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Abstract. We characterize real hypersurfaces of type (A) and ruled real
hypersurfaces in a complex projective space in terms of two ¢-invariances of their
shape operators, and give geometric meanings of these real hypersurfaces by observing
their some geodesics.
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1. Introduction. The theory of Riemannian submanifolds in a Euclidean sphere is
one of the most interesting objects in differential geometry. It is known that an isometric
immersion f of a Kdhler manifold M with Kéhler structure J into a sphere has parallel
second fundamental form o if and only if o is J-invariant, thatiso(JX,JY) = o(X, Y)
holds for each vector X, Y on M (Proposition 3).

In this context, we consider a real hypersurface M>"~! in an n-dimensional complex
projective space CP"(c) of constant holomorphic sectional curvature ¢(> 0), furnished
with the almost contact metric structure (¢, €, n, {, )) on M induced from the Kahler
structure J of the ambient space CP"(¢). In this case the structure tensor ¢ behaves on M
similarly to a Kédhler structure on a Kahler manifold, and on the other hand there exists
no real hypersurface with parallel second fundamental form in CP"(c). So, we introduce
the following conditions concerning ¢-invariances of the shape operator 4 of M.

The shape operator A of M is called strongly ¢-invariant if A satisfies

(ApX,9Y) = (AX, Y), ie, o(@X,9pY)=0(X,Y) (1.1)
for all vectors X and Y on M. Also, it is called weakly ¢-invariant if A satisfies
(ApX,¢Y) =(AX,Y), ie, 0(¢pX,9Y)=0(X,Y) (1.2)

for all vectors X and Y orthogonal to the characteristic vector & on M.
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We here note that there exist real hypersurfaces satisfying these conditions. Indeed,
the real hypersurfaces which are called of type (A) with radius 7 /(24/c ) have strongly
¢-invariant shape operator, and all of the real hypersurfaces of type (A) and the
ruled real hypersurfaces have weakly ¢-invariant shape operator, which are known as
examples which enrich the theory of real hypersurfaces in CP"(c).

The main purpose of this paper is to characterize real hypersurfaces of type (A)
and ruled real hypersurfaces in CP"(c) by these ¢-invariances of shape operators
(Theorems 1 and 2).

2. Real hypersurfaces of type (A) in CP"(c). Let M?'~! be a real hypersurface
with unit normal local vector field N of an n-dimensional complex projective space
CP"(c) of constant holomorphic sectional curvature ¢. The Riemannian connections
V of CP"(c) and V of M are related by

VyY =VyY + (4X, V)N and VyN = —AX (2.1)

for vector fields X and Y tangent to M, where {, ) denotes the metric of M induced
from the standard Riemannian metric of CP"(c) and 4 is the shape operator of M in
CP"(c). It is known that M admits an almost contact metric structure (¢, &, n, {, ))
induced from the Kéhler structure J of CP"(c). The characteristic vector field & of M
is defined as &€ = —JN and this structure satisfies

where 7 denotes the identity map of the tangent bundle 7M of M. It follows from the
fact that VJ = 0 and Equations (2.1) that

Vxé = ¢pAX. (2.2)
Here, for later use we recall the Codazzi equation of M**~! in CP"(c).
¢
(VxA)Y — (VyA)X = Z{n(X)qu —n(Y)pX —2(¢X, Y)&}. (2.3)

The eigenvalues and eigenvectors of the shape operator A are called principal curvatures
and principal curvature vectors of M in CP"(¢), respectively. In the following, we denote
by V), the eigenspace associated with the principal curvature A, namely we set V; =
{ve TM|Av = (v},

We usually call M a Hopf hypersurface if the characteristic vector & is a principal
curvature vector at each point of M. It is known that every tube of sufficiently small
constant radius around each Kéhler submanifold of CP"(c) is a Hopf hypersurface.
This fact tells us that the notion of Hopf hypersurfaces is natural in the theory of real
hypersurfaces in CP"(c).

The following lemma is a useful tool in the theory of Hopf hypersurfaces in
CP'(¢c), n = 2.

LEMMA 1. For a Hopf hypersurface M*'~' (n > 2) with principal curvature o
corresponding to the characteristic vector field & in CP"(c), we have the following:

1. « is locally constant on M

2. If X is a tangent vector of M perpendicular to & with AX = AX, then

_ait(c/2)
A(bX = ﬂ(bX
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REMARK 1. In Lemma 1(2), we note that 21 — « # 0 because ¢ > 0.

The following real hypersurfaces are so-called real hypersurfaces of type (A;) and
type (A»), respectively.
(A1) A geodesic sphere G(r) of radius r (0 < r < 7 //c ) in CP"(c);
(Ay) A tube of radius r (0 <r < m/4/c) around a totally geodesic Kihler
submanifold CP%(c) in CP"(c) with 1 £ £ < n—2.
In this paper, summing up the real hypersurfaces of type (A;) and type (A,), we call
them the real hypersurfaces of type (A). The real hypersurfaces of type (A) are known as
typical examples of Hopf hypersurfaces. The tangent bundle 7M of real hypersurfaces
M of type (A;) with radius r (0 < r < 7//c) is decomposed as TM = {£}gr © V5,
with o = \/c cot(\/c r), L = (\/c/2)cot(y/c r/2), dimg V; =2n—2 and ¢V, = V,.
The tangent bundle TM of real hypersurfaces M of type (A;) with radius r (0 <
r < m//c) is decomposed as TM = {E}gr @ V3, ® Vi, with o = /¢ cot(\/c 1), Ay =
(Ve /2)cot(y/c r/2), ky = (—+/c/2)tan( /e 1/2), dimg V;, =2n —2¢ — 2, dimg V;, =
2¢ and ¢V;, = V;, (i =1, 2). Note that a geodesic sphere G(r) of radius » (0 < r <
7/4/c ) in CP"(c) is congruent to a tube of radius (7/+/c) — r around totally geodesic
CP"!(¢) in CP"(c).
We prepare the following which is a characterization of the real hypersurfaces of
type (A) (see [10]).

LEMMA 2. Let M be a real hypersurface in CP"(c) (n = 2). Then the following
conditions are mutually equivalent:
1. M is locally congruent to a real hypersurface of type (A);
2. A = Ag;
3. (VxA)Y, Z) = (c/3)(—n(Y) (o X, Z) — n(Z) (¢ X, Y)) for arbitrary vectors X, Y
and Z on M.

Atthe end of this section we recall the definition of circles in Riemannian geometry.
Let y = y(s) be a smooth real curve parametrized by its arclength s on a Riemannian
manifold M. If the curve y satisfies the following ordinary differential equations with
some constant k(= 0)

Vyy =kY, and V,;Y,=—ky, 24)

where V, is the covariant differentiation along y with respect to the Riemannian
connection V of M and Y; is so-called the unit principal normal vector of y, we call
y a circle of curvature k on M. We regard a geodesic as a circle of null curvature. It is
known that Equations (2.4) are equivalent to the equation

Vi Viy +(Vyy, Viy)y =0, (2.5)

where (, ) is the Riemannian metric of M.

3. Ruled real hypersurfaces in CP"(c). We recall ruled real hypersurfaces in
CP"(c), which are typical examples of non-Hopf hypersurfaces. A real hypersurface M
is called a ruled real hypersurface of CP"(c) (n 2 2) if the holomorphic distribution 7°
defined by T%(x) = {X € T M | X_L&} for x € M is integrable and each of its maximal
integral manifolds is a totally geodesic complex hyperplane CP"~'(c) of CP"(c). A
ruled real hypersurface is constructed in the following manner. Given an arbitrary
regular real curve y in CP"(c) which is defined on an interval I we have at each fixed
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point y(z) (¢ € I) a totally geodesic complex hyperplane CP"~!(c) that is orthogonal to
the plane spanned by {y(¢), Jy(f)}. Then we see that M = | J,; CP'!(c)is aruled real
hypersurface in CP"(c). The following is a well-known characterization of ruled real
hypersurfaces in terms of the shape operator 4.

LEMMA 3. For a real hypersurface M in CP"(c) (n 2 2), the following conditions (1),
(2) and (3) are mutually equivalent:

1. M is a ruled real hypersurface.

2. Let u = (A&, &) and v = || A& — u&||. Then the subset M} = {x € M|v(x) # 0}
of M is open dense and there exists a unit vector field U on M| such that it is
orthogonal to & and satisfies that A& = u& +vU, AU = v& and AX = 0 for an
arbitrary tangent vector X orthogonal to & and U.

3. The shape operator A of M satisfies (Av, w) = 0 for arbitrary tangent vectors
v, w € TxM orthogonal to & at each point x € M.

We treat a ruled real hypersurface locally, because generally this hypersurface has
singularities. When we study ruled real hypersurfaces, we usually omit points where & is
principal and suppose that v does not vanish everywhere, namely a ruled hypersurface
M is usually supposed M| = M.

We clarify a fundamental property on some geodesics of ruled real hypersurfaces
in CP"(c). In the following, for a curve y on a submanifold M" isometrically immersed
into an arbitrary Riemannian manifold M "tP through /', we call y an extrinsic geodesic
if the curve f o y is a geodesic in M”17,

LEMMA 4. On a ruled real hypersurface M in CP"(c) (n 2 2), every geodesic y whose
initial vector y(0) is orthogonal to the characteristic vector €, is an extrinsic geodesic.

Proof. Let M| be the leaf through the point y(0) for the holomorphic distribution
TOM. We here take a geodesic y; on M, with the same initial condition that y;(0) =
y(0) and y,(0) = y(0). Since M, is locally congruent to a totally geodesic complex
hyperplane CP"~!(c) of CP"(c), we see that the curve y; is also a geodesic in the
ambient space CP"(c), which implies that the curve y; is a geodesic on our ruled real
hypersurface M. Hence the uniqueness theorem on geodesics tells us that these two
curves y and y; are coincidental. Thus we get the desired conclusion. ]

We should note that the tangent vector y(s) of a geodesic y in this lemma is
orthogonal to &, at each point y(s).
The following is fundamental on ruled real hypersurfaces in CP"(c).

PROPOSITION 1. Every ruled real hypersurface in CP"(c) (n 2 2) is not complete.

Proof. By direct computation we find that every integral curve y of the vector
field ¢ U is a geodesic on a ruled real hypersurface M and the function v satisfies
the differential equation on the curve y: ¢Uv = v> + 7 (for details, see [4]). Then,
solving this equation, we have v(s) = 4 tan(%s + C) with some constant C. These
imply that every geodesic y = y(s) with initial vector y(0) = (¢ U), o) on our ruled real
hypersurface M is defined on the open interval I = (—%(% + O), %(% — ()). Thus
we get the conclusion. O

REMARK 2. In CH"(c), we also consider ruled real hypersurfaces. We emphasize
that there exist many complete ruled real hypersurface in CH"(c¢) (for details, see [7]).
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4. Statements of results. The following is a classification theorem of real
hypersurfaces in CP"(c) with strongly ¢-invariant shape operator.

THEOREM 1. Let M*"~' (n 2 2) be a real hypersurface of CP"(c). Then the following
conditions (1), (2) and (3) are mutually equivalent.

1. M is locally congruent to a real hypersurface of type (A) with radius 7 /(2:/c ).
2. The shape operator A of M is strongly ¢-invariant.
3. M satisfies the following:

(31) At each fixed point p € M, there exist orthonormal vectors vy, v, ..., U2
orthogonal to the characteristic vector &, of M such that all geodesics y; = yi(s)
on M with y;(0) = p and y;(0) = v; (1 £ i £ 2n — 2) are mapped to circles of
the same positive curvature in CP"(c);

(3ii) There exists at least one integral curve of the characteristic vector field & of
M which is mapped to a geodesic in CP"(c).

Proof. We shall show that Condition (1) implies both Conditions (2) and (3). We
first consider the case of type (A;) with radius 7 /(24/¢ ). Let M be a real hypersurface
of type (A;) with radius 7/(24/c ) around totally geodesic CP*(c) (1 < ¢ <n—2).
Then M has three distinct constant principal curvatures 0 (with multiplicity 1), /¢ /2
(with multiplicity 2n — 2¢ — 2) and —./c /2 (with multiplicity 2¢). We here remark that
A& = 0. Moreover, Lemma 1 tells us that ¢V o =V jop and @V_ o = V_ sz
Hence we see that —¢pApE = 0 = A, —pApu = (/¢ /2)u = Au for each u ¢ N
and —pApv = (—/c/2)v = Av for each v € V_ /)5, so that

—pApX = AX for all vectors X € TM, 4.1

which is equivalent to the definition (1.1) of strongly ¢-invariance of the shape operator
A of M. Thus we can see that Condition (1) implies Condition (2) in the case of type
(A,) with radius 7/(2/¢).

We next take orthonormal vectors vy, ..., vo,_» perpendicular to the characteristic
vector &, at an arbitrary fixed point p of M in such a way that vy, ..., vy,—2—> and
V2u-2¢-1, - - - » V22 are orthonormal bases of V z/, and V_ s 5, respectively. Let y; =
yi(8) (1 £i £ 2n — 2¢ — 2) be a geodesic on M with initial condition that y;(0) = p and
)/Z(O) = V;. Then

V30 Vi(8), i) = (i(8), Vi) = (Vi(s), 9Ay(s))  (from (2.2))
= (y;(s), Apyi(s)) (from Lemma 2(2))
= (Ayi(s), 9yi(s)) = —(dAyi(s), yi(s)) = 0,

which, together with (y;(0), &,) = (v;, &) = 0, implies that (y,(s), §,,)) = 0 for each s.
Hence, using Lemma 2(3), we get
Vil Avi(s) — (Ve /2)3()1?
= 2((Vy9 D7i(s), Ayi(s) — (Ve /2)7i(s))
= 2((Vy,0A)¥i(5), Ayi()) — Ve (Vi AD7i(s), 7i(s)) = 0,

which, combined with Ay;(0) — (/¢ /2)y:(0) = Av; — (/¢ /2)v; =0, shows that
Ayi(s) = (V/c /2)yi(s) for every s. So, in view of (2.1) we know that the geodesic y; = y;(s)

https://doi.org/10.1017/50017089510000765 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000765

352 S. MAEDA AND H. NAITOH

on M satisfies the following differential equations in the ambient CP"(c):
s . ¢ - ¢
V)‘/[(s))/,‘(S) = «/T_N and V]‘/’.(S)N = —\/T—V,(S)

for each s. That is, all geodesics y; = yi(s) (1 £ i < 2n — 2¢ — 2) on M are mapped to
circles of the same positive curvature /c /2 in CP"(c). Also, by the same discussion as
above we find that all geodesics y; = y;(s) (2n — 2¢ — 1 = j < 2n — 2) on M with initial
vector y,(0) = v; € V_ /7, are mapped to circles of the same positive curvature /c /2
in CP"(c). Hence we obtain Condition (31). We here recall that the characteristic vector
field £ on our real hypersurface M satisfies A& = 0. This, together with the first equality
in (2.1) and (2.2), yields that every integral curve of € is mapped to a geodesic in CP"(c).
Then we know that Condition (1) implies Condition (3) in the case of type (Ay) with
radius 7/(24/c ). The above discussion holds good even in the case of type (A;) with
radius 7 /(24/¢ ). Therefore, we can see that Condition (1) implies both Conditions (2)
and (3).

Conversely, we show that Condition (2) implies Condition (1). Setting X = &
in Equation (4.1), we see that 4& = 0. We next take a principal curvature vector X
orthogonal to & with principal curvature A. Then it follows from Lemma 1(2) and (4.1)
that A = 4,/c /2. Again, by using Lemma 1(2) we see that each of Vyepand V_ gz
is invariant by ¢, so that ¢4 = A¢ holds on our real hypersurface M. This, combined
with Lemma 2(2), gives us Condition (1).

Finally, we verify that Condition (3) implies Condition (1). We take orthonormal
vectors vy, va, . . ., Uzp—2 at an arbitrary fixed point p of a real hypersurface M satisfying
Condition (3i). Then, from (2.5) they satisfy

Vi Vi = ki (4.2)
for some positive constant k. On the other hand, from (2.1) we have
Vi Vi = (V5,9 7N — (A7 72 Ay (4.3)
Comparing the tangential components of (4.2) and (4.3), we see that
(Ayi, vy Ay = Iy,
so that at s = 0 we get
(Avi, v))Av; = KPv; for 1 <i<2n—2.
Since k # 0, we obtain
Avi=kv; or Av,=—kv; forl1 £i<2n—2. 4.4

So we find that & is a principal curvature vector, because (A€, v;) = (&, Av;) = 0 for
1 £i < 2n — 2. This, together with Condition (3ii), implies that 4& = 0. Then the real
hypersurface M is a Hopf hypersurface which has at most three distinct principal
curvatures k(= k(p)), —k and 0(= (4&, &)) at the point p. Thus, from Lemma 1(2) and
¢ > 0 we know that ¢/(4k) = k, so that k = /c /2. Hence M is a Hopf hypersurface
with at the most three distinct constant principal curvatures /¢ /2, —/c¢ /2 and a =
(A€, &) = 0 at its each point, so that 4 = A¢ holds on M. Therefore we can conclude
that our real hypersurface M is a hypersurface of type (A) with radius 7/(2/c ). O
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REMARK 3. (1) In Condition (3i) we do not need to suppose that we take the
vectors vy, ..., Uy,—> as a local field of orthonormal frames on M. However, for all
real hypersurfaces M in Theorem 1 we can take a local field of orthonormal frames
V1, ..., U2 on M satisfying Condition (3i).

(2) If we omit Condition (3ii), Theorem 1 is no longer true. The discussion in the
proof of Theorem 1 tells us that a real hypersurface M in CP"(c) satisfies Condition
(3i) if and only if M is locally congruent to either a real hypersurface of type (A;) with
radius r (0 < r < m//c) or a real hypersurface of type (A) with radius r = 7 /(24/¢).

Inspired by Condition (3ii), we are interested in the number of extrinsic geodesics
(i.e., geodesics of CP"(c) lying on this hypersurface) on real hypersurfaces of type (A)
with radius 7 /(24/¢ ). To do this, we review congruence theorems on geodesics on real
hypersurfaces of type (A) in CP"(c).

For a geodesic y on a real hypersurface M of type (A) in CP"(c), we define its
structure torsion p, by p, = (y,&,). Clearly, it satisfies —1 < p, < 1. Moreover, for
each geodesic y on M, from the discussion in the proof of Theorem 1 we know that
the structure torsion p, is constant along y.

For geodesics on a geodesic sphere G(r) of radius r (0 < r < /4/c ), we can classify
them by means of their structure torsions (see proposition 2.3 in [2]):

LEMMA 5. On a geodesic sphere G(r) of radius r (0 < r < m//c ) in CP'(c) (n = 2),
two geodesics yy, y» are congruent to each other with respect to the isometry group 1(G(r))
of G(r), namely there exists an isometry ¢ of G(r) with y»(s) = (¢ o y1)(s) for each s if
and only if their structure torsions p,, and p,, satisfy |p,, | = |py,|.

To obtain a congruence theorem for geodesics on real hypersurfaces of type (As)
in CP"(c), we need another invariant. For a geodesic y on a real hypersurface of type
(A) in CP"(c) we define its normal curvature k,, by k, = (Ay, y). By Lemma 2 we have

Viky(s) = (Vi Ay (5), 7(s)) = 0,

which shows that «,, is constant along y.
Geodesics on a real hypersurface of type (A,) are classified by means of their
structure torsions and normal curvatures (see theorem 2 in [1]):

LEMMA 6. On a real hypersurface M of type (A;) in CP"(¢c) (n 2 2), two geodesics
Y1, Y2 are congruent to each other with respect to the isometry group (M) of M if and
only if their structure torsions and normal curvatures satisfy |p,,| = |py,| and k,, = k,.

The following proposition implies that by the number of extrinsic geodesics we
can distinguish between the real hypersurface of type (A;) with radius 7 /(24/c ) and
the real hypersurfaces of type (A;) with radius 7/(2/¢ ).

PROPOSITION 2. (1) The geodesic sphere G(r /(2+/¢ ) of radius w/(2+/c ) in CP"(c)
(n = 2) has just one congruence class of extrinsic geodesics with respect to the isometry
group I(G(w/(24/¢))) of G(r /(24/¢)). This extrinsic geodesic is an integral curve of the
characteristic vector field & on G(i/(24/¢)).
(2) Every real hypersurface M of type (Az) with radius w/(2s/c) in CP"(c) has
uncountably infinite congruence classes of extrinsic geodesics with respect to the
isometry group 1(M) of M. These extrinsic geodesics are expressed as a one-
parameter family of geodesics Vo = va(s) (0 < a < 1/5/2) on M with initial vector
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y(0) = V1 —2a? &) + au + av, where u, v are unit vectors orthogonal to &, with
Au = (/c/2u, Av = (—/c /2.

Proof. Note that a curve y = y(s) on a real hypersurface M of type (A) in CP"(c)
is an extrinsic geodesic if and only if the curve y is a geodesic of M and the following
equation holds (see Lemma 2(3)):

{(4y(0), y(0)) = 0. (4.5)

For the claim (1). For a geodesic y = y(s) of G(7r/(24/c )), we can set

7(0) = py&y0) + /1 — P2 u, (4.6)

where p, is the structure torsion of y and u is a unit vector orthogonal to &, ). Then
it follows from (4.5), (4.6) and equalities 4&,) = 0, Au = (/¢ /2)u that p, = £1, so
that the extrinsic geodesic y is an integral curve of &. Furthermore, any integral curves
of & are congruent to one another (see Lemma 5). Thus we get Statement (1).

For the claim (2). For a geodesic y = y(s) of our real hypersurface M, we can set

7(0) = py&y0) + au+ bv, 4.7)

where a, b are nonnegative constants with p? 4 a* +b* = 1, A&, = 0 and u, v are
unit vectors orthogonal to &, with Au = (/¢ /2)u, Av = (—+/c/2)v. Hence, from
(4.5) and (4.7) we know that the geodesic y of M is an extrinsic geodesic if and only
if the structure p, of y satisfies p2 =1 —2a* (0 £ a < 1/v/2). Therefore our real
hypersurface M has uncountably infinite congruence classes of extrinsic geodesics (see
Lemma 6). O

REMARK 4. (1) By virtue of Proposition 2(2) we see that real hypersurfaces M
of type (A,) with radius 7/(24/c) in CP"(c) have a one-parameter family of closed
geodesics v, = yu(s) (0 < a < 1/4/2) with the same length 27/./c, which are not
congruent to one another with respect to I(M). These curves y, (0 < a < 1/+/2) are
mapped to geodesics of CP"(c). We note that these curves y,,, considered as curves in the
ambient space CP"(c), are congruent to one another with respect to the isometry group
SU(n+ 1) of CP"(c) because all geodesics of CP"(c) are congruent to one another.

(2) In an n-dimensional complex hyperbolic space CH"(c) of constant holomorphic
sectional curvature ¢(< 0), there exist also real hypersurfaces, so-called, of type (A).
However, such a real hypersurface in CH"(c¢) has no extrinsic geodesics (cf. [8]). So, an
analogous result to Theorem 1 does not hold in the ambient space CH"(c).

Next, under some conditions, we classify real hypersurfaces in CP"(c) with weakly
¢-invariant shape operator.

THEOREM 2. For a real hypersurface M**~' of CP"(c) (n = 2) we have the following
two statements (1), (2).
(1) The following conditions (1,), (13), (1.) are mutually equivalent.
(1,) M is a Hopf hypersurface with weakly ¢-invariant shape operator.
(1) M is locally congruent to a real hypersurface of type (A).
(1.) Every geodesic y of M has constant normal curvature «, along y.
(2) The following conditions (2,), (25), (2.) are mutually equivalent.
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(24) The holomorphic distribution T M of M is integrable and the shape operator
of M is weakly ¢-invariant.

(2p) M is a ruled real hypersurface.

(2,) Ateachfixedpointp € M there exist such orthonormal vectors vy, ..., vy,
orthogonal to the characteristic vector & that all geodesics of M through p in
the directionv; +v; (1 £ i £ j < 2n — 2) are mapped to geodesics in CP"(c).

Proof. (1) Suppose that Condition (1,) holds. Then, using the property (1.2) and the
assumption that M is a Hopf hypersurface, we see that ¢ 4 = A¢, so that by Lemma 2,
M is a real hypersurface of type (A).

Conversely, we suppose that M is a real hypersurface of type (A). Then Equation
(1.2) follows from the fact that ¢4 = A¢. Hence we can check the equivalency for
Conditions (1,) and (15).

Next, we shall show the equivalency for Conditions (1) and (1.). It follows from
our argument that Condition (1,) implies Condition (1.). We next suppose Condition
(1.). Then we see easily that

((VxA)X, X) =0 for each vector X on M,
which is equivalent to saying that
(VxA)Y, Z) + (VyA)Z, X) + (VzA)X, Y) =0 (4.8)

for arbitrary vectors X, Y and Z on M. In consideration of the symmetry of the shape
operator A, (4.8) and (2.3) we can see that Lemma 2(3) holds. Hence we get Condition
(15). Thus we can check the equivalency for Conditions (15) and (1.).

(2) It is obvious from Lemmas 3 and 4 that Condition (2,) implies Conditions (2,)
and (2,). Conversely, we suppose Condition (2,,). Then it follows from the integrability
of the holomorphic distribution 7°M and (2.2) that

((pA + Ap)X, Y) =0 for arbitrary X, Y € T°M (4.9)

(see proposition 5 in [5]). Hence, in view of (1.2), (4.9) and the skew-symmetry of ¢ we
see that
(AX, Y) = (49X, 9Y) = —(¢pAX,¢9Y)
= (4X,¢’Y) = —{4X, Y) =0,
so that by Lemma 3, M is a ruled real hypersurface. Hence we have Condition (25).
We suppose Condition (2.). Then, from the first equaity in (2.1) we know that

at each point p € M there exist orthonormal vectors vy, ..., vy,_» orthogonal to &
satisfying

(Avi,v)) =0 for1 <i<j<2n—2,

which yields Lemma 3(3). Thus we can see that M is a ruled real hypersurface, so that
we obtain Condition (2;). ]

REMARK 5. (1) An analogous result to Theorem 2 holds for real hypersurfaces in
an n-dimensional complex hyperbolic space CH"(c¢) of constant holomorphic sectional
curvature ¢(< 0).
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(2) Every geodesic of each real hypersurface of type (A) in CP"(c) is mapped to a
homogeneous curve in CP"(c), namely it is represented by an orbit of a one-parameter
subgroup of SU(n + 1).

(3) The classification problem of real hypersurfaces with weakly ¢-invariant shape
operator in CP"(c) is still open.

The following proposition was already seen in [3]. However, for readers we prove
it again in order to guarantee the motivation of this paper.

PROPOSITION 3. Let (M,,J) be an n-dimensional Kdihler manifold with Kdihler
structure J immersed into a (2n + p)-dimensional sphere S*"*?(c) of constant sectional
curvature ¢ through an isometric immersion f. Then f has parallel second fundamental
Jorm o if and only if o is J-invariant, namely o (J X, JY) = o(X, Y) holds for all vectors
X, Y onM,.

Proof. We suppose that ¢ is J-invariant. Our discussion here is due to [3]. We first
recall the definition of the covariant derivative V of the second fundamental form o':

(Vxo)Y,Z) = Dx(o(Y,Z))—o(VxY,Z) — o(Y, VxZ),

where D is the normal connection of f and V is the Riemannian connection of the
submanifold AM,,. This, combined with the J-invariance of o, implies

(Vz0)JX,Y)=—(Vzo)X,JY) forallvectors X, Y and Z on M,,. (4.10)

Using Equation (4.10) and the Codazzi equation (Vo )(Y, Z) = (Vyo )(X, Z) for the
sphere case repeatedly, we find the following;:

(Vzo)(X, Y) = (Vyo)(X. Z) = —(Vyo)(X, J*Z)
=(Vyo)JX,JZ)=(Vyz0)JX,Y)
=—(Vy20)X,JY) = —(Vyo)JZ,JY)
=(Vxo)Z,JY)=—(Vxo)Z, Y)
=—(Vz0)X,Y)=0.

Next, we suppose that /" has parallel second fundamental form. Then it is known
that our Kahler manifold M, is locally isometric to a compact Hermitian symmetric
space and moreover this isometric immersion / of the compact Hermitian symmetric
space into the ambient sphere S?"*7(c) is locally realized as a part of the embedding as
the symmetric R-space.

We here recall the embedding as symmetric R-spaces. Let g = g_; + go + g1 be
a semisimple graded Lie algebra of the first kind and v the characteristic element
which defines its gradation, i.e. v € g¢ and the eigenspaces of ad(v) with eigenvalues
+1 and 0 are respectively given by g+ and go. Take a Cartan involution 7 of g such
that 7(v) = —v and let g = £ @ p be the Cartan decomposition by t, i.c., £ and p are
respectively the (£1)-eigenspaces of 7. Furthermore, let G be the adjoint group of g
and K the maximal compact subgroup of G with Lie algebra £. Then, under a suitable
G-invariant metric, the homogeneous space G/K is a Riemannian symmetric space of
noncompact type, and the orbit K(v) C S C p is called a symmetric R-space, where
S denotes the hypersphere in p centred at the origin with radius |v|. Put 6 = exp
ad(r+/—1v). Then the subspaces g, £, p are invariant by 6, and it gives an involution
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ofgsuchthatfor =706. Lett=¢t, ®¢t_and p = p, ®p_ be the decompositions
by 6, where £ and p4; denote the (£1)-eigenspaces of 6 in ¢ and p, respectively. Then
v € p, and the subspaces ¢_ and p. are £, -modules satisfying

[E,, E*]v [erv er]’ [p,, p*] - EJrv [E,, p*] - p+’ [E,, er] C p* and [p,, p+] - £

Let K, denote the isotropy subgroup of K atv € K(v) and put M’ = K/K,. Then M’ is
acompact symmetric space associated with the involution 6 and the tangent space 7, M’
at the origin o in K/K is identified with the subspace £_. Moreover the tangent space
T,K(v) and the normal space T;-K(v) in p are respectively identified with p_ and p..
Let /7 be the canonical embedding of M’ into p defined by f/(kK,) = k(v) € K(v) C p
where k € K, and denote by o, the second fundamental form of /” at 0. Then it follows

oo(X, Y)=[X,[Y,v]] forallX,Y et_.

We here refer to [6] for the semisimple graded Lie algebra and to [11] for the construction
of symmetric R-spaces.

Now we assume that M’ is a Hermitian symmetric space. Note that the Lie algebra
of K, ist,. Then, there exists an element H € £, such that the almost complex structure
J on T,M’ is given by the restriction of ad(H) to £_, and moreover the element H is
contained in the centre of the Lie algebra £, @ p, (for these facts we refer to [9]).
Noting that [H, v] = 0 and [¢_, [¢_, p+]] C p4+, we now get the following equalities:

o0(JX,JY)=[JX,[JY,v]] = [ad(H)X, [ad(H) Y, v]]
= [ad(H)X, ad(H)([Y, v])] = ad(H)([ad(H) X, [Y, v]]) — [ad*(H)X, [, v]]
=0—[J2X,[Y,v]] = [X,[Y, v]] = 0o(X, Y)

for X, Y et_. Since the embedding /' : M’ — p is K-equivariant, the second
fundamental form of f” is J-invariant. Moreover, since the inclusion S < p is
totally umbilical, the second fundamental form of the embedding M’ — S is also
J-invariant. By the classification theorem of parallel immersions ([3]), our parallel
immersion f : M,, — S¥"*7(c) is locally constructed precisely as the composition of an
embedding as the symmetric R-space /' : M’ — S and a totally umbilical embedding
S < S§2"*7(c). Hence the second fundamental form of 1 is also J-invariant. O
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