices (in some order) to obtain the level (i + 1) vertices (observing
the requirement that each vertex adjoined should not be contained in the union of its
predecessors). Denote by H, and X, (C H,) the free factor of H and specified subset
corresponding to each vertex X, of T (i.e. re-index also the relevant H, and X, to accord
with the re-indexing of the X, € Vert 7). Note that the union of the vertices of ‘I is the
union of those of C.

Consider now the subtree I of 7 maximal with respect to the property of having no
extremal vertices (with the exception of the root vertex X if this is extremal); thus T

https://doi.org/10.4153/CJM-1993-011-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-011-9

ALMOST PRIMITIVE ELEMENTS OF FREE GROUPS 237

is obtained from ‘T by shearing off all finite branches compatibly with leaving X, as a
vertex of 7. From each vertex £V of the “trunk” T, choose an element

0= 0¥ € TP N EW,
for some vertex ZS,’*” adjacent to Zﬁ’) in 7 and at the next higher level in T , such that

o. ¢ UJZ.
<u

(This is possible by virtue of the fact that X, Z (J,«, X,.) Corresponding to each such o,
let x,, £, be elements of X,,, X, respectively, occurring as syllables of o,. (Note that, by
definition of X, as consisting of all elements of £ with one or more syllables from X,,,
the element o, € Z, must have at least one of its syllables from X,,, and, similarly, since
alsoo, € Zﬁ’”), a syllable from X,. Note also that £; is not defined, and that there may
be other v for which £, is not defined.

For each subscript i = 1,2, ..., define a subset X, of X, as follows:

(i) if X, is a vertex of T, take X, to consist of all elements of X, \ {£,x,} occurring

as syllables of vertices X, with j < i;

(i) if Z, is a vertex of T but not of 7, set X, := X, N Z,.

Note that in either case X, is a proper subset of X, (in case (i) since x, ¢ X,, and in (ii)
since T is connected). Hence X, is a coprimitive subset of H,. Write

X =

4

X,.

s

1

For each i let X, be a subset of H, satisfying

H = (X, \ {x,}) * <)A(t>’

in the case that £, € Vert 7, and H, = (X,) * (X,) otherwise.
Write U for the set of indices u such that X, € Vert T. The set

(20) X=UX\{xhuUX

uel 14U

is a coprimitive subset of H, in view of the assumption that each X, is a finite minimally
non-coprimitive subset of H,. Setting

we have in fact

—l8
X
I

We shall now show how the set X U X can be transformed to a set containing

oo —- A
Uz, UXUZX,

1=1
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by means of a Nielsen transformation (i.e. induced by a free automorphism of the free
group on X U X) leaving X U X fixed elementwise. (It will then follow that Uz, Z, is
coprimitive in [T°] H,.) The Nielsen transformation in question is defined in two stages,
as a product of two simpler such transformations. First consider the specially chosen
elements o, from the £, € Vert 7. Recall that each such o, was chosen from £, N Z,
where £, is some vertex of 7 one level higher than %, and that we singled out syllables
Xy, %y of o, coming from X,,, X, respectively. Hence o, has the form

21) oy = wikyZu,

where £, € X, \ {x,} (since 0, # 0,), and the syllables of w, and z, other than x, all lie
in various X, with i > u, since o, was chosen outside U,<u Zi- As the first of our Nielsen
transformations of X U X, we pre- or post-multiply each £, by the appropriate elements
of these X, and by

Xy € Hy = (X \ {xu}) * (X.,).

However since of course %, € H, (if £, is defined), this replacement of each %, by the
chosen o, involving it, must be carried out inductively, in the natural order of the indices
V.

Thus to begin with, we obtain

o = wifazy,

(in the notation of (21)), by pre- or post-multiplying %, by elements of various X, with
i > 1, and by
x € Hy =0\ {a}) = (Xi);

since £ is not defined, this presents no difficulty. The inverse transformation simply pre-
or post-multiplies o by the inverses of the appropriate elements of

X\ {x HuX

(all of which are left fixed), to yield back £,. Now suppose v > 2, and, inductively, that
we have defined a Nielsen transformation ¢ of XU X replacing all X,, withv; < v by the
corresponding o, and fixing all other elements of X UX. Then in extending this Nielsen
transformation to £, as described above (see (21) ef seq.), the only %,, involved (if any)
are those with v; < v, and these are generated by (X U X)p \ {%,}. It follows that the
replacement of each £, € X U X by the corresponding o, is a Nielsen transformation
say.

The second stage, involving the construction of a Nielsen transformation of (X U}?)OI s
is, though simpler, also carried out inductively. Each element o of £; \ {o } has the form

0 =WwiXiZ1,

where %; € X; \ {x1}, and the syllables of w, and Z, all come from X. Thus to obtain
each such o from a corresponding %, € X; \ {x; }, one simply pre- or post-multiplies ¥,
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by various elements of X. Suppose inductively that u (> 1) is such that £, € Vert T,
and that for all u; < u (withZ,, € Vert T) we have defined a Nielsen transformation of
(XUX)8, replacing certain %4, € Xy, \ {x4, } (via pre- or post-multiplication by elements
of X) by the elements of

U (Z‘M \{U“I})'

u<u

Each element ¢ in Z, \ {0, } but outside |J, <, Z.,, has the form
0 = Wy XyZu,

where %, € X, \ {x,} has not yet been replaced, and the syllables of w, and Z, all come
from X. Hence proceeding as before we may extend our current Nielsen transformation
to include X, \ {0, } in its range. This completes the definition of the second Nielsen
transformation 6,. The product 6,6, is then a Nielsen transformation of X U X fixing
XU X, whose image contains all £, € Vert 7.

There remains the question of the X, ¢ Vert 7. Now it is not difficult to see (from
the definition of 7) that if X, is a terminal vertex of the tree I (different from X,), then
the elements of L, \ X, all lie in earlier %, in Vert 7. Working backwards from each such
2, towards the “trunk” T , one then sees that each Z, connected to X, in the complement
T\ T , has all of its elements outside )_(j contained in vertices of T, so that in fact

Since the union of the vertices of 7 is the union of the vertices of C, it follows that the
latter set is coprimitive in the free product of those H, such that X, is a vertex of C, as
claimed. n
For the remainder of the proof of Theorem 1.6 we consider a subset M of the
g,(ab)’fgj",j € J, made up of the elements (17) as in the statement of Corollary 3.2,
with reduced rewritten expressions in terms of our special Kurosh generators for H as
in (18), and having properties (i) and (ii) of that corollary (as consequences of deny-
ing the possibility (10)). We shall treat the words on either side of the equation (18) as
“cyclic” words, i.e. we shall consider the final symbol of each such word as adjacent
to, and preceding (in clockwise order—see (22) below) the initial symbol, carrying out
any cancellations thereby made possible. Thus the cyclic words arising from the words
gulab)rg ', = 1,...,k, in (18) will be the same as those arising from the words (ab)'s,
@ = 1,...,k, but we preserve the correspondence between each such cyclic word in a
and b and that arising similarly from its rewritten expression Ay, - - - b, in the Kurosh
generators. For each = 1,.. ., k, this may be indicated diagramatically as in (22):

REMARKS. 1. Note that in the cyclic word in the &, depicted on the right side in (22)
it has been assumed (for convenience only) that b, # h;,L , since in the contrary situation

hy1 and hy,,, would have been cancelled, and any further cancellations effected until the
cyclic word was reduced. However, whatever the additional cancellation incurred, the
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(22)

reduced cyclic word arising from h,,; - - - h,,, continues to have the property established
in the course of proving Lemma 3.1, of having no two generators of the form (15) as
adjacent h-symbols. For in the contrary case, application of the Kurosh rewriting process
to (gu(ab)' g;')z = gu(ab)*g," would yield two such adjacent generators, whereas
the argument beginning just prior to (15), which did not depend on the minimality of /,,,
applies to show that this is not possible.

2. Since each Kurosh generator of conjugate form (and so, by Lemma 3.1 (i), of the
form ra,a™®a;'t~" or sb,bb;'s~") occurs at most once in the right-hand sides of the
equations (18) (and if it does occur then so do all of its “z-cognates” by Corollary 3.2(i)),
the above process of forming reduced cyclic words out of the A,y - - - hyp s 0 = 1,...,k,
will not result in the disappearance of any of these generators (although conceivably
some pairs of mutually inverse A-symbols of non-conjugate form may cancel).

In the rest of the proof we shall use the notation 4,1, h,,,+ for the predecessor and
successor respectively of an h-symbol h, of a cyclic h-word in (22).

The following corollary of Lemma 3.1, like that lemma, does not require the full
strength of our hypotheses.

COROLLARY 3.4. Witha € A,b € B, H < AxB, (Tx, Tp), et cetera, as in Lemma 3.1,
consolidation without cancellation of A-symbols, in reducing any cyclic h-word in (22)
down to the corresponding cyclic word a and b, occurs in one of the following two ways:

(i) at most two adjacent h-symbols, say hy, and hy, .1, are involved in the consolida-
tion, and as elements of A x B these have the reduced forms

IN—1 I+1
h;u/ = u(ta,a) ) h/l,l/+| = (tala+ )V,

where t € Sy, i € I#, and | satisfies 0 < | < m,(t) — 1 if m/(t) is defined, and is otherwise
arbitrary (see (7));
(ii) the central A-symbol of an h-symbol of conjugate form:

(23) hy = ta,a™ Va7,
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is involved in the consolidation, and

m,(1)—1 )71

hy—1 = u(ta,a hype1 = tay,

(where u ends in an element of B\ {1} and v begins in an element of B\ {1}).
(The analogues of (i) and (ii) for consolidation of B-symbols in the cyclic h-words in
(22) are likewise valid.)

PROOF. (Recall from §2 the definition and non-cancellation property of the signif-
icant syllables of the Kurosh generators.) By Lemma 3.1, if a Kurosh generator of the
form (23) occurs as an h,,, in a cyclic A-word in (22), then it occurs just once. By the
remark above, neither the preceding generator ., nor the succeeding generator A, ;.
can be from tAr~! N H, whence (ii). Any consolidation of A-symbols not involving a
generator of the form (23) is readily seen to be of the type indicated in (i). ]

We are now in a position to prove the main lemma, from which Theorem 1.6 follows
relatively easily. Relative to the given elements a € A, b € B, we choose, as above, a
special Kurosh system (T4, Tg) for H < AxB, and, assuming that the possibility (10) does
not occur, we have a subset M as in (17) with properties 3.2(i), 3.2(ii), which, together
with the rewritten expressions in the Kurosh generators (see (18)), are turned into cyclic
words as indicated in (22). Write P4(C T,) for the (finite) set of elements T4 that are
initial segments of generators h,, occurring in the reduced cyclic A-words in (22), and
define Pg(C Tp) similarly.

LEMMA 3.5. With notation and assumptions as above, the following statements are
valid:

(i) For eacht € PyAN\Sy, ta,a’ also belongs to P4 forevery i € 1{* and every admissible
L. It follows that for every such t and for all i € I?, the positive integer m,(t) is defined
(since Py is of course finite), that is, I* = JA. For all such t, and all i € I, the Kurosh
generator ta,a™Va,; 't occurs (and then just once by Corollary 3.1(i)) as an h-symbol
in the cyclic h-words in (22). (The analogous assertion is valid for Pg.)

(ii) Corresponding to each element ta,a' € P4 (asin (i), with | # 0, there is an h-
symbol h,,, in some cyclic h-word in (22) with ta,d" as initial segment, and an h-symbol
hys with (ta,a’) "' as terminal segment, from neither of which these segments are wholly
cancelled by the appropriate adjacent h-symbols (and analogously for Pg).

PROOF. Using the representation (22) of the equations (18), we shall establish (i)
and (ii) of the present lemma by reverse induction on the length of r € P4 U Pg. (It may
make for greater ease of understanding to visualize the elements of T4 as the vertices of
a tree T, where two vertices are joined by an edge if one is an initial segment of the other
and their lengths (as elements of A x B) differ by 1; the tree P, determined in the same
way by P4, is then a subtree of 7,.)

As the first step of the induction, consider t € P4 M S4 maximal in P, in the sense that
it is not a proper initial segment of any other element of P4 (i.e. represents an extremal
vertex, or vertex of valency 1, in the finite tree P,). Since ¢ is either trivial or ends in an
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element of B \ {1}, we must have, by Definition 2.1, t € T also (so thatt € T, N Tp).
This, together with the maximality property of ¢, implies that any Kurosh generator A,
(in a cyclic A-word in (22)) having ¢ as initial segment must have the form

(24) h =tait™', a; €A\ {1}.

Now the Kurosh generator A,,,.; immediately following A,,, in its cyclic h-word, cannot
have ¢ as an initial segment, else for the same reasons as applied to 4, it would have to
be of the form tayt~', a; € A\ {1}, contradicting the assumption that the cyclic ~-words
in (22) are all reduced. Similarly, the preceding Kurosh generator 4,,,,_ cannot have !
as a terminal segment. Hence the syllable a; in (24) remains unconsolidated in reducing
its cyclic h-word (the ™) down to the corresponding cyclic alternating word in a and b,
whence we must have a; = a. Thus any Ay, of the form rat™!, a € A\ {1}, occurring
in any cyclic h-word in (22) is actually tar~". It follows from Corollary 3.2(i) that the
singleton {tar~'} is a minimally non-coprimitive set in H M tAt !, i.e. that tat ' is not
primitive in H N tAt~". Since tat~' is almost primitive in tA¢~!, we must therefore have

A N H = A,

whence it follows (via Definition 2.1(iii)) that  is actually maximal in Ty, i.e. an extremal
vertex of the possibly larger tree ‘T4, so that conditions (i) and (ii) of the lemma are
satisfied vacuously for this ¢. (The analogous argument applies to maximal elements of
Pg.)

Proceeding now to the inductive step, let 1 € P4 M S4 be an initial segment of some
element 7 € P4, whose length exceeds that of # by 1 (i.e. |7| = |z + 1, where lengths are
taken with respect to the free product A * B), and assume inductively that the assertions
(1), (ii) of the lemma are valid for all elements of P4 NS4 and Pg N Sg of length > |¢].
Since 7 necessarily ends in an element of A \ {1}, we may write 7 = fa; in reduced form,
where a; € A\ {1}.

Suppose first that £ also belongs to T (and therefore to PsMSg). Then by the inductive
hypothesis we have, for every i € It?, that:

(i) ni(?) is defined, and fb,-b"f(”bi"f" is an h-symbol in some cyclic A-word in (22);
and

(i1) each of the elements

(25) ibib,tbib?, ... b D

is an initial segment of an A-symbol in some cyclic A-word in (22), from which it is not
all cancelled by the preceding h-symbol, and likewise its inverse is a terminal segment
of some h,, not entirely cancelled by A, 4.

These conditions are assumed to hold in particular for that i, say i = [, for which
by = 1. 1f n)(f) = 1, then by (i) b ! occurs (just once by Lemma 3.1(i)) as an h-symbol,
h,. say, in (22), and it is easy to see that its initial segment 7 cannot be wholly cancelled
by hy,,—1, nor all of its terminal segment by 4, ,.,1. On the other hand if ni(f) > 1, then
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by (ii) above (see (25)) with i = [ (so b, = 1) there are h-symbols in (22) of reduced
forms

(26) hyy = thu, hys = (iMO-1)!

(possibly one and the same h-symbol, or mutual inverses), such that the initial segment 7b
is not all cancelled from A, (in (26)) by its predecessor h,,,—1, nor the terminal segment
b'~ D71 of hys wholly cancelled by its successor h, 4,;. It follows (from the fact that
the cyclic A-words in (22) reduce to cyclic words in the symbols a and b alone) that in
fact not all of the initial segment 7 of hy is cancelled by h,,,,_1, and that we must have

hy g1 = O,
with not all of the terminal segment 7! of this generator hy s41 cancelled by Ay 545.

We infer that in either case (n;(f) > 1) there are h-symbols A, hyr such that f = ta;
is an initial segment of A, and 1= al"t’l a terminal segment of A,,, where neither
segment is wholly cancelled by the appropriate adjacent -symbol (namely h, y_1, Ay 741
respectively). Write, in reduced form,

hoy = tayu, hy, = va;'t ',

By construction of our special Kurosh system (7,4, Tg) for H in A * B, the ending a,;
of # = ta, must have the form a; = a,d', i € I{‘, where q, is from the prescribed set of
representatives of double cosets (¢~ lHtﬁA)oz(a) inA (i.e. such that (8) or (9) holds), and /
is an integer satisfying 0 < [ < m,(¢) if m,(t) is defined (i.e. if ta,{(a)a, 't 'NH # {1})and
otherwise is arbitrary. By Corollary 3.4 consolidation (if any) of the symbol a; (= a,a")
appearing explicitly in A, (see above) must occur in the context of one of the following
three situations:

(27)
I =1, and a, = [, that is a; = a (no consolidation occurs);
{l =0,h,\ | = ta,a"Va 't and h, ,_» = uya= ™" Vg 1r! (in reduced form);
[#0, andif/ = 1 thena, # 1,and h, , | = upa=" Ya;'t"! (in reduced form),

(where u; and u; do not end in elements of A \ {1}).

Similarly, consolidation (if any) of the A-symbol a; ' (= a~'a, ') explicitly appearing
in h,; (see above) must occur in the context of one of the following three situations:
(28)

a;’ =a(i.e.l = —1,a, = 1), in which case no consolidation occurs;

I=m(@t)— 1, hyre1 = ta,a’"'(’)aflt",h,,ﬂz = ta,v, (in reduced form);

1# m()— 1, andif = —1 thena, # 1, and h,, ;+1 = ta,a™*'v; (in reduced form).

1

Combining the various possibilities in (27) and (28), we infer that one of the following
four situations occurs:

i = taand (hy,1 = ta’t~" or h, .| = ta*v,, in reduced form, where ta*> € P,);

i=ta""and (h,,_, = upa®t ! inreduced form, with ta~2 € P,);

m,(?) is not defined, and both ta,a’*' € Py;
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m,(?) is defined and both tq,q*=D medm® ¢ p, .
(Moreover, in the last case, if | = 0, then h, | = ta,a™"a 't"!, and if | = m,(t) — 1,
then h,, ;41 = ta,a™Pa;'t~!.) From these we draw immediately the following conclusion
(from our original assumption that f = ta,a’ € P N Pp);

29) ta,alil € Py,

(where, if m,(¢) is defined, the integers [/ = 1 are reduced modulo m,(¢) to residues from
among 0, 1,...,m,(¢) — 1). Furthermore from (27) and (28) and the argument preceding
them, we see that, provided [ # 1, there is an h-symbol in some cyclic h-word in (22)
with (ta,a'!)~! as terminal segment with the property that this terminal segment is not
wholly cancelled by the succeeding #-symbol, and, similarly, provided [ # —1, there is
an h-symbol in (22) with ta,a’*! as initial segment not wholly cancelled by the 4-symbol
preceding it. (Here, as in (29), the exponents / & 1 are to be reduced modulo m,(¢) if this
is defined.)

So far in the inductive step, we have been assuming that / = ta,a’ belongs to Py as
well as P4. Thus we need to consider the case that ¢ Tp. In this case 7 must be extremal
in 74 (see Definition 2.1), and only way it can occur as an initial segment of an h-symbol,
hy, say, in some cyclic h-word in (22) is if

(30) ®3h, = (tad)d 'r!, 13€Ts\ Ty, B€B\{l},

in reduced form. By Corollary 3.2(ii) this Kurosh generator appears exactly twice in the
totality of cyclic A-words in (22), once to each of the exponents +1; there is thus an
h-symbol in (22) of the form

(31) hys = (hy) ' = 18(ta,a’) .

Now since the A-symbol a,a' of h,. (see (30)) does not cancel, and consolidates, if at all,
only from the left, we can argue in the present situation exactly as before to deduce that
one of the possibilities (27) occurs. Similarly, since the terminal segment a~'a; 't ! of
hys (see (31)) does not cancel, we can argue as before to infer that one of the situations
(28) must occur. Hence we deduce that (29) and the statement following it (concerning
non-cancellation of the wholes of an initial segment ta,a™*' (1 # —1) and a terminal
segment (ta,a'=")"" (I # 1) from some A-symbols in (22)), hold also in the case that
i¢ TB.

Thus in either case (f € Tp or f & Tp), starting with ra,a’ we have brought to light
elements fa,a™! in P4 (where the integers [/ £ 1 are to be reduced modulo m,(¢) if this is
defined) with the property that, provided [ # —1, (ta,a"*')~! is a “non-cancelling” initial
segment of an -symbol in some cyclic A-word in (22), and, provided [ # 1, (ta,a" ") !
is a “non-cancelling” terminal segment of some such A#-symbol.

Since the inductive hypothesis applies also to the elements ta,a'*', we may repeat the
forgoing argument with each of these elements in place of 7 = ta,a’ to infer the presence
in P4 of ta,a’*?, with the property (taking for instance ta,a’~") that provided I — 1 # —1,
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there is an hy,,, with fa,a’ as initial segment not wholly cancelled by h,,,_1, and provided
I — 1 # 1, there is an hys with (ta,a'~%)~! as terminal segment not wholly cancelled
by hys41. (If instead we take ta,a’*! and apply to it the argument used for 7 = ta,a’, we
deduce, apart from the existence in P, of ta,a' 2, the existence of an hy,, with ta,a"? as
initial segment not wholly cancelled by h,,,—; (provided / + 1 # —1), and an h,; with
(ta,a')~" as terminal segment not wholly cancelled by 4, 5,1 (provided { + 1 # 1).)

We now reiterate the argument, this time for ta,a’*?, and so on. If m,(f) were not
defined then this iteration could be continued indefinitely, contradicting the finiteness
of P4; hence m,(¢) is defined, and the possibilities in (27) and (28) (and 29) involving
| < 0 do not actually arise since 0 < [ < m,(t). The above iteration continues until all
taak, 0 < k < m,(t), are encountered in P4. In particular when we reach ta, (k = 0)
or ta,a™ =1 then the next iteration will disclose ta,a™”a~'t~! as an h-symbol in some
cyclic h-word in (22). Hence by Corollary 3.2(i), condition (9) holds for this ¢, (so that
in particular m,(¢) is defined for all i € I), and for every i € I*, ta,a™"a,; 't~" occurs as
an h,, in a cyclic A-word in (22). The inductive step is completed by repeating the whole
of the above argument for each t; € P4 NS, (and each t, € Pg M Sp) of the same length
as t. =

COMPLETION OF THE PROOF OF THEOREM 1.6. We shall deduce from Lemma 3.5,
just established, that the index of Hin A x B is ZZ:, 1,,, from which it is immediate first
that J = I (since the index is finite), and secondly that the minimally non-coprimitive
subset M (see (17)) in fact contains all g,(ab)l'g,", ieJ=1

It follows from Lemma 3.5 (and the definition of our Kurosh system) that Py = Tj.
Hence by that lemma each element ta,a' € Ty (t € Sa, i € ', 0 < | < m,(t)) is an
initial segment of an A, occurring in some cyclic A-word in (22) from which it is not
wholly cancelled by 4,1, and analogously for (ta,a’)~! (as terminal segment of some
h-symbol). Now by Corollary 3.4, consolidation of the A-endings of such initial and
terminal segments occurs only in the following ways:

I—1\—1 !
(32) h[l,l/*l =u(taa )", h;w = ta,auy,

in reduced form (i.e. u; ends, and u, begins, in an element of B \ {1}), and then
hyy—1hy = upauy in reduced form, without further consolidation of the symbol a ap-
pearing explicitly here; or

(33) hys—1 = vi(taa™ "), hys = taa™Va; 't hyg = tay,

inreduced form, so that iy s hyshy 511 = viavs, without any further consolidation of the
symbol a by hy s_3, hy 512, et cetera.

Since each Kurosh generator ta,a""mal"t’l does occur as an h,,, (by Lemma 3.5), it
follows from (32) and (33) that these situations (i.e. (32) and (33)) must occur in some
cyclic h-word in (22) (for each relevant / in the case of (32)). Hence with each

tad € Ty (t€Sy,ic€ 0 <I<mt)),
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we can associate, 1n one-to-one fashion, a symbol a in some cyclic word in a and b arising
from one of the words gu(ab)’f 8 "1n (17) Since the number of such symbols altogether
in these words 1s Y% _, 1,,, we deduce that

H=

’

k
2 b= 1Ta
uol

which 1s just the index of H in A * B n

4 Proof of Theorem 1.4: The APE [x, y] is tame. Our proof that [x, y] 1s a tame
APE 1n F(x, y) 1s intricate, and parallels the proof occupying the preceding section (us-
ing Schreter free generators for the relevant subgroup H < F(x,y) instead of Kurosh
generators)

As with the proof of Theorem 1 6 1n the preceding section, we subdivide the proof of
Theorem 1 4 1nto a sequence of lemmas We first choose a set # of “minimal” Schreier
free generators for H (relative to the basis {x, y} of F), thus each h € H can be written in

reduced form as zxr~! or tyr !

, where ¢, 7 belong to a minimal right Schreier transversal
T say, for Hin F = F(x,y) (Here by “minimal” we mean that each ¢t € T has least length
among all elements of 1ts coset Ht ) It 1s a well-known property of such free generators
that their expression 1n one or the other of these forms 1s unique, and also that their
“significant symbols” (1 e the explicitly appearing xin & = txr ', or yintyr '), remain
uncancelled 1n every appearance of A*! in any reduced word 1n the generators #, that
1s, remain uncancelled in reducing such a word down to a reduced word 1n x and y

We choose the (H, ([x, y]>)-double coset representatives a,, 1 € I, from T, ensuring

that each a, has least length amongst all elements of its double coset Ha, {[x, v])

LEMMA 4 1 (¢f LEMMA 3 1, COROLLARY 32) Let H < F(x,y), H,{a, | 1 € I}
J C I, et cetera, be as above The following assertions are valid

(1) In the totality of rewritten expressions for the a;[x, y|" a, ' J € J, as reduced words
inthe h € H, each h that actually appears, does so at most twice, and if it does appear
twice, then once with the exponent +1 and once with exponent —1

(11) If condition (1) of Theorem 1 4 does not hold, then there is a finite subset M of the
alx, y]'"faj“', J € J, for simplicity say

M= {alxy™a ', Lalxy™a '},

which 1s minimally non-coprimitive in H, and consequently by (1) has the property that
each generator h € H appearing in (the totality of) the reduced rewritten expressions

(34) au[-xsy]m‘ a;] = hul hur 5 hm € HU}[ l’ H = 1, k,

appears exactly twice (possibly in different right-hand sides in (34)), once to each of the
exponents +1

PROOF (1) The free generators (or inverses thereof) h,, € HUH !, occurring in
the rewnitten expression for a,[x, y]™ a, "'1n terms of those generators (obtained by means
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of the “Schreier rewriting process”—see [4]), are all of one or other of the following
forms:

_ T
elglx, Y]k’ )x l[ap(aj[x, }’]k’x I)] ;
T - -l
35) plale vy el yliay ]
- g -l

palxyx 'y Dx[ (g lx,ylx 'y o)
- -1

Pl ylhay oy el eyl

where p: FF— T is the coset representative function for H, and 0 < k; < m,. Now by the
uniqueness of the form of Schreier free generators of a subgroup (noted above), two free
generators 1,27, |, hzoT, | € H are equal if and only if f; = 12, 21 = z2 (= x or y), and
71 = 2. Hence by (35), given two (possibly equal) double coset representatives a,, gy,
(J,1 € J), the same free generator h with significant symbol x (for instance) can appear
twice altogether, both times with exponent +1, in the reduced rewritten expressions for

a[x, y]”'/aj’1 and q;[x, y|™a; " if and only if

plalxyloy™h = plagle yliaty™,
for some 0 < k, < m,, 0 <k < m. However then
a,[x,y]"flz’afl €H,

so that a;, g, lie in the same double coset Hg([x,y]), whence j = I. However then if h
actually occurs twice, we must have k, # &, (= k), and the fact that 0 < |k, — k| < m,
contradicts the minimality of m,. One shows analogously thatno h~! € H ~! can occur
twice in the rewritten expressions for the g, [x, y]™ a;', completing the proof of (i).

The proof of (ii) is analogous to that of Corollary 3.2, only somewhat simpler. We
omit the details. (]

For the remainder of this section we shall assume that the assertion (i) of Theorem 1.4
is invalid, and consider a fixed minimally non-coprimitive subset M, with elements de-
noted as in Lemma 4.1(ii) (and with reduced rewritten expressions as in (34)), which,
by Lemma 4.1(ii), has the property that each & € # appearing in those rewritten ex-
pressions, appears exactly twice, moreover once to each of the exponents +1. As in the
preceding section we form, for convenience, reduced ‘“cyclic” words from the words on
either side of the equations (34), by regarding the terminal symbol of each word as adja-
cent to its initial symbol, depicting such words by labelling the edges of a corresponding
cyclic graph, in clockwise order, as indicated in (36) below. Since consequent cancella-
tions are to be carried out, each word a,[x, y]™ a;l will yield the same cyclic word as
[x, y]™, and cancellations may conceivably occur also in forming the cyclic words in
the h, . (In fact such cancellations do not occur, but we shall not need this fact.) How-
ever we preserve the correspondence between the cyclic word in x and y arising from
each a[x, y]™ a;' in (34) and that in the h € H arising from its rewritten expression
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hy hyr, 0 (34) (In the Figure (36) we have in fact assumed that h,; # h“,l , for
notational convenience only) Thus each of the k reduced cyclic A-words 1n (36) yields
the corresponding reduced cyclic word 1n x and y on replacing each A, by 1ts actual
expression as a word 1n F(x, y), and then reducing

-1
Qu [xy] Q/a —

(36)

We denote by S (C T) the (finite) set of elements of T that are initial segments of
generators h € # actually occurring 1n some reduced cyclic ~-word 1 (36), 1 ¢ of some
hyu, As 1n the previous section, 1t may be useful to visualize S as a tree S whose vertices
are just the elements of S, and where 51,5, € § are joined by an edge precisely 1if one
1s an nitial segment of the other and their lengths differ by 1 We denote by T the tree
determined simularly by T

We are now 1n a position to state and prove the main

LEMMA 4 2 (¢f LEMMA 35) Let H < F(x,y), H, M, S, et cetera, be as above The
following assertions are valid

(1) For each non-trivial s € S, each of the three (four if s = 1) words in F(x,y), of
length |s| + 1 having s as imitial segment, 1s again an initial segment of an hy, in some
cyclic h-word n (36)

(1) Each non-trivial element s € SU Sx*! U Sy*! 1s an iminial segment of an h,, in
some cyclic h-word 1n (36) from which it 1s not wholly cancelled by the preceding h-
symbol h,,_\ (where if v = 1 we set h,,o = h,, ) Sinularly, the inverse of each such
s 15 a terminal segment of an hs 1n some cyclic h-word 1n (36) from which it 1s not all
cancelled by the succeeding h-symbol hy s, ( = hyo 1f 6 = 1)

PROOF Much as 1n the proof of Lemma 3 5 we shall establish (1) and (11) of the
present lemma by means of reverse induction on the length of s € S As the first step
of the induction, consider s € S maximal 1n S 1n the sense that 1t 1s not a proper 1nitial
segment of any other element of S (1 e represents an end vertex, or vertex of valency I,
n the finite tree §) By definition of S and by the property of M restated above, there
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must then exist 4, hys in the right-hand sides of (36) (possibly in different words) such
that

hy =sxwo !, g €S, (orhy, =sywo ),
and

hys = h;,/l =ox s, (or hys = oy s,
where x*» (or y*# ) is significant (¢, = £1). We shall assume that ¢, = 1, and also that
the significant syllable of 4, is x rather then y, the other possibilities yielding to similar

arguments; thus we assume that

~1 -1 —1 -1
by = sx0 ", hys = hy,, =ox s .

Now if the initial segment s of k,,,, does not cancel entirely into its predecessor hy,, |
in the 4" cyclic h-word in (36), then, since x is always immediately preceded by y~!, the
word s must end in y’l . (Note that, as in the statement of the lemma, the predecessor of
hy1 in its cyclic word, is of course k. , assuming these do not cancel in their cyclic A-
word.) On the other hand, if the terminal segment s—! of /1,5 does not cancel entirely into
its successor hy s, in the vt cyclic word on the right in (36), then for a similar reason,
the word s~ must beginin y~!, i.e. s must end in y. (Again, note that, as in the statement
of the lemma, the successor of the symbol 4, in the Y cyclic word on the right in (36)
is, of course, just /,1.) Hence at least one of the segments s of 4, = sxo~' and s~' of
hys = ox~'s~!, must cancel entirely into the appropriate adjacent 4-symbol (= h,,, | or
hy 541 as the case may be) in the cyclic word in the € # in which it occurs. Suppose
for instance that the segment s of h,, = sxo~! so cancels; by the maximality condition
on s, and since y~! always precedes x in the cyclic words on the left in (36), the element
hy,,—1 must then have the form

hyp—1 = crly‘]s", o €8.

By the basic property of the set M there then exists an A-symbol 4, in one of our cyclic
words in the h € H, which is the inverse of A, —;:

hoy = sycrfl.

It is still open as to whether the terminal segment s~! of h,s = ox 's~! cancels

completely into A 4.;. If it does not, then, as already noted, s must end in y, whence we
infer that the initial segment s of A, cancels completely into A, y_;. Thus in this case
we have

hor 1 =omxs™', @ €S,

and we have found A-symbols in various of the cyclic A-words in (36), of the form
37 sxo !, syof' s sxﬁlai n

so that sx, sy, sx~! are initial segments of various such s-symbols, as we wished to show.
Furthermore since the syllables x, y, x~! explicitly appearing in these h-symbols are
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all significant, none of the initial segments sx, sy, sx !, nor the corresponding terminal

segments of the inverses of the #-symbols 1n (37), wherever they occur 1n the cyclic /4
words 1n (36), cancels completely with adjacent h-symbols, so that condition (11) of the
lemma 1s also satisfied by this s

We have yet to consider the case that the terminal segment s ! of /s does cancel
completely 1nto s+ g4y In this case we must have (1n reduced form)

hy g1 = SY 103', o3 €8,
and we have found h-symbols appearing 1n cyclic h-words 1n (36) of the Schreier forms
I 1 1

SXog ', syo ., Sy Oy,

so that condition (1) of the lemma 1s satisfied That condition (1) 1s satisfied follows as

before
Turning now to the inductive step, suppose that s 1s an 1nitial segment of some element
s1 € S, where |s| = |s| + 1, and that both statements (1) and (11) of the lemma are valid

for all elements of S having s as a proper 1nitial segment We shall suppose that 51 = s)
in reduced form, the argument 1n the other three cases being similar Thus by virtue of
the inductive hypothesis, the (reduced) words s;x = syx, s;x ' = syv !, and 5,y = 5°
are 1nitial segments of A-symbols appearing in various of the cyclic z-words 1n (36), and
1n addition, corresponding to each of these three words § (= s;x, s1x "or s,y) there are
factors hy,, h~s 1n some such (cyclic) words, such that § 1s an initial segment of 4, , § I
a terminal segment of A5, neither segment cancelling nto the appropriate adjacent A
symbol (1 e nto h,, | in the case of the imtial segment § of 4, , and into h 4, 1n the
case of the terminal segment § ' of /)

To begin the argument for the inductive step, let h,, be an h-symbol in one of our
(cyclic) words, of, for instance, the form

hy = six "y = SYX u,

where not all of the initial segment s;x ! cancels 1nto hy, 1 Since s; ends iy and x !

1s 1n fact always preceded by y 1n the cyclic words 1n x, v that we are considering (see
the left-hand side of (36)), 1t follows that at most the initial segment s of /4, cancels
into hy,, 1 If s1s not wholly cancelled by h,, i, then (since v 15 always immediately
preceded by x 1n our cyclic words) the word s must end 1n x

Again by the inductive assumption there 1s a factor A5 of one of our cyclic ~-words,
with the reduced form

hys =1 (s10) = vx 1v1‘:\x ty Tg 1

such that x 's;' = x 'v 's ! does not cancel entirely 1nto & s, Since s, ' begins

mny ', which symbol always immediately follows x ' in the cychc words i x and »
1n (36), not more than the segment s ' can 1n fact cancel from theend of 4 , If s ' 1s not
wholly cancelled then since y ! 1s always immediately followed by x in the atoresaid

https://doi.org/10.4153/CJM-1993-011-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-011-9

ALMOST PRIMITIVE ELEMENTS OF FREE GROUPS 251

cyclic words, we conclude that in this case s~! begins in x (i.e. s ends in x~!). Since
this contradicts the conclusion reached in the preceding paragraph, we infer that in fact
either precisely the segment s is cancelled from h,, = syx~'u, or precisely s~' from
hys = vx~'y~1s7!, or both. In the former case we must have

—1
v =uixs™ ',

and in the latter,
hy 51 = sxv1,

in reduced form.
Summarizing the situation thus far, we have that:

(38) sy is an initial segment of A, not all of which cancels into h,,_1;

(39)  y 's7!isa terminal segment of ks, not all of which cancels into h,,;;

and at least one of the following occurs:

xs~!  isreduced as written, and is a terminal segment of /|

not entirely cancelling into A, ;
K is reduced as written, and is an initial segment of 5,
not entirely cancelling into A,

(40)

Suppose that the first of the possibilities (40) occurs. In view of the basic property
of our set of cyclic words there is then a factor h,, = hw , = sx luy! (in reduced
form) occurring in one of those cyclic words, so that either sx" € S or the syllable
x~! appearing explicitly here is significant. In the former case, i.e. if sx”! € S, then
the inductive hypothesis applies to sx~! = s, say, and the above argument in terms of

sy = s1 € S adapts directly to yield the following analogues of (38), (39):

41) sx~ ! is an initial segment of some A,

with the property that not all of sx ™' cancels into A, ,_1;

(42) xs~ ! is a terminal segment of some hqp,

with the property that not all of xs~! cancels into ha el

In the other case, i.e. if x' is significant in A, = sx~ u, ,(and so also in k1 =
u1xs~ 1), these two assertions are clear.

If the second of the assertions (40) also occurs then we obtain in a similar way the
analogues of (38) and (39) for sx and x~'s~!. Hence if both of the possibilities (40)
occur, then provided s # 1, we have established that s has the desired properties (and,
incidentally, that s ends in y).

If in this situation (i.e. where both of the possibilities (40) occur) we have s = 1, then
it remains to show that sy~' = y~! and (sy~')~! = y are respectively initial and terminal
syllables of A-symbols in our cyclic hA-words, that are not cancelled by the appropriate
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adjacent factors Now by the analogue of (39) with y ! replaced by x ! (and withs = 1),

which we are assuming to hold, we know that there 1s a factor A4 of a cyclic A-word 1n
(36)withx 's ! = x ! as terminal syllable, not cancelled by /- 5,; Since x ' 1s always
followed immediately by y ' 1n our cyclic words n x and y, 1t follows that A, s,; must
begin withy ' Simularly by (41), which we are assuming to hold, we know that there 1s
a factor hy, of a cychic h-word 1n (36) with sx ' = x ! as initial segment, not cancelled
by hy,+ 1 Sincex '1s always preceded by y 1n the cyclic words in x and y 1n (36), 1t must
therefore be the case that 4, ; | endsny

We have yet to consider the case that just one of the possibilities (40) holds, say the
first As noted earlier, the assumption that the second statement 1n (40) 1s not valid, im
pliesthat smustend inx ', say s = §x ' inreduced form Since the first of the statements
1n (40) 1s valid, so also 1s (41) (and (42)),1e sx ' = $x 2 1s an imtial segment of some
factor h,), not all of which cancels 1nto 1ts predecessor A, , ; Hence exactly s must can
cel into A, |, since otherwise we should have a segment of one of our reduced cyclic
words 1n x and y (namely the k™) of the form x > Thus A, , | has, for the usual sort of
reason, the reduced form

oy 1 =wys

where the terminal segment ys ' does not wholly cancel nto A, ,, 1 e the syllable y re
matns uncancelled By our basic assumption concerning the set M, or, equivalently, the
set of cyclic A-words 1n (36), there 1s 1n some such cycle a syllable

1 1o
hos=h,\ =5y w

If the syllable y ! 1s significant here, then we have found an A-symbol 1n some cyclic -
word, namely A3, with non cancelling initial segment sy ' Otherwise sy ' € S, and the
inductive hypothesis applies to sy ' = s3, to yield, via an argument similar to the earlier
one for s; = sy, the existence of an ~-symbol of some cyclic A-word, with non-cancelling

initial segment sy !

The remaining case, namely that where just the second of the two possibilities in (40)
occurs, being simuilar, the proof 1s concluded =

COMPLETION OF THE PROOF OF THEOREM 14  (Recall that we are assuming that
condition 1 4(1) does not hold ) Since 1 € § and by Lemma 4 2(1) every vertex of S
has the same valency 1n § as 1t does 1n T, 1t follows that S = T, 1e S = T It1s then
also clear from Lemma 4 2(1) that every free generator & of H occurs in the rewritten
expression of some a,[x, y]" a, ! € M (see (34)), moreover exactly twice (once to each
of the exponents 1) In view of the facts that the significant symbols of the A, 1n the
reduced rewritten expression for the a,[x, y|" a, ! (see (34)) do not cancel and that the
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total of the lengths of all the corresponding cyclic words 1n x, y (see (36)) 1s 4 Zﬁ | My,
1t follows that

k
RankH <2 m,
nol

However by assertion (11) of Lemma 4 2 each non-trivial element s of S 1s an 1nitial seg-
ment of some h,,, 1n a cyclic h-word, from which 1t 1s not all cancelled by the predecessor
hy,, 1 and similarly for s ! as terminal segment of some h,s Hence there 1s a total of
at least 2(|S| — 1) non-significant syllables of various hqs that remain uncancelled 1n
reducing the cyclic h-words to cyclic words 1n x and y, and therefore there remain at
most

k
4% m, —2(IS| - 1)
[T

syllables of those cyclic words inx and y, that are candidates for the status of significance
Hence 1n fact

(43) RankH <25 m, — (S| —1)
Now by the Schreier rank formula,

RankH = |T|+1 = [S]+1,
and this and (43) together give

[S|+1<2% m, —|S|+1,
or

k
IS| <> my,
w1

On the other hand since the elements g, [x, y]’-/aj ‘,] €J,0 <1t <m, — 1, hen distinct
cosets of H 1n F(x, y), the index |S| of H 1n F(x, y) 1s at least ¥,c, m, Hence |J| = k, and
H has (fimte) index

|F H| =3 m,
JeS
as claimed -
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