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Abstract

In this article, we generalise Newton’s diagram method for finding small solutions £(1)
of equations f (§,1) = 0 (f (0,0) = 0) with f analytic (see [1,2,4,6]) to the case of a
multi-dimensional function f, unknown variable § and small parameter A. This method
was briefly described in [1]. The method has many different applications and allows one
to solve some inflexible problems. In particular, the method can be used in very difficult
bifurcation problems, for example, for systems with small imperfections.

1. Introduction

In this paper, we propose a new method for finding all the small solutions® (SS) of
equations f (§, A) = 0 (f (0, 0) = 0) with f analytic, where the small parameter A is
multi-dimensional: A = (A, ..., A,). This method has many different applications
and allows one to solve a number of inflexible problems. In particular, it can be very
useful in problems related to dynamic systems (bifurcations of equilibrium states,
boundedness and stability of limit cycles), deformed systems, etc., which can be
reduced to the above defined problem. Some examples of typical problems of static
systems are presented in [5] and in [6, pp. 454—469].

In this article, the method is described in three sections. In Section 2 the method
is explicated for two small parameters (n = 2). In Section 3 we consider the critical
situation when the method does not give the SS but, nevertheless, the problem can
be solved by means of some additional considerations. In Section 4 the method is
generalised for n (n > 2) small parameters.
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2The continuous solution £() is defined to be an SS if E(A) — Oas A — 0.
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2. Case of two parameters (n = 2)

First, we describe this method for an equation with two small scalar parameters:
A1 and X,, that is, when A is two-dimensional:

FE A A= ) Pmu®AAE =0, 1)

m+n+k=1
where £ = (&1, ..., &), Omn(8) = {0 (€), ... Gome(E)}, 0l () is a scalar ho-
mogeneous polynomial relative to &, ... , &,, of degree m with real coefficients or

a zero polynomial. Let us assume that ¢,0(£) = 0 at m < mp and @n,,0() # 0.
It is also assumed that the series I' converges in some neighbourhood of zero. We
are studying the problem about SS (A, X;) of (1) for (A, A;) near the straight line
A; = 0 but away from the line A, = 0. The indicated neighbourhood T must satisfy
the condition that (0, 0) € T and [A,/A3]is bounded in T; s € N. The minimal value
of s is found from the method.

Let us denote OMNK to be a Cartesian coordinate system in R?; 7r; and 7, to be
operators of the orthogonal projection of R? on the coordinate planes OMN and OMK
respectively; @ = {(m,n, k) : @mu(§) #0}and Qo = {(m,n, k) € @ : m < my} to
be integer lattices; R, = m,( Qo) and R, = m,( Qp). First of all, we construct Newton’s
diagram (denoted by D,) for R; on the plane OMN.> We denote its links and slopes
asL',...,L*and p, ..., p™ respectively. Moreover, it is assumed that the links
are numbered in order of the increase of their slopes (the count is made from right to
left) sothat 0 < p™ < ... < p™, Further, let us construct Newton’s diagram on the
plane OMK for the lattice 7r2(7rl"(L") N Qp), i €{l,...,x}. Letus also denote its
links and slopes as {L*’} and {piy} (6 =1, ..., a;) respectively. If it has been done
for all links L' of D,, we get a broken line (a diagram) D, on the plane OMK.

Two cases can arise. The first one (the standard case), when D, is the standard
diagram for R,, that is, Newton’s diagram for R, with a unique attenuation—the
slopes corresponding to the adjacent links of D; can coincide; p;o, = piy11, i €
{1, ..., » — 1} and the second case (the general case) arises when D, is not a standard
diagram for R,.

Let us now show that by the conversion

A=A, A=A, (2)

3Newton's diagram D, for R, is a convex broken line without vertical links. All tops of D, belong to R,
and the links of D, satisfy the minimal condition, that is, there are no points from R, situated below the
support lines of links. If the equation of the support line of a link is y = k(x — x), then the slope of this
link is equal to —k. All links of D, (except maybe the right link) have positive slopes. The slope of the
right link can be equal to 0. The Newton’s diagram method of construction is presented widely in the
literature, see for example [6, pp. 10-15].
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where s is a natural number, the general case reduces to the standard case. Indeed,
making the substitution (2) in (1), we obtain

FEunr)= Y. Ga@uAT+ =0, )

mi+n+k=1

where Qmni (E)u’;/\;”" is the image of the term @, (§)A7A%. Therefore (2) induces a
linear conversion of the space of multi-indices (m, n, k) with the matrix

1 00
A=|0 10
0 s 1

Under that conversion the diagram D, remains unchanged but the diagram D, = {L"%}
transforms into the diagram D, = {L"°} and the slope p; 4 of the link L*® satisfies the
relation

Pio =Pie+sp®. )]
From (3) it follows that if we take s as the least non-negative entire number s, satisfying
the inequalities

Pia; — Pi+1.1
SO > T .

> gy = hex-l @)

then all the links D, will be arranged in non-decreasing order of their slopes (the count
is made from right to left):

Pt <+ <Pray ZP21 < <Pxtay, ZPxi1 < " <Puxa,:

NOTE 1. If instead of s, we take so + 1, then all links of D, will be aranged in order
of the increase of their slopes.

Letus suppose that P;(m;, k;) (i = 1, ... , @) is the set of all points from R, situated
under D,. For each point P; let us put in accordance the point (m;, n}, k;) such that
(m;, n;) € Dyand (m;, k}) € D,. By n; we denote th¢ least ordinate of the points of the
set ;' (P;) N Qo, Al = n; —n) and A = k] — k;. Let us use the conversion A. Then
the points (m;, n;, k;) and (m;, n}, k!) map to the points (m;, n;, k;) and (m;, n;, IE;)

accordingly, where ki=k + sn; and IE; = k; 4 sn. Thus we obtain the relation
Al =A)—sAl (Ai=k, - k). (5)

From (5) it follows that if s is replaced by the least natural number 5 satisfying the
inequalities

5= AL/AL, i=1,... 0, (6)

then all points from R, =m(A Qo) will not be situated under the diagram D,.
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NOTE 2. If instead of 5 we take 5 + 1, then all points from R, lying below D, map
to points situated above D,. If s = max(s, 5), then by the conversion (2) the equation
(1) is standardised, that is, it transforms into that for the standard case.

Let the equation (1) be standard. Let it be represented in the form

PEAA) = Y PN+ Y 0@ =0, (1)

where Z' denotes the sum of all non-zero terms of (1) such that (m,n) € L' and
(m, k) € L* (L' is any link of D, and L*® is one of the links of D, corresponding
to L) and " is the sum of the rest of the terms of (1). We denote also by r;/s, the
slope of L¢, by r,/s, the slope of L*® and suppose that (ry, 5,) = (2, 52) = 1 ((a, b)
denotes the greates common divisor (GCD) for a and b). If r; = 0, then we assume
s;i=1,ie{l1,2}.

Let us make the substitution

E=nuiny, h=ut, l=u3. .

Then (1”) has been reduced to the form

Z (pmnk(n)urlnrﬁm mry+ksz + Z ‘Pmnk(ﬂ)llvmrl+nsl Mmrz+ksz =0. (*)

From the convexity of D, and the minimal condition of its links, it follows that
mry + ns, = [, for all (m, n) € L' N R,, where [, is a non-negative integer, and for
each (m,n) € m(Q) \ L' the inequality mr, + ns, > [, is true. Analogously, for
all (m, k) € L*® N R, the relation mr, + ks, = I, holds (/, is a non-negative integer)
and for all (m, k) € 71,(Q) \ L*® the inequality mr, + ks, > I, is true. Moreover,
Iy + I, > 0. From this point, () is transformed into

F e, 12) = PO) + Y Quae (-l pntinh — ®)

where P(1) = 3 @mnr(n).*

Let us suppose that 7, is a simple non-zero root of P(n). Then F (5, 0,0) = 0,
det F (10, 0,0) # 0 and according to the implicit function theorem, (8) has a single
solution in a neighbourhood of the point (7, 0, 0):

n=no+ ) namiul. ®

i+kz1

All coefficients {7;,} are defined using the indefinite coefficients (IC) method. More-
over, if ny € R” and all coefficients of (1) are real, then all n;; € R". Substituting (9)

4We name the polynomial P (1) (respectively, the equation P (1) = 0) and the defining polynomial (DP)
(respectively, the defining equation (DE)) for the link L.
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into the first relation of (7) and using the second and third parts of (7), we arrive at
the SS (or real SS) of (1):

E — UOA;I/IIA;:/SZ + Z nikkifl'l'i)/slkgn'f'k)/sz' (10)
i+k>1

(When we write a'/* (s € N), we are taking into account only the arithmetic value of
</a.) Thus every simple non-zero root of the DP provides a single SS of (1) and this
solution is represented in the form of the convergent series (10).

Let 7o be a multiple root of P(n). Then assuming n = no + u in (8), we obtain
a new equation F(u, wy, t2) = 0 and the problem is reduced to obtaining the SS
of the last equation. Standardising this equation (if required) and then repeating the
same deduction as for (1’), we obtain a unique SS for every non-zero simple root of
its DP. For every multiple root the procedure is repeated. If after a finite number of
steps the process of obtaining multiple roots is stopped, then every SS of the problem,
corresponding to 7o, is represented as a convergent series for integer or fractional
non-negative powers of the parameters A, and ¢, where A, = tA] (o > 0). If the
process of obtaining the multiple roots is nonfinite, that is, when the SS is a multiple
solution, then for a scalar equation all SS also have the structure described above.
This is established in just the same way as for a scalar equation with a single small
parameter (see [1]).

From Weierstrass’ preparation theorem ([6, p. 39]) it follows that for the scalar
equation (1), the total number of non-zero SS is finite and equal to my — I (each
solution is counted as many times as its multiplicity).*> Using all links of D, and D,
and all DP, the described method gives all non-zero SS because the total number of
all non-zero roots of all DP is equal to my — I, (each root is counted according to its
multiplicity).

EXAMPLE 1. As an illustration of this method, we consider the problem for the
scalar equation

T(E, A1, Ag) = A + 2M,A 18 + AIA2E2 — 288 + 42,8° + &1
+ D LamE"AA =0, (11)

m+n>11

SOLUTION. The diagram D, is represented in Figure 1 (a). It consists of 3 links:
A, A; with slope 1, A;A, with slope 1/2 and A4A¢ with slope 0. Two points A, and
As from R, are also shown in Figure 1 (a); they belong to D,. The other part of R, is
not situated below the straight line (U) passing through points (11;0) and (0; 11). The
diagram D; is represented in Figure 1 (b). It consists of 4 links: B, B; with slope —1,

5The number Iy is equal to the multiplicity of the zero root of the DP for the left link of D,.
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FIGURE 1. The diagram for (11) (see Example 1).

B3 B, with slope 0, B,Bs with slope 1 and BsBg with slope 1/2. The diagram D, is
not standard. For standardising we use (4). For the point B, and Bs, the right side
of (4) is equal to 2; we have s, = 2. Using (6), Figures 1 (a) and (b), we define 5§ = 1.
Thus s = max(2; 1) and by the substitution A; = u,A2, (11) is standardised. Further,
we construct the diagram D, (see Figure 1 (c)). It consists of 4 links: B, B; (the slope
is equal to 1, the DP is n? + 21; + 1, its roots are —1, —1 (double root)); B;B, (the
slope is 1, the DP is —n® + 52, its non-zero roots a((,") (k=1,...,6) are the system
of all roots /1, each root is simple); B,Bs (the slope is 1, the DP is 47° — n8; the
unique non-zero root of the DP is by = 1/4 (simple)); Bs B (the slope is 1/2, the
DP is n'! + 41, the non-zero roots of this polynomial are simple, they are ¢}’ = 2i,
(2) = —2i).

We obtain for (A3As, B3 Ba), six SS: §® = af? 1A + 3,51 a8 V05,
k = 1,...,6; for (AsAq, B4Bs), one SS: g = bohs + 2 izt Dt AT for
(AsAs, 3536), two SS: £© = ¢’0,* + ¥, 1001 CORTATV2, v = 1,2, where
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)‘-l = [L]A.% .
For obtaining the SS corresponding to (A;As, B: B;), we use the substitution £ =
(v — D A;. We get the equation

V-—pl4-. =0, (12)

where the left-hand side does not include the terms of the form ak’z‘ and b)»;v (kisa
natural number). Equation (12) is standard. The diagram D, for (12) consists of a
unique link joined to the points (0; 3) and (2; 0) (the slope is 3/2); the diagram D,
also consists of one link denoted as C,C, (C,(0;0) and C,(2;0)). Both roots of the
DP for C, G, are simple and equal to 1 and —1. Equation (12) has two SS; they are of
the form

P O, (1 =1, £ = 1 k=1,2)

m+n>1

Finally, the pair of links (4,43, B, B;) provides two SS: &® = —pux,(1 — v®),
where k = 1,2, and A, = A2

3. Critical situation

If (1) is vectorial (r > 1), then the described method may not always obtain all the
SS. For example, the two-dimensional equation

©200(8) + ©300(§) + @or0r1 + @oorr2 =0, 13)

where & = (£, &), p200(§) = {3512 - 522;0}, i00(§) = {0; (§; — §2)3}, Po10 = Poo1 =
{1; 8}, has six SS. However, if we use Newton’s diagram method, we get the following.
The diagram D, for (13) consists of one link with ends (0;0) and (2;0) (pV = 0);
the diagram D, consists of a unique link AB (A(0; 1), B(2;0)) with slope 1/2. The
substitution A, = A, reduces (13) to the standard case:

@200(8) + P300(E) + Fontt1Aa + Goorhz = 0, (13)

where @o11 = @o10. The view of D, is the same as D,, but D, is a standard diagram.
The DP for AB of D, is {3n? — n? + 1;8). This polynomial is not solvable in C? and
therefore Newton’s diagram method gives nothing.

In order that the total number of SS be finite for the vectorial equation (1) and all
the SS be obtainable by using Newton’s diagram method, the following condition is
sufficient: all the fields, corresponding to the right ends of the links of D, (for all
stages of using this method), are non-degenerate in €". The above condition is a
corollary from the following theorem [2].
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THEOREM. Let
Qi(xl’"-1xn)+Qi(xl1"-’xn)=0a i=13'--yn’ (14)

be an algebraic system with complex coefficients, where Q; is a homogeneous poly-
nomial of degree n; (n; > 1) and Q; is a zero polynomial or a polynomial of degree
m; < n;. Then the following is true: if the field {Q,, ..., Q.} is non-degenerate in
C", then (14) is regular in C", that is, (14) is solvable in C" and the total number of

its solutions is finite.

The non-degenerating condition for polynomial fields in C” is also described in [2].
For (13) the sufficient condition for using Newton’s diagram method is infringed,
because the field @.09 is degenerate (the point (2, 0, 0) € Q, provides the right end of
the link AB € D,). Moreover, the DE for A B is not solvable in C2. The point of Q
providing the right end link of D is called a bad point of Q if the DE for this link is
not regular in C". In the case when Q, has bad points, we can offer two methods. The
first one is the combination of Newton's diagram method and a new method called
the method of removal of the bad corner points. The main idea is the following: if
(m, n, k) € Qis abad point, we remove it from Q and construct for the rest of Q the
diagrams D, and D,.% In this situation we use the diagram only to define the possible
exponents for the small parameters. For obtaining the coefficients of the expansion of
the SS, we use a substitution in the form

£ = nuf A5 4 x (uy, Al A5, (15)

where 7= (11, ..., 1), % = (1, ..., x,) and x (1, Ag) — 0 as (w1, Az) = (0, 0).
To illustrate this method we choose (13). The lattice for (13) is

0 ={(2,0,0),(3,0,0), (0, 1,0), (0,0, D}

We showed before that (2, 0,0) is a bad point of Q. According to this method,
we remove (2,0,0) from Q and construct the diagrams D, and D, for the lattice
{(3,0,0),(0,1,0), (0,0, 1)}: the diagram D, consists of a unique link with slope 0;
the diagram D, also consists of a unique link joining (0; 1) and (3; 0) with slope 1/3.
Using the substitution A; = u,A;, we get the standard diagram 52. The view of f)z is
the same as D,. Thus the possible exponents are 0 and 1/3.

Now, for obtaining the SS of (13), we use (15), where p; = 0and p,; = 1/3. We
get the system

—x3 + 3n? — 0} + 6n,x, — 2n,x, +3x] + A + 1,7 =0,

3 (16)
[ —m)+(x —x2)} +8+8u, =0.

$When we say “Newton's diagram” for 7, (Q) or m,(Q), we have in view only their decreasing branches.
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Passing to the limit as (i, ;) — (0, 0) in (16), we obtain the DE for »:
3f—n;=0, (m-m’+8=0. (17)

The system (17) is regular and has exactly six simple roots n = (n{’,n"), i =
1,..., 6 (only two of them are real). For obtaining x (1, A,), we substitute A, = u}
into (16) and for each root n’ obtain the system

61, x, — 209x, + 3x] —xZ2 + papta + 2 =0,

- _ (18)
302(xr — x2) + 30:(x1 — x2)* + (x; — x2)* + 8u; =0,

where 7, = n® — nY. Again using the method for each (18;), we obtain the first
term of the expressions for x. However, the roots n’ are simple and we can use the
IC method.

Consequently, the problem for (13) has exactly six SS and they have the view

o0
E=nmtu ) aufuy, Gu=pp da=p)i=1,...,6).

k+v=1

Two SS among them belong to R2.

The second method, called the NDE method, is a combination of Newton’s diagram
method for scalar equations and the method of elimination. In the case of a single
scalar small parameter it was described in [4,6]. For several small parameters the
way to obtain the SS is analogous. According to the NDE method, we get the scalar
equations for each component of the unknown variables and use Newton’s diagram
for each equation. The main difference is in the following: in the case of a single
parameter we use the classical Newton’s diagram method, in the case of several
parameters we use the method described in this article.

Note here that the necessary and sufficient condition for the general system with
a single small parameter to be regular is presented in [4,6]. In the case of several
parameters the condition is the same.

4, Case of n (n > 2) parameters

In this section, Newton’s diagram method is extended to the general case, when the
equation includes more than two small parameters. We investigate the equation

[o.o4

FE A k)= Y P A kR =0, (19)

mtky 4otk =1
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where A4, ..., A, are small parameters (n > 2), ¢, (&) is a vectorial homogeneous
polynomial of power m or a zero polynomial. Let us assume that @mo..o(§) = 0 at
m < mg and @p0..0(§) # 0. We are studying the problem about the SS £(A4, ..., A,)
of (19) for (Ay,...,A,) near (0,...,0) and near the hyperplane A, = 0 without
Ay = -+ = A, = 0. Let us denote Q@ = {(m, ky, ..., k) : Omp,.., () # 0},
Qo = {(m,kl,...,k,.) € Q tm < mo}, R; =7T,-(Qo), i=1,...,6, where m; is the
orthogonal projection of R"*! on the coordinate plane OMK;. On the plane OMK,,
we construct Newton’s diagram D; = {L" | i; = 1,...,q,} for R,. After that
we construct, on the plane OMK,, Newton’s diagram for each lattice (7, "Lmn
Qo). ih = 1,..., ;. We get a diagram D, = {L*2 | iy = 1,...,d"; i) =
1,...,a}. If D, is Newton’s diagram for the lattice R, and it has no points from
R\ U, ma(nry (L") N Qo), then,” using D, by analogy with D;, we construct the
diagram Dj; on the plane OMK;. If D, does not satisfy these conditions we first reduce
D, to D, (to Newton’s diagram without additional points), substituting A, = ;A3 (s,
is chosen according to (4) and (6), and Notes 1 and 2) and only after that we use 52
and construct D;. This procedure is continued until the diagram D, comes onto the
plane OMK,. If D, is not a standard diagram, we use the substitution A,_; = pa_1A"!
and reduce D, to the standard form. For the last diagram it is assumed that the slopes
of its links make up only a non-decreasing sequence and these links can include points
of R, with prototypes not belonging to D,_,.
For example, we consider the equation

P01 (E)AIA; + @11 (€)M A0 + 9o (E)AIAS + s101(E)A A,
+ @soot ()23 + Pr000E) + ) Gmias AFAFAY =0 (%)

m+k 211

with three parameters A, A%, A3, We get the following.

The diagram D, (Figure 2 (a)) consists of two links: A;A; with slope 1/2 and A;A¢
with slope 0. The points A,, A4 and As from R, also belong to D,. The other points
of R, are situated on the right of the line connecting the points (0; 10) and (10; 0).

The diagram D, is presented in Figure 2 (b). Using the substitution A; = uA3,
the diagram D, is reduced to Newton’s diagram D, without additional points. The
diagram D, (Figure 2 (c)) consists of three links: BB, with slope 1, B3Bs with
slope 1/2 and 55 Bg with slope 0. The other points of R, are situated on the right of
the line connecting the points (0; 30) and (10; 0).

The diagram D; is represented in Figure 2 (d). The substitution X, = u,A2 reduces
D; to the standard diagram Ds (Figure 3).

Let us suppose that D, for (19) is Newton’s diagram; D,, ... , D,_ are Newton’s
diagrams without additional points and D, is a standard diagram, that is, we have the

"We name this diagram Newton’s diagram without additional points.
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FIGURE 2. The diagrams D,, D,, D, and D for ().

standard case.® We write (19) in the form
> Gt M A+ 3 g @OAR - 2R =0, (19)
where Y’ denotes the sum of all non-zero terms which satisfy the condition:
(m,k) eL", (mk)el™ ..., (mk,)eLv "

Here L is any link of D,, L** is any link of D, corresponding to L" and etc.; at last,
L= is any link of D, corresponding to the link L""~-1, The sum }_" denotes the
sum of all other terms of (19). We assume also that r;/s; ((re, i) = 1) is the slope of
L% k=1,...,n.

Let us make the substitutions & = nui'---pupr, Ay = uy', ..., A, = p in (19).
Then the equation is reduced to the form '

P+ ) G, (Y- 2 =0,

where vy, ... , v, are non-negative numbers, v, +- - -+v,>0and P(n)= Z' Oty ()
is the DP for the link L. The further operations, reasons and conclusions are
analogous to the case of two small parameters.

Finally we can make some additional remarks.

81f not, we, at first, reduce (19) to the standard case.
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FIGURE 3. The diagram D; for ().

REMARK 1. The stated method allows us to find SS defined in a neighbour-
hood of a hypersurface A, = g(A,, ..., A,_;), where g is an analytical function
relative to A}/’", ,A,',/_’,"“, (P1,...,Ppn—1 are natural numbers) and g — O as

Ay eee s A))—> (0,...,0).

Indeed, letting A; = ub', ..., Apuy = uP, A, = g + w4 in (19), we reduce this
problem to the problem about the SS for (x4, ... , i,) defined in a neighbourhood of
the hyperplane 4, = 0.

REMARK 2. If (19) is represented by the standard case and all roots of all the
DP are simple, then all the SS of (19) are defined in some full neighbourhood of
Ap=-r=1,=0.

If the diagrams D; (i = 1, ... , k; k < n) are Newton’s diagrams without additional
points and all root of the DP are simple, then the SS are defined in a neighbourhood
of the hyperplane A; = --- = A; = 0. In this situation the number k is called the
coefficient of standardisation. This coefficient is important in some applications.
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