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ON CIRCULANT MATRICES FOR CERTAIN PERIODIC SPLINE

AND HISTOSPLINE PROJECTIONS

FranNgols DuBeAu AND JEAN SAVOIE

We present a unified treatment of the band circulant matrices which
occur in the periodic spline and histospline projection theory with
equispaced knots. Explicit bounds for the norm of these matrices

are given.

1. Introduction

For the »n 2 1 degree periodic spline and histospline projections

on a uniform partition of a periodic function we have to consider linear

systems of the form pﬁ(v, p) sgk) = pﬁ(u, P)b(k=0, ..., n). The
column vectors s;k) and b of IRN correspond respectively to the kth

derivative of the spline and to the data, and the circulant matrices
pi(t,P)(E =0, ..., n, t € [0, 1]) of order N 2n + 1 are generated by
the polynomials pﬁ(t,x) and a permutation matrix P . These systems

come from the linear dependence relationships that exist between a spline
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and its kth derivative (see [7]).

The regularity properties of the matrices pg(v,P) are useful in
establishing existence results and, together with bounds for the uniform
matrix norm of the inverses, in obtaining convergence results (see [5]).

The object of this paper is to review the properties of the
polynomials pﬁ(t,x) and, using elementary facts about circulant matrices,

to present a unified treatment of the matrices pi(t,P) .

Throughout this paper ||A||°° is the uniform matrix norm of the
matrix 4 and A = circ (al, Ags +vo aN) means that 4 is a circulant

matrix of order N with a, a on its first row [], p.66].

95 ves Gy
2. Definition and Examples

et t € R . The polynomials ps(t,m) are defined as follows
(1) phee,m) = B ofee,) o

where ¢ (t,J) (- 1) Vn+1[(J+1 t)n_ X[0 )(J)] and V is the backward

difference operator.

k
From (1) we have pk(t,x) 1 —% Py, (t x) and it is known (see
n (g 5ek
(3] or {7]) that
— 2 Otz) = (22— t) () = (l-t) «*, |z| < 1
(1—x)n+1 Pyt ox 1-x 2 '

It follows that pz(t,-) =1, and for n 2 1 we have recurrence

relations for the polynomials pz(t,')

(2) p, (t x) = [(1-t) + (n-1+t)x] p 1(t x) + x(1-x) (t,x)

3 0
Xy pn-l

and for the coefficients cﬁ(t,j)

(3) e (t,g) = (n-g+t) c (t,g 1)+(j+1- t)c (t,j) .
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The circulant matrix p:;(t,P) is generated by the permutation
matrix P = circ (0, 1, 0, ..., 0) of order N 2 n + 1 and the polynomial
2
pn(t_,:c)

For example, pg(t,P)=I and for n =1, ..., 8 and t =0 or

t =% we have
(t)  t=o:pl0,p) =1,
pJ(0,P) = cire(1,1,0,...,0),
pg(O,P) = cire(1,4,1,0,...,0),
pZ(o,P) = cire(1,11,11,1,0,...,0),
pg(o,P) = circ(1,26,66,26,1,0,...,0),
pg(.o,P) = cire(1,57,302,302,57,1,0,...,0),
p‘;(o,P) = circ(1,120,1191,2416,1191,120,1,0,...,0),

pg(O,P) = circ(1,247,4293,15619,15619,4293,247,1,0,...,0);

(41) ¢ =% pI(6P) = ¥ cire(1,1,0,...,0),

p) (5P = (97 circ(1,6,1,0,...,0),

3

pg(%,P) = (%% cire(1,23,23,1,0,...,0),

4

p505,P) = (97 cire(1,76,230,76,1,0,...,0),

5

pJ(5,P) = (%)° circ(1,257,1682,1682,257,1,0,...,0),

P55, = ()°

cire(1,722,10543,23548,10543,722,1,0,...,0),
pg(%,P) = (%) circ(1,2179,60657,259723,259723,60657,2179,
1,0,...,0),
pg(%,P) = (¥)° circ(1,6552,331612,2485288,4675014,2485288,
331612,6552,1,0,...,0).
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Remark 1. 1f c:(t,a) =0 or cﬁ(t,n) = 0 we can consider P of

order N 2 n instead of order N2n + 1 .
3. Properties of the polynomials prli(t,-)

The polynomials pz(t,-) have been analyzed by several authors (see

(33, [6]1, (71, [8] and [9]) and are closely related to the exponential
Euler polynomials. In this section we recall their properties without

proof.
THEOREM 2. pJ(t,2) = 1 and for n 2 1

0 n i1f te (0,11.
(<) pn(.t,-) i8 a polynomial of degree
n-1 if t = 0;

[}

(1) pz(l,ac) x pz(o,:c);

(i) pltt,a) = (@-10% 0 (1,0 for k=0, ..., n;

(i) plt,m) = o p(1-t,1/2). D

il

THEOREM 3. For all n =z 0 we have
. 0 .
(7) pn(_t,l) =nl!,
.. 0 B n
(ii)  p,(t,-1) = (-2)" E (t)
where E () s the Euler polynomial degree n. o

The next theorem has been obtained by several authors for t e [0,1]

(see [6], [7], [9]) and the extension to ¢ ¢ (-e, I+e) is given in [3].

THEOREM 4. For all n 2z 1 there exist a strictly positive real

number ¢ and n functions, denoted 1:(-) for i =1, ..., n,

,
such that z, i(t) 18 the ith root of pZ(t,x) for all t € (-e, 1+€)

(except for 7 =n when t =0 ). These functions are such that
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(7) x () e C((-¢, 1+e);IR), x ,(-) 1is strictly increasing over
n,1 n,1

(-e, 1] and strictly increasing (respectively decreasing), over [1, I+e)
when n is odd (respctively even);
(1)  for i=2, ..., n=1, =z, () cC((~e, T+ec);R) and z, ;(-)

is strictly increasing over (-e, I+e);

(ii1) «, () € C"((-e, 0) y (0, 1+e);R], =, (.) is strictly increasing
3 >

(respectively decreasing) over (-ec, 0) if n <is odd (respectively even),

and
- 1f n 18 odd,

lim, & _(t) = == and 1im & _(t) =

tsgt M7 ts0- 7 +o 1f n 1is even.

Moreover xn,n+1—i(t) = l/kn,i(l-t) when the two roots exist,

x, 1(1) =0 and for 1 =2, ..., n we have
3

xn,i-l(w = xn,i(l)

(t)<xn, (t)

Ty (BT 7 1 i-1

for all t e (0,1) . a

It is important to observe that for ¢ ¢ [0,1] the roots of pZ(t,x)

are real, distinct and nonpositive. This result can be obtained from the
fact that the coefficients of the polynomials form a Polya frequency
sequence (see [9]). But this is not the case when ¢ ¢ [0,1] .

From these theorems we can prove the following consequences.

COROLLARY 5. Let n>1 and k ¢ {0, ..., n}. There exist a
strictly positive real number ¢ such that

te (-c, e) and pr(t,-1) =0

if and only if
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n-k tsoddand t=%
n-kz=21 and or

n-k isevenand t =0 or 1.

In this case we have pﬁ( tyx) (2+1) qz( t,x) where

k _ n=l . o d Jj-2 k
ah(t,2) = ] &) & and dce,d) = 3, 07K,

Moreover for n odd =x (%) =-1 and for n even

n+l
22
x (0) =-1=¢cx (1) 0
n n
n,g n,gf'l

COROLLARY 6. For each n = 2 there exist a strictly positive real
nunber € such that
IpZ(O,-1)|=|pZ(1,-1)| if n is odd,

max |pz(t,—1) |=

tel(-g,1+c) Ipﬁ(%,—l” if n is even. 0

4, Regularity properties and explicit bounds

From the factorization of the polynomial pZ(t,x) we obtain the

following decomposition for the matrix pz(t_,P)

n
P (Pox, L (t)I) if t e(-e,0)u(0,14¢) ,
i=1 S 1

(4) pfl(t,P) = "
n=-1 :
igl(P_xn,i(wI) if t=0,
where P = circ (0, 1, 0, ..., 0) . Then we will first consider elementary

factors of the form p(x) =x -a.

THEOREM 7. Let p(x) =x -wand o« € C . If P = circ(0,1,0,...,0)
18 of order N , then

(%) lpR)|, =1+ |a ,

(i1)  p(P) is invertible if and only if o #1 . In this case
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-1 _ 1 N1 pg1.4 4
p(P) ~ = ::l_—aN- Lo © P

N
[—Zlel ip o #1,

N
. I-a | (1-]a])
-1 1 N1 pe1-4 |
o)1, = L G, ol - |
- f |a] = 1.
|2-d"|
Proof. (i) Obvious. (ii) See bavis [7, p.89]. 0

COROLLARY 8. Let p(z)
(0,1,0,...,0) then

x-a ad aeR . If P = circ

[p(-1)] <if a
p(1) if a

v
()
-

HpP) ],

]
A
S
a

COROLLARY 9. ILet p(xz) =x - a, o« € IR and P = circ (0,1,0,...,0)
18 of order N.
() If |a|l #1 then p(P) is invertible and
1 .
-1 p(1) ez,
llpP)™ |, = ;
W lf a0 .
(i1) If a =1 then the matrix p(P) =P - I of order N is of rank
N-1.

(ii1) If «

-1 then p(P) =P+ 1I.
(a) If N <s odd them p(P) 4is invertible,
pP)! = % circ (1,-1,...,-1,1) and ||p®71||_=1/2 .

(b) If N 1is even then the matrixz p(P) of order N 1is of rank
0

When the matrix p(P) is not invertible, we can obtain the

generalized inverse p(P)+ of p(P) using the formula
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pp)?t = Fr) et T where p(P)
of p(P) . Using this method for p(P)

LU is a full rank factorization

it

P+ I and N even, we have

r I (1 1 [ 1]
0 -1
L=1_____ s U = and v = . s
0 -1
T 11 1
SR A L 4 y-1xm L dylixg

T

and L'L =T+ w R (LTL)_J =7T- %- w  and

N

A similar decomposition can be done for p(P) =P - I,

w’

k
Now we apply these results to the matrix pn(t,P) and obtain the

fcllowing results.
THEOREM 10. Let t e [0,1], then ||pZ(t,P) I, = pfl(t,l) =n! and
for k =0,...,n we have IIpﬁ(t_,P)IIm < Knk)!

Proof. From (3) it follows that the coefficients of pz(t,x) are

nonnegative for all ¢ € [0,1] , then the results follow from Theorem 3 (i)

and from Theorem 2 (iii). a

THEOREM 11. Let P = circ (0,1,0,...,0) be of order N2n+ 1,
where n 2 1.

n 2soddand t#%
() If te [0,1] and Aor
n tsevenand t#0 and t#1,

then pZ(t,P) is invertible and ||prol(t,P)'1 I, < l/lprol(t,-l)l .
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n 26 odd and t =% ,
(i) If | or then pl(t,P) = (PHI)q)(t,P)
n isevenand t=0 or t=1,
0 .. . 0 -1 0
where q (t,P) is invertidble, ||q,(t,P) ||, < 1/|q,(t,-1)| and

0

n+1(t,—1).

qZ(t,—l) =-%p

(a) If N is odd them P + I is invertible, (P + 1=

¥ circ (1,-1,...,-1,1), pore,&)™ = 2+ Lle,p)7! and

g -1 g
lerLCtaP2 ”m = N/Ipn_,_l(t:'l)l .

(b) If N is even then P + I 1is not invertible, but

P2, p)* = ()t Oee,p)7?

Proof. The two situations come from the decomposition (4), Corollary
5 with k =0 and the fact that all the roots of p:(t,x) are non-

positive when t ¢ [0,1] . Then we obtain part (i) from Corollary 9 (i).

0

n+1(t,-1) we use (2) and Corollary 5. To

To obtain qZ(t,-l) =-%p

complete the proof of the part (ii) we use parts (i) and (iii) of
Corollary 9 and the fact that the generalized inverse of a circulant

matrix is a circulant matrix [!, p.87]. O

We observe that the bound of part (i) of the Theorem 1l is a minimum

when the denominator is a maximum. From Corollary 6, this happens when
(i) »n isoddand t =0 (or 1), (see also [4]), then

n+1 2n+1 -1

0 _ n =
p,(0,-1) = (-2)"E (0) = 2 T Bue

(ii) »n is even and ¢t = % , then

0 n
pn(%;-l) = (-2) En(%Q = En s

where we used part (ii} of Theorem 3 and where Bn and En are Bernoulli
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and Euler numbers. The first situation corresponds to the odd degree
spline interpolation at the knots and the second situation corresponds

to the even degree spline interpolation at midknots.
For part (ii) of Theorem 11 we have
(1) 7 is odd and ¢t = % , then

0
p n+l

(%,-1) _ E .

Q(%,-1) = - 2L *

0 (or 1), (see also [2]), then

(ii) 7 is even and ¢t

0
Ppyp(0s-1) __ gl 2y 5

0
qn(o’ -1 2 n+2 ntl

and these two situations correspond to the odd degree spline interpolation

at midknots and even degree spline interpolation at the knots.

Finally, the spline and its derivatives can be given by

sk

_ (k) 0 -1
w =P, (wP) p (v,P)" b

when p:(v,P) is invertible and by

0 +
S;k) = pﬁk)(u,P) pn(v,P) b

0 : : . . . .
when pn(v,P) is not invertible. This last situation corresponds to a

least squares problem. These representations of the spline are useful in
obtaining convergence results when the data b comes from a regular

function f .
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