jYCMS

http://dx.doi.org/10.4153/ CMB-2016-085-6 ISMC

Canad. Math. Bull. Vol. 60 (2), 2017 pp. 329-349 ]
© Canadian Mathematical Society 2017

Nonvanishing of Central Values of
L-functions of Newforms in S,(Ty(dp?))
Twisted by Quadratic Characters

Samuel Le Fourn

Abstract. We prove that for d € {2,3,5,7,13} and K a quadratic (or rational) field of discrim-
inant D and Dirichlet character y, if a prime p is large enough compared to D, there is a new-
form f € Sy(To(dp?)) with sign (+1) with respect to the Atkin-Lehner involution wy2 such
that L(f ® x,1) # 0. This result is obtained through an estimate of a weighted sum of twists of
L-functions that generalises a result of Ellenberg. It relies on the approximate functional equation for
the L-functions L(f ® y, - ) and a Petersson trace formula restricted to Atkin-Lehner eigenspaces.
An application of this nonvanishing theorem will be given in terms of existence of rank zero quo-
tients of some twisted jacobians, which generalises a result of Darmon and Merel.

1 Introduction

Let d € {2,3,5,7,13} (that is, a prime number such that the genus of X (d) is zero)
and let K/Q be a real extension of degree at most two, with discriminant D assumed
prime to d and associated Dirichlet character y.

The main result of this paper is the following theorem (with the usual notation,
recalled in Section 2).

Theorem 1.1  For every prime number p not dividing dD,

— 1 of YDUog(D) + 1)} log(p)*
fgpal(f)L(feaX,l) 27+ 0( 5 ),

where B , is a Petersson-orthonormal basis of the subspace of Sy(To(dp?))"¢" spanned
by the modular forms fixed by the Atkin—Lehner involution w2, and the implied con-
stant is absolute.

Remark 1.2

(i) For d = 1and K imaginary, an analogous result (with sign (-1) for w,> and
47 instead of 27) is given in [8, Lemma 3.10] and the associated discussion therein,
itself based on the estimates given in [9, Theorem 1 and Corollary 2]. Using similar
methods we gave a completely explicit bound for that case in [16, Proposition 5.13],
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along with its proof, but for simplicity we focus here on giving good exponents in D
and p, without explicit constants.

(ii) The method here is the same in principle as in [8], but the level dp* in-
stead of p? involves more preliminary computations to deal with the contribution
of the oldforms, which will be done in Lemma 4.1. This is also why d is assumed in
{2,3,5,7,13}. For now, it is the only situation where we can take out the p*-old part,
because S,(Tp(d)) = 0 (see Remark 4.2 for further details).

(iii) We assume that D and dp? are coprime to have a simple expression for
(f ® jw,yape in terms of fi,, . (Lemma 3.1(i)). If it is not the case, f ® y is a mod-
ular form of smaller level [12, Proposition 14.19], but the action of the (smaller level)
Atkin-Lehner involution seems less natural to describe.

As an essential tool for the proof of Theorem 1.1, we devised a new Petersson trace
formula that essentially gives a closed expression for the same weighted sum as clas-
sical Petersson trace formula on S,(To(N)), but for the sum only on the eigenforms
having prescribed eigenvalues (1 or —1) for the possible Atkin-Lehner involutions on
Iy (N). The general version is given in Proposition 5.6, but for now, in Proposition 1.3
we only give the case of one prescribed eigenvalue.

Proposition 1.3 (Restricted Petersson trace formula) Let m, n, N be three positive
integers, an integer Q > 1 such that QN with (Q,N/Q) =1, and ¢ = 1. Let B be an
eigenbasis of S,(To(N)). Then we have

_ 1 am(flan(f) 5 S(m,nsc) . ( 4my/mn
W e 2 IR o 2”%} ()
f|WQ:s~f c

S(m,nQ7%¢)  / 4ny/mn
-2me ), ( ) ]1( ) >
c>0 (Y, Q vV Q
(N/Q)le
(e,Q)=1
where nQ™" in the Kloosterman sum means n times the inverse of Q modulo ¢ (see
Section 5 for the definitions of Kloosterman sums and the Bessel function J;).

Notice that there are analogues of Proposition 1.3 already given in the literature,
but this version seems to be the most general and the easiest to use (the comparison
is made in Remark 5.2).

The arithmetic motivation of Theorem 1.1 is the following corollary.

Corollary 1.4  Ford € {2,3,5,7,13} and a prime number p # d, let
](d,p) = ]O(dPZ)P_new/(sz _ l)fo(dpz)p_new.

(i) For p >> 1, there exists a nonzero quotient abelian variety of J(d, p) with only
finitely many Q-rational points (such a quotient is called a rank zero quotient).

(ii) Let K be a real quadratic field with discriminant D prime to d and Dirichlet
character y. Let J(d, p, x) be the twist of J](d, p) by the extension K/Q relative to the
automorphism [ x(d)]wg, so that the points of ](d, p, x)(Q) correspond to the points
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PofJ(d, p)(K) such that P? = y(d)wgy - P, where o is the nontrivial automorphism of
K. Then, for p > D"*log(D)?, there is a rank zero quotient of J(d, p, x).

(iii) The same results hold when replacing J(d, p) by the jacobian ]'(d, p) of the
modular curve Xy*(d; p) parametrising the triples (E, Cy, ap), where Cq is a cyclic
subgroup of E of order d, and a, is a “normaliser of nonsplit Cartan structure” on
E of the modular curve. To be precise, the twist J'(d, p, x) of I'(d, p) by the exten-
sion K/Q relatively to the automorphism [ x(d)wg also has a rank zero quotient for
p > DY*log(D)>.

The proof of Corollary 1.4 (which is quite straightforward for the reader familiar
with the techniques), has been moved to the end of this paper to keep the focus on
the analytic side for now. The following remark compares it with other results in the
literature.

Remark 1.5

(i) Corollary 1.4(i) was proved in [5] through modular symbols for p > 7. Their
result is obviously stronger, but our proof shows it can be found through analytic
tools at least for large p (which can be made explicit if necessary). The real interest
of Corollary 1.4 lies in parts (ii) and (iii), and a possible application (which would
require further work) to find a linear lower bound for the dimension of the winding
quotient of J(d, p), following the methods of [13].

(ii) The restriction d € {2,3,5,7,13} comes from Theorem 1.1. For another prime
d ¢ {2,3,5,7,13}, there is actually a natural rank zero quotient of J'(d, p) (not its
twist) given by the Eisenstein quotient of Jo(d), because of (6.5). The existence of a
rank zero quotient of J(d, p) (or its twist J(d, p, x)) for d ¢ {2,3,5,7,13} does not
seem attainable by the methods used here.

(iii) The application to Mazur’s method for Q-curves as designed in [9, Proposi-
tion 3.6] is doable for large enough p, K quadratic real, and d € {2,3,5,7,13} with d
split in K i.e., y(d) = 1, which is the limitation exposed in [9, Remark 3.7], because
we obtain points P such that P’ = wy - P (modulo torsion). For d ¢ {2,3,5,7,13}
prime, the techniques do not work here, because of (ii) and because it would amount
to proving that the jacobian of X (d)/w, has a rank zero quotient, which is not true if
we admit the conjecture of Birch and Swinnerton-Dyer, because for f € S,(T(d))*,
L(f,1) = 0. Notice that this problem is related to the existence of quadratic Q-curves
of degree d for general prime d, and a still open conjecture of Elkies [7] states that for
large enough d, there are none.

We will begin with useful notation in Section 2, followed by a reminder about the
approximate functional equation to estimate the L(f ® ,1) in Section 3. We then
prove Lemma 4.1, which allows us to separate the contribution of the newforms in
the moment of the a;(f)L(f ® x,1) over Sy(To(dp*))*#* in Section 4. In Section 5,
we obtain the mentioned Petersson trace formula restricted to Atkin-Lehner invo-
lution spaces. Finally, we compute all the terms involved in the computation of the
moment, leading to the proof of Theorem 1.1 in Section 6 and conclude with the proof
of Corollary 1.4 there.
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2 Notations

Let N be a positive integer and let H be the Poincaré half-plane.

* 5,(To(N)) is the complex vector space of cuspidal forms of weight 2 for Ip(N),
and we add the superscripts {+, —, old, new} to refer respectively to the subspaces
made up of the forms f such that fj,,, = f, fiuy = —f, f is old, f is new. We will
accumulate the superscripts when it is nonambiguous; for example, S, (To(N))*14
is the subspace of oldforms f such that f},,, = —f.

* For f € S,(To(N)), one has the g-expansion

f(2) =3 an(f)e?™  (ze5),

nx1

and we will keep this notation a,(f) throughout. The L-function associated with
f is defined as a holomorphic series over the domain {f(s) > 2} by

1) = 3 20,

n>1

* For f € S2(Io(N)) and y a Dirichlet character, the twist f ®  is defined on K as
the series

(fe(2) =3 x(man(f)er™  (z€30),

n>1

and its L-function on {R(s) > 2} is in the same fashion defined by the holomorphic
series

z X(I’l n(f)

n>1

L(f®yxs)=

which extends to a holomorphic function on C (see Lemma 3.1(ii) for details).

* For every m € N, define a,, the linear form associating to any modular form f ¢
S2(To(N)) the coefficient a,,(f), and Ly: f = L(f ® y,1).

e Fory=(%%) eGL}(R)and z € I, deﬁne

az+b ‘
yz=_—— jy(2) =cz+d.

For any holomorphic function f on X, let ], be the function on H defined by
dety
Jy(z )2

We recall that this defines a right action of GL; (R), satisfying the formulas

Jiy(2) = fly-2).

(dety)Jz a dety . N
Iy-2)="—"Fn> veE=——-—"7~  Jw@=5i0 2)jy(2),
iy (2)? ¢ cjy(2) " ! ’

which we will frequently use without specific mention.
* The Petersson scalar product (-, - )y on S;(To(N)) is defined by

= fo(x +iy)g(x +iy)dxdy,
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where D is a choice of fundamental domain for the action of [y (N) on H. Defined
as such, the Petersson scalar product depends on the chosen congruence subgroup,
for example when N’ divides N and f, g € S2(To(N")), we have

(f.8)n = [To(N):To(N) | {f. g)n.

* For every positive divisor Q of N such that gcd(Q, N/Q) = 1, choose W a matrix
of the form

Q
WQ = (N Qyt), y,tEZ, detWQ:Q.

For every f € S,(To(N)), the function f|y, does not depend on the choice of Wq,
and the Atkin-Lehner involution of degree Q on Sy(Ty(N)) is the corresponding
involution on this space (noted wq to emphasize its canonical nature). For & = +1,
the space S,(To(N))®? is the subspace of S,(Ty(N)) made up with the modular
forms f such that fj,,, = ef, for example S,(To(N))* = S,(Io(N))*™. Note that
the definition of W, generally depends on N, so unless the context is obvious, we
will specify on which spaces we are considering them. For more details about these
involutions, see [2]. In particular, notice that for f € S,(Io(N)),

1) Finn(2) = ﬁ (i) .

* For any subspace V of $,(Ty(N)) and any linear forms A, B on V, define

(4.B)y= >, A()B(),

fE?V

where Fy is a Petersson-orthonormal basis of V. This defines a scalar product on
V* independent of the choice of Fy. We will, in particular, denote by (A, B) y the
scalar product of A and B on the whole space S,(Iy(N)), again adding natural
superscripts corresponding to how V is defined as a subspace of S,(IH(N)). For
example, Theorem 1.1 is exactly reformulated as

+P2 ,2new

(a1, Ly dp? =27r+O(

VD(log(D) +1) log(p)*
p’ )
3 The Approximate Functional Equation

We will recall here some necessary results to provide a way of evaluating L(f ® y,1).

Lemma 3.1 Let y be a quadratic character of conductor D and f € S,(To(N)) with
N prime to D.

(i)  The twisted modular form f ® y belongs to S;(To(D*N)) and

(f ® Wwpoy = X(=N) fluy ® X-
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(ii) The holomorphic series L(f ® ¥, - ) extends to a holomorphic function on C, and
for every x > 0, one has

(3.1) L(f®y1) = ZX n)an(f) —am (- N)ZX(n)a (wa) _M.

(iii) In particular, if fj,,, = x(~=N) - f, we have L(f ® x,1) =

Proof

(i) This is a classical result, which can, for example, be found in ([3], § I.5).

(ii) Let M = D®*N. We will reprove below that for every g € S,(To(M)), the
L-function of g extends to C and

(3.2) f - Z > anlglwa) e,

n=1 n

so that (ii) is a direct consequence of (i) and (3.2).
On R (s) > 2, let us define the completed L-function of g by

MS/ZF(S)
(2m)°

As usual, by absolute convergence, we can write

A(g,s) = MS/2 Yoa (g)f 7)Sd MS/2 S a, (g)/ ey sdy

27m t Yy

+o00 +00
:Ms/Zf an( )e—Znnyysl:f (l )(MI/Z )sl
) (e TSy SN

A(gs) = —5 <7 L(85)-

We choose x > 0 and split the integral between [1/x, +oo[ and ]0,1/x]. We obtain
+00 ) s d 1/x ) s d
Mgy = [ glin) Py e [ gy iy
1/x y  Jo y
too d too i 1 dt 1
— : M1/2 4y f - _ - )y =z f= —
J. sinarty) L 8 ) S i)
1

=f1/:mg(iy)(M1/zy)sdyy+/x/+ M(it) g|WM(lt)( )%

12¢

using (2.1). We obtain the integral expression

+o00 d +oo d
M5 =M [ gy @ ot [ g (i),
(g9 =M | sy [ amalin)y2

This immediately proves that A(g) extends to an entire function satisfying the func-
tional equation

A(8:2-5) = ~Agwu>5)s
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hence L(g, -) extends to an entire function on C. For the central value s = 1, we have

+00 +00 +o00 +0o
Mgl =VM S an(g) [ ™ dy VMY an(gw) [ e dy
n=1 X n=1 x

_ Ran(g) 2 X an(wy) _2m
_\/M(nZ::l 27-[ne x —;76 M),

which proves (3.2) as L(g,1) = 2zA(f,1)/v/M.
(iii) This is a straightforward consequence of (ii) by applying (3.1) to x = Dv/N,
for which the two integrals on the right cancel each other out. ]

4 A Key Lemma to Isolate the Contribution of the Newforms

Lemma 4.1 Letd € {2,3,5,7,13} and let y be an even Dirichlet character with
conductor D prime to d. For every prime number p not dividing dD, we have

+ 2,new

+ 1
(4.1) (aLy) g = (“1’Lx)d;22 _ (al’LX)X(P)p.

p-1 ar

Remark 4.2 We made here an assumption on d and a choice of eigenvalue for w .
Let us discuss the (similar) reasons behind these choices.

e For the choice of sign -, either the sign of eigenvalue for wy is —x(d), then
the sign of the twisted L-function is (-1), giving an automatic vanishing (Lemma
3.1(iii)), either it is y(d), and then the proof below does not work. Indeed, we could
not evaluate exactly the contribution of the d-old space, as the formula analogous to

(4.5) for f € S2(To(p?)), g € S2(To(p?)) is
(fla 8laadap = (it 8)p2s

and the eigenvalues of T; on S,(To(p?)) are not simply +1. Actually, as one knows
that the eigenvalues of T; are of modulus bounded by 2v/d and that every a, ()L, (f)
is nonnegative when f is an eigenform (see [10]), one can easily compute that the
contribution of the d-old forms is bounded in absolute value by a term of the shape
O(7) (a1, L 1) p2- It is not needed in the present case; therefore, we do not give more
details.

o The number d is assumed in {2,3,5,7,13} to ensure we can evaluate the contri-
bution of the p-old space in S, (T (dp)), which is automatically trivial in this case. If
d is alarger prime, as the analogue of the formula (4.5) for f € S,(To(d), g € S2(To(d)
is

(fiarr 81a,)ap = {fiT,> &)a>
we cannot obtain an exact formula such as (4.1) for the same reason as above, but
we could again bound the contribution of these old forms by some term of the shape

O(%)(al’ Lx)d-

Proof By definition of the newforms and oldforms, we have the orthogonal decom-
position

+p2 ,2hew

SZ(FO(dpz))"'pZ = Sz(ro(dpz)) ® Sz(ro(dpz))+"2’01d,
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hence

+ + 5,0ld
= (ab L)()dgzz - (alx Lx)dpzz 5

2,new

n
(als Lx)d;2

so we have to relate this scalar product on the oldpart to the right term in the Lemma.

Following the notation of [2], let us define A5 = ( g ‘1)) for every positive integer
9, and the operator As:S2(To(M)) — S2(To(N)), f = fla,» for all positive integers
M and N such that M|N and § divides N/M. Looking at the g-expansions, we im-
mediately see that for every 6 > 1, (fi4,) ® x = x(8)(f ® x)|a,> hence

Llfia) = [ Uine @ 0G)du=5-300) [ (f @ 0)(i8u)du = (O)L(1).
In particular,

(4.2) Ly(fia,) = Lyand Ly(fia,) = 0if Ly (f) = 0.

By definition, the old part of S,(To (dp?)) is the subspace spanned by the f{4,, fia,

with f € $,(To(dp)) (it is the p-old space) and by the fi4,, fia,» f € S2(To(p?)) (it
is the d-old space). Let us begin with the d-old space: as d and p are coprime, by
Lemma 26 of [2], for all f € S,(To(p?)),

('flAl)|Wp2 - ('flwt’z)ml and (ﬁA")\sz - (ﬁwpz)md '

In particular, fi4, and fj,, have the same eigenvalue for w, in S,(To(dp®)) as f
in $,(Ty(p?)), which proves that S,(Io(dp?))*7**?~°!¢ is generated by the fiu,. fia,
where f € S,(To(p?))*. The Lemma 3.1 (c) tells us in this case that L ,(f) = 0 because
x(=p?) =1, hence L, is zero on the d-old space by (4.2) and

+ z,Old

,p—old
(le LX)dZZ +p2 pre

= (al) LX)dpz

We will now compute the contribution of the p-old space. Our hypothesis on d en-
sures that S, (To(dp)) = S2(To(dp) )P ™" because S, (Ip(d)) = 0. Let f and g be two
(p-new) eigenforms on S, (I (dp)). By definition of the Petersson scalar product, we
immediately obtain

(4.3) (fian &ai)ap = [To(dp) : To(dp*)1(f> €)ap = PS> 8)aps
and
2 YUY . T . .
(fia,» 8la,)ap> = P fD f(px+ipy)g(px+ipy)dxdy = fp o JGtiy)g(xtiy)dxdy,
where D is a fundamental domain for Ty(dp?). It readily implies that pD is a funda-

mental domain for the subgroup T' of matrices of Iy (d) which are diagonal modulo
p, and this subgroup is of index p in [y (dp) so we obtain

(4.4) (fia,> 814, )ap> = PS> &)ap-
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Next, using again a linear change of variables, we obtain

(flar 81, ap2 = P fD flx+iy)g(p(x +iy))dxdy
= L TG ste iy

= <f|A);1’g)F

with the same T" as above, but with [2, Lemma 12 and notations (2.2) and (3.1)], as
( o ) isa system of coset representatives of Ty (dp)\I for 0 < j < p—land f and ﬁA;n

are both modular forms for T, we get

(4.5) (i 81a,)dp? = (flu,» &)ap

and as f is a p-new eigenform, it is an eigenform for U, and w,, ([2, Theorem 3]) and
the eigenvalues are opposite. Defining ¢ € {+1} such that

(4.6) f|w,, =¢&f- fs
we finally obtain
(4.7) (f\Apg|A,,>dpz =—e7(f, 8)dp-

Now, let B be an orthonormal eigenbasis of S;(To(dp)) = S2(To(dp))?™" (for
the Hecke operators Ty, q # d, p and Up,). When f runs through B, the vector spaces
Vect(f|Al,f|Ap) are pairwise orthogonal because of formulas (4.3), (4.4), and (4.7).

This allows us to build from B an orthonormal basis of S, (To(dp?))*»*?~° in the
following way. From [2, Lemma 26], we know that for f € B, with the notation (4.6),

(f\w,,)|A,, = (f\Al)\wpz and (f|A,,)|sz = (f|wp)|A1 = 5ff\A1-
An orthogonal basis of S, (T (dp?))*#*P~!4 is then made up with the
it Uind = in *e1fing 1€
For f € B, we know from formulas (4.3), (4.4), and (4.7) that
(fla, + effla, fla, + 5ff\A,,)dp2 =(2p- 25})<f:f)dp =2(p-1).

To summarize, an orthonormal basis of S (To(dp?))* 7P~ is obtained by taking

the elements f of B and considering the (f|a, + &5 fja,)/\/2(p — 1). Finally, by (4.2),
ar(fia, + erfia, ) Lx(fia, + € fia,) = ar(N)(Ly(f) +erx(p)Ly(f))>

in particular the left term is zero when e = —x(p). Summing this over all f € B such
that e; = x(p) and after orthornormalisation, we get

+ z,p—Old 1 (P)
(alyLX)df;z = p_l(abL)()gp I”

which proves the lemma. u

We now need to calculate both terms on the right of (4.1), and to do this we will
use a version of the Petersson trace formula in the next section.
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5 The Semi-orthogonality Relation with Respect to Atkin-Lehner
Involutions

Let us begin with the necessary definitions for the trace formulas.

Definition 5.1 (Kloosterman sums and Bessel function)
For all positive integers m, n, ¢, the Kloosterman sum associated with m, n, c is de-
fined by

S(I’I’l, n;c) _ Z eZifr(mk+nk—1)/c.
ke(Z/cZ)*

The Kloosterman sums satisfy the Weil bounds ([12], Corollary 11.12):

(5.1) S(m, n; ¢)| < (m, n, ¢)*1(c)V/e,

with (m, n, ¢) the ged of m,n, and ¢ and 7(c) the number of positive divisors of c.
The Bessel function of the first kind and order 11is the entire function J; defined by

Ji(z) = f (D" (Z)2n+1.

Znl(n+1)1\2

It has the following integral representation ([18, 6.21, Formula 8])

2

z X+ioco eW_wa
Ji(z) = — [ dw
4im

x—ioco w2

forallze Candall x > 0.

The goal of this subsection is to prove Propositions 1.3 and 5.6. With our notation,
the left-hand term of (1.1) is exactly

- (> an)32
2n/mn N
Before the proof, let us make some remarks about Proposition 1.3.

Remark 5.2

(i) Summing for any Q the formulas for € = 1 and & = -1, we recover the original
Petersson trace formula ([12, Proposition 14.5]), which generalises to every weight
k > 2. However, its proof for k = 2 is more involved because the Poincaré series
cannot be defined as uniformly convergent series, so we will focus on this case (it is
also the only one we need), but it is very likely to be generalised to k > 2 as well. The
trace formula above has been originally proved for Q = N in [1, Chapter 3], but to our
knowledge, not for any other Q.

(ii) For Q = N prime, formula (1.1) can be found (in a different form) in [12,
Propositin 14.25]. Notice that there is a mistake in one of the arguments of J; in
that book, as it should actually be rewritten (with our notation) for prime level g and
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m,n > 1:

(am>an)g S(m n; c) 4m\/mn
52) —————=80un—-2 Omyng — 27
6.2) 2n\/mn ™4 1 % ( c )

+2me\/q ) S(rm, nq,c) ( mnq).
qle ¢
The proof of this result is simply based on the natural system of formulas (which cru-
cially uses [2, Theorem 3], hence the hypothesis g prime)

(amx an)q = (ama an); + (am> an);;
(arm anq)q = _(ama an); + (am, an);

combined with the original Petersson trace formula. Notice that there is a 8,44 ap-
pearing here but not in (1.1), so even under this form, the fact that formulas (1.1) and

S(m,ngsc) = ~S(m, ng™¢/q)
(e.g., by [11, Theorem 68]), and that for all m, n > 1, we can check (separating between
oldforms and newforms) that

>

o= 2m Z S(m,cnq; c) ]1( 471, /Cmnq)

q%|c

0= (am>ang)q> = Om,
and we readily obtain the equivalence using these two results.

To prove (1.1), we will use the Poincaré series in weight 2, whose classical properties
are recalled below ([12, Lemma 14.2] and [17, Section 5.7]).

Definition 5.3 (Poincaré series of weight 2) For every positive integers #n, N there
are cuspidal forms of weight 2 for To(N) denoted by P,( -, N) and called Poincaré
series of weight 2 such that the following hold.

(a) The Poincaré series P, (-, N) is the uniform limit on every compact subset of
when s - 0% of the series P,( -,s, N) defined by

Z eZinny‘z
7€loo\Lo(N) Iy @2y (2>
These series satisfy by uniform convergence the transformation formula
Pu(y-2.5,N) = jy (2121, (D) Palz 5, V).
(b) For every m >0,
m S(m,n;c 4m\/mn
am(Pn('aN))zamn_ZH( *Z ( )]1( c ))

LN ¢
Nlc

P,(z,s,N) :=

(c) Forevery f € S,(To(N)),

an(f)

4mn

(f’Pn("N)>N:
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The essential result needed for our trace formula is the following proposition.

Proposition 5.4  For every positive integers m, n, N and every divisor Q > 1 of N such

that (Q,N/Q) =1,

m S(m,nQ7Y¢)  / 4ny/mn
63 an(Pa(N)o) =2m[ T8 3 == I o ).
"

Let us first explain why this implies the trace formula. Define
Py(+,N):=Py(-,N) + Py, N)jpq-

It belongs to Sz (Ty(N))*?, and for any f € Sy(To(N))*Q, as wq is self-adjoint, we
have

(f,P;Q(,N)> = (f;Pn(xN)) +(f’P”(.’N)‘WQ>
= (f,Pn(,N)) +<fin>Pn('aN)> :2<f’P”(’N))

Hence, for Fy,q an orthonormal basis of S;(To(N))*?, the property (c) of Poincaré
series gives us

PN = X (rEnre2 Y (ear- 3 Sy

feTna feTna feTmg 27N

and property (b) of Poincaré series together with Proposition 1.3 give us, by identifi-
cation of Fourier coefficients, for every m > 0,

Ap> Am 2 [m S(m,n;c 4/ mn
Q:&mn—Zﬂ 72 ( )]1( )
n 5 c c
N|

2nn

m S(m,nQ7 ¢ 47/ mn
o [Ty SUmnQ SO, Anvmny
n m>1  ¢>0 c Q c Q
(N/Q)|e
(Q.0)=1
hence the trace formula for Q and ¢ = 1. We can obtain the trace formula for Q and
& = —1 by the same means or by difference with the usual Petersson trace formula, as

mentioned earlier.

Remark 5.5  Actually, the same argument gives us the combined Petersson trace
formula (which will be useful in Section 6), written below.

Proposition 5.6 (Restricted Petersson trace formula with multiple eigenvalues)

Let m, n, N be three fixed positive integers. Let E be a group morphism from a sub-
group H of the group W of Atkin-Lehner involutions on N (identified as the set of Q|N
such that (Q, N/Q) =1 below) to {+1}. For every Q € W, let us define

So =27 ﬂz z S(m,nQ‘l;C)]l(47z\/\/?)’

m21  ¢>0 c/Q
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and for B an eigenbasis of S,(To(N)),

E ._ am(f)an(f)
(amadii= 20 R
VQeH,
f\szE(Q)f
Then we have
E
B0 a0)f = b~ 3 B(Q)S0

4/ m QeH
Proof Let us define
Py(-,N)* = 3" E(Q)Pu(+>N)jug-

QeH

By construction, for every Q € H, one has P, (- N) = E(Q)P,(-,N)E. Now, let
BE be the subset of B made up with the elgenforms f having the good signs for the
morphism E. For every f € BE:

(£Pu(-N)E) = 37 E(Q( o Pu(>N)jwg) = 2 E(Q){ fiwg» Pa(+>N))

QeH QeH
= [E[{ £, Pa(-, N)),

hence by the properties of Poincaré series,

|E Ia (f)
(fBa(yF) = )

Now, BE is an orthogonal basis of SZ(FO(N))E, and decomposing P, (-, N)¥ on
the basis B gives Proposition 5.6 by identification of the m-th Fourier coefficients
on both sides, using (5.3). [ |

Let us now prove the proposition on Poincaré series.

Proof Letuschoosean Atkin-Lehner involution matrix W = ( 1(3, év ; ) with y,t € Z
and Qt — (N/Q)y = 1. We will compute the Fourier coefficients of P, (-, s, N)|w,-
Here, this depends on the choice of Wy, because P, ( -, s, N) is not a modular form.

For any s > 0,
det WQ

Py(555,N)jwo (2) = Twe(2)?

Q Z eZirmyWQz
) Jwq(2)? y€lao\Lo(N) Jy(Waz)?|j,(Waz) >

e
= Qljw, (2)* — S
¢ yel"oo\l;(N)WQ J)’(Z)2|J)’(Z)|zs

P,(Wq-z,s,N)

2innyz

Now, for every (9 5) e I (N),

a b W = aQ+bN ay+bQt
¢ d) "2 \cQ+dN cy+dQt)’
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so it belongs to the set of matrices ( ‘Z,' Zi ) with integer coeflicients such that N divides
¢/, Q divides a’ and d’, and with determinant Q. Actually, this set is exactly To (N) Wq
as we check immediately by multiplication by W', and for Q > 1, ¢’ is necessarily
nonzero, so [, \Io (N) Wy is in natural bijection with the set Ry, q of triples (a, ¢, d)
of integers such that ¢ > 0, N|c, Q|(a,d), ad = Q mod c and 0 < a < c. Moreover,
fory=(2Y) eTo(N)Wq built from such a triple (a, c, d),

e Q

yress c(cz+d)’
hence

Pn("S’N)‘WQ(Z)
2inna/ce—2iﬂ%

— . 2s €
Qljiwq (2)] (a,c,%;RNQ (cz+d)cz+d>

__ (2imnQ)
e (E(zrd/c)

~ . 2 1 2imnalc
=A@ T 5 X e 2 v djye s djeP

c>0 d
Nlc 0<a<c Q|d
(Q,c/Q)=1 Qla ad=Q[c]

For fixed a and c, the set of d satisfying the property in the second sum is a congruence
class modulo ¢, so we can choose its representative d’ between 0 and ¢ — 1; therefore,

__ (2imnQ) _ (2innQ)
e (c2(z+d/c)) e (c2(z+d’ [c+€))

Zd: (z+d[c)?|z+d/c|* - ‘é (z+d'[c+€)?|z+d [c+E*
Qld
ad=Q[c]

= c/\/é,n,s(z + d’/C)

with the auxiliary function F. ,, s on 3 defined for ¢ > 0,n > 0,s > 0 by

__(2inn)
e (c2(x+2))

Fc,n,s(z) = ch,n,s,z(e): with fc,n,s,z(x) T .-
te7, (x +2)%|x + 2
We will now give another expression for F, , s allowing us to compute more precisely
the terms of P, (-, 5, N)|w,- AS fe,n,5,2 is > on R and integrable as its two first deriva-
tives, we can apply Poisson summation formula to rewrite

+o0o .
Fc,n,s(z) = Z / fc,n,s,z(x)e_zmmxdx.

meZ <~

Let us fix for now # > 0, and restrict to the domain Jz > #. The function f , s, . then
extends to a holomorphic function on |Jx| < # when we use the usual determination
of the logarithm on C\R™ to write, for x € R,

(x +2)x +2* = (x +2)* (x + 2)".

The right-hand term is clearly holomorphic in x (when z is fixed), so we can extend
it on the domain |Jx| < #. Notice that we still have |(x + 2)°| = |x + Z|° by definition
of the determination of logarithm. As f, , s, is holomorphic on this domain, we can
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shift the imaginary part of the integration axis by 4/2, with e = -1ifm > 0and e = 1
otherwise, so that

R(-2inmx) = 2nmI(x) = —7|ml|y.
We then have

+oo . .
|/ fc,n,g’z(.x)e_zlﬂmxdx| = |/ fC,n,s,z(x)e_ZImedx|
e ien/2+R

e~ mlmln
< f ———dx

ien/2+R |x + 2|22

1
< e / ————dx.

R (72/4 + x?)1+s
By real translation in the integral, we also see that for every y € Rand every m € Z,

fRfc,n,s,uy(x)e*z"”m(“y)dx = /Rfc’n)s’z(x)e—zinmxdx.

We can then rewrite
Pn(.’S’N)‘WQ(Z)

Qljw, (2)[**
1 . N
_ Z e Z eerma/c Z A{fc/ﬁ,n,s,z+d/c(x)e Zznmxdx
§\I>|O %ﬁ?’ds)c meZ
c a,
(Q,¢/Q)=1 ad=Q[c]
1 : .
_ Z e Z 62171(na+md)/c Z /]R;fc/m’n’s’z(x)e—bnmxdx
c>0 0<a,d<c meZ
Nle Ql(a,d)
(Q,c/Q)=1 ad=Q[c]
1 i —2i
_ Z TR Z Z eZtﬂ(na+md)/c ffc/\/@,n,s,z(x)e 2 wmx g,
>0 € meZ 0<a,d<c R
Nje Ql(a,d)
(Q,c/Q)=1 ad=Q[c]

For a fixed c, the integers a and d go through the multiples of Q between 0 and ¢
such that ad = Q mod c. This amounts to saying that a = Qa’ and d = Qd’, where
a’,d" go through the integers between 0 and ¢/Q such that Qa’d’ =1 mod ¢, i.e., d’
is equal to Q'a’~" modulo ¢/Q. This proves the equality
Z eliﬂ(na+md)/c _ S(m, I’IQ_I;C/Q)
0<a,d<c

Q|(a,d)
ad=Q[c]

where Q! is the inverse of Q modulo ¢/Q, so

Pn(-,S,N)|WQ(Z) =

. s S(m)nQil;C/Q) —2inmx
QAiwe@F* T FEETE S [ gme()e dx
f\l>|2 meZ
(Q,c/Q)=1
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Now, using the Weil bounds (5.1) on Kloosterman sums:

S(m,nQ7"¢/Q) L
R

1/2T(C/Q) 7ﬂ‘m‘n\[ 1 dx
32 R 2[4+ x?

which is the general term of an absolutely convergent series, allowing us to exchange
the sum and the integral in the expression of P, (-, s, N)|w, (2), hence

Pu(55 N)jwo (2) =

. S(m,nQ7%¢/Q) .
Q|]WQ (Z)|25 Z:Z ;} C2+25 /Rfc/\/a,n,s,z(x)e 217medx.
me c
Nlc
(Q,¢/Q)=1

We can also take the limit s — 0% of this equality, as the previous bound of absolute
convergence does not depend on s; therefore, we obtain

Py(+5 N)jwg (2)

_qy, y SmnQRAQ) e

meZ >0

Nle
(Q.¢/Q)=1

—2inm(x+z)
-0 Z( Z S(m, nQ ;¢/Q) / e ~ et ’"2’” rrz dx)eZi”mz.
meZ' >0 (x+2)
Nlc
(Q,c/Q)=1
Let us compute this integral. Define

-2 _digm(x+z) 2izn

2y

o [CTEID
mme (2 (x +2)? 7 Jaeer 2 7

As the term to integrate is holomorphic on C*, we can integrate on any horizontal
line of ordinate a > 0; hence, G,,,,,.(2z) does not depend on z, and we denote it by
Gm,n,c. For m <0, we have

2nma
|f 2 d}/‘ S[ eizdyﬁv/\ di);;
ia+R ia+R |y| ia+R |y|

and this goes to 0 when « goes to +00, $0 Gy, 5, = 0 when m < 0.
Now, for m > 0,

_ 2inn
R =2inmy

I
™ SR y? 4

2
2nm+ioco eW_4:2$n
=2inm ——dw, w==2inm
2mm—ioco w

=2inmJ;

(47‘[\/W) ic
c Jmn’
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because of the integral representation of J; (Definition 5.1). We finally obtain

Gm,n,c = _2776\/?]1( 47[\/%) >
n c

hence

Pn(' N)qu(z)

-2nQy/mln 3 T S(mnQe/Q) /\/_]1(471/\/; ) 2inm:

Nlc
(Q,¢/Q)=1

S(m,nQ‘l;c) 4 21nmz
= —2m/ v
momin )y 2 = s i c\/_)
L

after reindexation of ¢ by ¢/Q, which finishes the proof. ]

6 Final Computations and Proof of Corollary 1.4
We can now regroup all our results to obtain an exact formula for (a1, L), pzz e
then estimate the error terms.

For every N > 1, every divisor Q of N such that (Q, N/Q) = 1and every x > 0,
define

and

= (Tl) -2mn/x S(L nQ_l;C) 47'[\/%
Avo(w)=2n A et v SIS (s )
‘ e

By,q(x) = ZﬂZX( 1) ~2nns/(D*N) Z(:) S(Lcn\/Q@_;C)h(t%z)

(N/Q)le
(CrQ):l

(so that By,q(x) = An,q(D*N/x)). We recognize here terms appearing in Propo-
sition 1.3, summed as indicated by the approximate functional equation of Lemma
3.1(iii). More precisely, by Lemma 4.1,

+ 2,new _ + .2 1 X(P)
(ala Lx)d;z - (ala LX)d;)Z - ﬁ(ala Lx)dp P;
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and by (3.1), forany x > 0 :

+ +
X()(a1an) gy X(n) (@1, a5 0 Wap2) b e
— e - e ar’

+52
(al)L)()d;z = Z

n>1 n n>1 n

+2
(n)(a ’an) pz 2nn
= Z —X ' P -

x
n>1 n

(6.1)

+,25td +52:7a
X(n)((aban)d;z _(al’an)di,z ) _2mnx

_Z e dr?

n1 n
(a1, Ly) on =277 = 2(Agye (%) + Agp g2 (%)) + 27(Bype ape (%)
+ Bap2,a(x))
(we used Remark 5.5). The sign of the functional equation also appears implicitly
here. For example, for (a;,Ly), (which is 0 by Lemma 3.1 (¢)), we would have no

principal term such as 27, and only error terms. In the same fashion, we obtain that
for any x > 0,

(6.2) (a1, L, z;p),, =2me ¥ - 27T(Adp,1(x) + X(p)Adp,P(x))
+2mx(p)( Bap,ap(x) + Bap,a(x)).

Consequently, we only have to give good estimates for the Ay,g(x) and By, q(x)
(simultaneously in x). The idea for those is that we will choose x of the same order
of magnitude as DN, so that By,q(x) is very small (given its exponential factors),
whereas Ay, q(x) is not too large.

Therefore, Theorem 1.1 is a direct consequence of the following lemma (notice that
the only cases of Q = N appearing in (6.1) and (6.2) are for By,y(x), hence made up
to be small with our choice of x).

Lemma 6.1 Forany N > 1, any divisor Q of N such that (Q,N/Q) =1, anyx >0
and any quadratic Dirichlet character x of conductor D prime to N,

|An.o(x)] « \/B(log(D) +1)(log(N) + log(x))ZT(N)eJT" . @
- N EN"TND32
IB.o(x)] < VD(log(D) +1)(log(N) +log(x))?7(N)e” 355

N
/De ix 7(D)
" .

+ 6Q=N

Therefore, choosing x = (D*N)log(D*N), we obtain (after simplification and use of
natural bounds) that for Q # N,
v/D(log(D) +1)*log(N)?7(N)

N

with an absolute implied constant. Applied to N = dp?, this gives us the error term of
Theorem 1.1.

|AN,Q ()| + |Bn,q(x)] <
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Proof As we remarked before, By,q(x) = An,q(N/x), so it is enough to obtain
a bound on Ay q(x) for all x > 0. The double sum defining Ay, q(x) is absolutely
convergent (e.g., by Weil bounds (5.1)), so
Ano(x) =21 ) Anq.(x),
(NTQle
(CrQ):l

with

L) 2 S(,Q750) 41/
e =g me o )

With Weil bounds (5.1) and the bound |J;(¢)| < |¢| for ¢ real, we obtain

+oo ,—27n/x

|AN»Q,C(X)| < Z ¢ T(C)\/_ < 3/2 Z —2nn/x
(6.3) n=1

xe_Z”/"T(c)
|[AN,q,c(x)| < T

On another side, if ¢ # D, there is a natural cancellation in the terms defining
AN,q,c(x). To see this, note that if ¢ # D, one can apply Polya-Vinogradov techniques
to obtain that for every integers K, K,

4C\/_

| Z;()((n)S(l, nQ7 Y ‘ (log(Dc) +1.5) « C\/_( log(Dc) + 1)

(this inequality is proved in [16, Lemma 5.9]). Defining

(SR
4n\/_/c\/_

—271y/x

>

T(c,n) = kzn:)((k)S(l,le;c) and fr(y) =

we can write, by Abel transform,

An.g.e(x) = flx(n)su,nQ-l; )4”%” = ;’é f T(c,n)(fr(n) - fr(n+1))

so that
Ax.0.(5)| < Sigev/Dllog(De) +1) X [fr(n) = r(n+ D),

and by definition of the fr, this sum is e 2"/* times less than the total variation of

J1(y)/y on |0, +oo[, which is finite, so we obtain
(log(De) + )VD s
cQ )

Notice that this bound is naturally almost uniform on x, but not convergent in c, as
opposed to the bound obtained previously.

(6.4) |AN,Q,c(x)| <
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Comparing quickly (6.3) and (6.4), it is natural to choose (6.4) for ¢ < x? (except
if ¢ = D) and (6.3) for ¢ > x?. This gives (omitting for now the possible term ¢ = D)

» (log(Dc)Jrl)\/Be,zﬂ/x+ 5 xe 251 (c)

|ANn,q(x)| <

c<x? CQ czxz QC3/2
(N/Q)le (N/Q)e
(Q,0)=1 (Q,¢)=1

< —\/E(logz\(rD) +1) (log(N/Q) log(x) + log(x)z) e 27l

. 7(N/Q)v/Q/Nxe "% log(x)
N

X

« \/E(logz\(rD) + 1)( 2, 7(N)e 2™* log(x)

log(N) +log(x)) N

< \/B(logz\(]D)Jrl)(log(N) +log(x)) 2T(N)e_z"/".

Finally, notice that the possible term ¢ = D can appear only if Q = N, because
(D, N) =1, and we apply (6.3) to it, hence the -y terms in the lemma. [ |

To conclude this paper, we prove how Theorem 1.1 implies Corollary 1.4.

Proof of Corollary 1.4

(i) By Theorem 1.lin case y = 1, there is an eigenform f € S,(Ty(dp*))*?* such
that L( f,1) is nonzero. By the famous result of Kolyvagin and Logachev ([14, Theorem
0.3]), this implies that the abelian variety A r associated with f obtained as a quotient
of J(d, p) is of algebraic rank zero.

(ii) By Theorem L1, there is an eigenform f € S;(To(dp*)) » ™" such that
L(f ® x,1)is nonzero. Such an eigenform necessarily satisfies f|,,, = —x(d) f, because
if fi,,, = x(d)f, L(f,1) = 0 (Lemma 3.1(iii) because y(~1) = 1 here). By [14, Theo-
rem 0.3] applied to f ® y, the abelian variety A obtained as a quotient of J(d, p)
then has its twist by K/Q relatively to [-1] of algebraic rank zero (because this twist is
isogenous over QQ to the abelian variety A rg, ), and the canonical quotient morphism
J(d, p) — Ay satisfies m o wgq = —x(d)m, because f},,, = —x(d) f, therefore this twist
is a rational quotient of /(d, p, ). Indeed, let i: J(d, p) — J(d, p, x) be the twist iso-
morphism (i.e., defined over K and such that j* = x(d)jowg) and i:tAf - Ar® y
(i.e., defined over K such that i” = —i, and consider 7}:: J(d, p, x) ~ A gy the natural
quotient morphism making the diagram below commutative

J(d, p) —— Ag
J‘l \Li
J(dp,x) ——= A ® 1.
Therefore, n} is defined over K and

7 =i 0ng o ()7 = —iompo (x(dwao i) = (—x(d)ionso =
which proves that A ® y is a rational quotient of J(d, p, x).
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(iii) This is a consequence of (i) and (ii) coming from the fact that for d prime to
p and squarefree, there is a rational isogeny

(6.5) J'(d,p) = J(d,p) @ Jo(d)

equivariant under the action of the Hecke algebra generated by the T,, £ prime
not dividing dp, and wy such as it can be defined naturally on both sides. For
d €{2,3,5,7,13}, Jo(d) = 0 hence the result.

This factis due to [4] for d = 1and cited in [5], and its principle has been generalised
to any d by [6]. For the details, one proof can be found in [15, Lemma 1.6.2]. ]
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