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Abstract

Based on a Junnila's paracompactness characterization we give a definition of pairwise paracompact
space which permits us to prove that a bitopological space is quasi-metrizable if, and only if, it is a
pairwise developable and pairwise paracompact space. An easy consequence of this result is the
biquasi-metric form of the Morita metrization theorem. We also give some results on open mappings
and strong quasi-metrics.
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1. Introduction

Throughout this paper all topologies are Tv There are several attempts to give an
adequate definition of bitopological paracompactness (see, for example, [3], [13],
[2], [8], [6]). Since every metrizable space is paracompact, it would be desirable for
all biquasi-metrizable spaces to be pairwise paracompact. By using a Junnila's
paracompactness characterization [7], we give a definition of bitopological para-
compactness which verifies the above mentioned condition. With this and a
suitable notion of bitopological development (Definitions 1, 2 and 3) we prove a
biquasi-metric analogue of a well-known theorem of Bing (a space is metrizable if,
and only if, it is paracompact and developable [1]). We deduce a biquasi-metric
similar of the Morita metrization theorem [12] as an easy corollary. We also
obtain some results referring to open mappings about these class of spaces and,
finally, we give some bitopological generalizations of theorems belonging to
Stoltenberg [14] about strongly quasi-metrizable spaces.
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234 Salvador Romaguera and Josefa Marin (2 ]

2. Quasi-metrization of pairwise developable spaces

A quasi-metric on a set A' is a mapping d from X X X into the real numbers R
satisfying for all x, y, z e A": (i) d(x, y) > 0, (ii) d{x, y) = 0 implies x = y, (iii)
d(x, y) < d(x, z) + d(z, y). The topology T(d) induced on X by d has as a base
the family of balls {Bd(x, r): x e X, r > 0} where Bd(x, r) = {y ^ X: d(x, y)
< r). Each quasi-metric d induces a conjugate quasi-metric d~l defined by
d~x(x, y) = d{y,x) for all x, y e X. The biquasi-metrization problem is to find
necessary and sufficient conditions for & = r(d) and £ = r{d~l) for some
quasi-metric d on X, where (X, £P, J ) is a bitopological space. A biquasi-metriz-
able space is a quasi-metrizable bitopological space.

In the following N will denote the set of non-negative integer numbers.

DEFINITION 1. A pair open cover in a bitopological space (X, @, J2) is a family
of pairs

(1) {(Gtt,Ha):ael]

such that
(i) for each a e / , Ga is a ^-open set and i/a is a i?-open set.

(ii) S?= [Ga: a e / } and ^T= { / / „ : « £ / } are covers of X
(iii) for each * e A" there is an a e / such that x e Ga n / / a .
In the following we will denote the pair open cover (1) in the form {'S, Jf).
Let (S?, JT) and (ST, jf") pair open covers of (A", &, 1). We say that (ST, j f ' )

refines (3F, JT) (that is, (^', 3«") < (<S, JP)) if for each pair {G'a, H£ e (^', JT')
there is a pair (G^, / ^ ) e (S?, j f ) such that Ĝ  c Ĝ  and i/^ c Hp.

DEFINITION 2. Let (^, J4?) be a pair open cover of (X, &, 2.). Let A be a
non-empty subset of X. We define

St(A,&,Jif) = \J{Ga^&: AnHa* 0}

and

5r(v4,jr,^) = U { ^ a G - ^ : ^ n G«* 0}-

If 4̂ = {x}, x G X, we write

and
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Similarly, we define

St2(x,&, Jf) = St(St(x,&, jf), 9,

and

St2(x, Jf,S?) = St(St(x,Jf,&), 3f

Then, it is obvious that

St2(x,9,sr) = \J{St(y,9,jr): y e St(

and

St2{x,3i?,y) = \J{St(y,jr,<g): y a St(x, Jf,

DEFINITION 3. A pair development in a bitopological space (X, @, M) is a
sequence {(^n,-^,): n e iV} of pair open covers of X such that, for each x G X,
{St(x,9n, 3Vn): n G TV} is a base of ̂ -neighbourhoods of x and {S?(x, Jtfn,9n):
n G TV} is a base of J-neighbourhoods of x.

If {(^n, ^ ) : n e TV} is a pair development it is easy to see that, without loss
of generality, we can take (9n+1, Jfn+1) < {&„, J^n) for each n e TV.

(X,£P,Ji!) is pairwise developable if it has a pair developement {(&„, Jf?n):
n G TV} such that (&n+1, -K+i) < (&„, J?a) for each n G TV.

REMARKS, (i) If in the above definition we put & = 2., then we have the concept
of developable topological space.

(ii) Every bitopological quasi-metrizable space is a pairwise developable space.

PROPOSITION 1. In a bitopological space (X, &, 2) are equivalent
(a) (X, 0>, SI) is pairwise developable,
(b) (A', 0>, SL) has a sequence {(&„, Ji?n): n G TV} of pair open covers such that
(i) xn G St(x, 9n, Jfn) implies that x is a ^-clusterpoint of {xn } ,

(ii) xn G St(x, Jfn, &n) implies that x is a 2-clusterpoint of {xn}.
(c) There are mappings g: TV X X -» & and h: TV X X -> 3. such that

(i) if x G h(n, yn) andxn G g(n, yn) then x is a ^-clusterpoint of {*„},
(ii) if x G g(n, yn) andxn G /I(M, _yn) /Aen x « a ^.-clusterpoint of {*„},

(iii) x G g(n, x) n h(n, x) for each x and each n.

PROOF, (a) implies (b). Let U be a ^-neighbourhood of x. There is a k G TV
such that St(x,&k,Jf?k) c [/. Then *„ G £/ for each « > A:. This proves (i).
Similarly we have (ii).

(b) implies (a). It is immediate supposing that condition (a) is not true.
(a) implies (c). It is enough to take, for each x G X and each n G TV,

g(n, x) = Ga and h(n, x) = Ha such that x e Ga n / / a and (Ga> //„) e (»„,
(c) implies (a). It is enough to take, for each HGTV, ^n = {g(«,x):

and Jfn = {A(«,x): x G X).
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In [7] Junnila obtains the following characterization of paracompactness. A
regular topological space X is paracompact if, and only if, given an open cover *&
of X, then for each x e X there is a sequence {Un(x): n e N) of neighbour-
hoods of x such that:

(i) y e Un(x) ~ x e Un(y).
(ii) if x e X there is an « e AT and a G G # with l/n

2(jc) = U{f/n(j): J e
*/„(*)} c G-

This result suggests the following definition.

DEFINITION 4. A pairwise regular bitopological space (X, &, 2.) is pairwise
paracompact if given a pair open cover (^, Jtf) oi(X, &, J ) then for each x e X
there is a sequence {t/n(x): n e A7} of ^"-neighbourhoods of x and a sequence
{Vn(x): n e N} of J-neighbourhoods of x such that

(i) y e [/„(*) « x e Fn(>>).
(ii) i f x e l there is an n e AT and a pair (Ga, Ha) e (^, JT) with f/n

2(x) c Ga

and Vn\x) c //„.
It is clear that every quasi-metrizable bitopological space is pairwise paracom-

pact.
A local quasi-uniformity on a set X is [11] a filter f o n l x l such that:

(i) A c U for each U G <&\ where A = {(*, x): x G X}.
(ii) for each x e l a n d ( / e t there is an V G r̂ such that F2(x) c C/(x).

(iii)n(t/: 1/G * } = A
If Ql is a local quasi-uniformity on X then T(<2C) = {A c X: for each x e ^

there is a f/ G <2C with {/(x) c ^} is a topology for X and ^ is called compatible
with a topology T on X provided that T = T ( ^ ) .

The following result is a biquasi-metric extension of the famous Bing metriza-
tion theorem [1].

THEOREM 1. A bitopological space {X,@>,£1) is quasi-metrizable if, and only if,
it is pairwise paracompact and pairwise developable.

PROOF. Sufficient condition. By hypothesis there is a pair development
{(»„, JTn): n<EN} such that (<3n+1, Jfn+l) < (9n, jfB) for each «eJV. Given
(S?n, Jlfn), there is, for each x G AT, a sequence (t/nm(x): me]V}of ^-neighbour-
hoods of x and a sequence {Vnm(x): m G A7 }̂ of J-neighbourhoods of x which
satisfy the conditions (i), (ii) of Definition 4. For each pair (n, m) we consider the
following subsets of A' X X:

Unm={(x,y):xeX,yeUnm(x)}

and
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T h e n , {Unm: n , m e J V } i s a base of a local quas i -uni formi ty "U o n X. I n fact,
i f x G l a n d j . t e N, there is a n e N such that St(x,^n, J fJ c l^(x) . Also
there is a m e JV and a pair (Ga, Ha) in (^n, J^) that verifies Un

2
m(x) c Ga and

vnm(x) c #« such that x(= Gan Ha. Hence:
tfn

2
m(*) <= Ga c Sf(*,<?n, j f j c i ^ ( x )

The above relation proves that T(<20 = &, too.
Similarly, { Vnm: n, m e N} is a base of a local quasi-uniformity y in X, such

that T(^" ) = .2. The condition (i) of Definition 4 allow us to conclude that
45T1 = y and applying [4, Theorem 7] or [10, Theorem 5] we have the conclu-
sion.

The necessary condition is obvious.
We deduce easily the biquasi-metric extension of the Morita metrization

theorem.

COROLLARY. A bitopological space {X,^,l) is quasi-metrizable if, and only if,
it has a pair development {(&„, ^ , ) : neN] such that for each XGX
{St2(x,&n, 3Vn): n^N] and {St2(x,Jf?n,&n): n^N) are, respectively, base of
^-neighbourhoods and base of ̂ -neighbourhoods of x.

PROOF. It is obvious that the space is pairwise developable. Let (&,Jf) be a
pair open cover of (X, &*, 3). For each x & X and for each n e N, we define:

Un{x) = St(x,9n,Xn)
and

Vn{x) = St(x,3rn,9n).
Then, it is easy to prove that the space is pairwise paracompact. Hence, by

Theorem 1, (X, @, £1) is quasi-metrizable. The converse is obvious.

3. Open mappings

Let be (X,^1^^), (Y,@1,£1) two bitopological spaces. A mapping / of
(X, 0>x, lx) onto (J, 0>2, J22) is continuous (open) if / : (X, &J -> (Y, 3>2) and / :
(X, Jx) -> (Y, 12) are continuous (open).

THEOREM 2. Let (X, ^>v J2X) be a pairwise developable space andf: (X, &x,
-» (Y,0>

2,£2)
 a continuous, open and finite to one mapping. Then (Y,@>2,J22) is

pairwise developable.

PROOF. Let {(&„, 3Pn): n e N) be a pairwise development of (X, 0>x, 3X). For
each n e N let *„' = {/(GJ: Gae9K) and JT.' = {/(i/J: H.ejf,,}. Then
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JiCny. n <= N) is a pairwise development on (Y, 0>2,12). In fact, let us
suppose that there is a y e Y and a sequence {yn} c 7 such that _yn G
Sf(j,^n', -^,'X but >> is not point of ^-cluster of {yn}. Hence, there is a
^.-neighbourhood of y, V, and a A: G iV such that ^n e (A' - F) n S^ j , S?B\ Jfn')
when n > k. For each yn there exist (Ga, #„) G (S7B, J^,), zB G Ga and xn e # a

such that f(zn) = yn, /(*„) = y. Since / is finite to one, there is an x e X, with
f(x) = y, and a subsequence {*„ } such that *„ = * for each /. Besides, x is a
^"i-cluster point of {zn_} and, because of / being continuous, y is a ^-cluster
point of {/(>„.)}, obtaining a contradiction.

If in the above theorem we put 0> = 2. one has a result of Gittings [5].
A mapping / : X -» 7 is called A>to one if for each y e Y, f~l(y) consists of

exactly k points in X.

THEOREM 3. Let {X,^^!^ be a pairwise paracompact space and / :
(X, 0>x, 3.x) -* (Y, 0*2, £>2) a continuous, open and k-to one mapping. Then
(Y, 0*2, 2.2) is pairwise paracompact.

PROOF. Let {sf, $)) = {(Aa, Ba): a e / } be a pair open cover in (Y, P2, Q2).
T h e n ( ^ , Jt?) = {(f~\Aa),f-\Ba)): a e / } is a pair open cover in (X, 0>x, £{).
For each y e Y let f~\y)= {xv...,xk}. For each i = l,...,k, there is a
sequence (f/n(x;): n G N) of ^-neighbourhoods of x, and a sequence (Fn(x,):
n 6 Af) of ^j-neighbourhoods of x, which satisfy the conditions (i), (ii) of
Definition 4. Now, let

u;(y)=hf(un(xl)),

It is immediate to prove that z e Un'(y) <=> _y G V^(Z).

We have now an .x, G A" such that f(xj) = y. There is an n G JV and a pair
( / - H ^ X r H i U ) with UK

2(xj) c r\Aa) and Fn
2(^) c / ^ ( ^ J . Hence,

nf=1/(f/n
2(x,)) c /(f/n

2(x7)) c yla and nf=1/(Fn
2(x,)) c /(Fn

2(xy)) c Ba. Since /
is A:-to one we deduce easily that UJ2(y) c nf_!/(t/n

2(x,)) and Fn'
2(_v)c

n ^ / X F ^ x , ) ) . Finally, since pairwise regularity is preserved by means of k-to
one continuous open mappings we have the result.

We have, as an immediate consequence of Theorems 1, 2 and 3.
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COROLLARY. Let (X, @x, J x ) be a quasi-metrizable space, andf: (X, &x, £x) -*
(Y,&>

2,Jt>2) a continuous, open and k-to one mapping. Then (Y,0>
1,3,1

S) is
quasi-metrizable.

4. Strong quasi-metrics

Strong quasi-metric spaces defined by Stoltenberg [14], and studied with detail
by Kiinzi [9], [10], are a class of developable spaces [14, Theorem 3.1]. In the
bitopological case, we have

DEFINITION 5. A bitopological space (X,£P,J2) is pairwise strongly quasi-
metrizable if there are two quasi-metrics on X, d and d', such that 9= r(d) c
rid''1) and 2. = r(d') c -rid'1).

Note that if & = 3. we obtain the definition of strongly quasi-metrizable
topological space.

PROPOSITION 2. Every pairwise strongly quasi-metrizable space (X,^,M) is
pairwise developable.

PROOF. Let d and d' quasi-metrics on X such that 0>= r(d) a r(d'~l) and
J = r(d') c rid1). For each n e N let

Vn= {Bd{x,2~»): x G X)

and

We see that {(&„, J^n): n e N) is a pair development. In fact, let x e X and
let U be a ^-neighbourhood of x. There are m,n & N with m — 1 > n such that

*rf<-i(*,2-m) c ^(^,2"<"+1>) c Bd(x,2-) c [/.

Then, S/(x,^m,Jfm) = \J{Bd(y,2-m): x e ^.(^,2-™)} c U because if /, e
^ ( ^ , 2~m) and x G 5rf-(y, 2~m) we have rf(x, p)<2~" and, hence, /> e U.

Similarly we deduce that {St(x, 3^n,^n): n e N} is base of J-neighbourhoods
of*.

Stoltenberg proves in [14] that a topological space is metrizable if, and only if,
it is paracompact and strongly quasi-metrizable. In this direction we obtain

THEOREM 4. A space (X,^,3) is quasi-metrizable if, and only if, it is pairwise
paracompact and pairwise strongly quasi-metrizable.
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P R O O F . For the sufficient condition apply Theorem 1 and Proposition 2. The

necessary condition is obtained doing d' = d'1 when T ( d ) = 9 and v{d~l) = 2.

The proof of the following elementary remark is omitted.

LEMMA. A bitopological space (X, <?,£>) is pairwise developable if, and only if,
there are mappings g: N X X -» 9* and h: N X X -» 2 such that

(i)ifxeh(n,yn)andxneg(n,yn) then {*„} ^-converges to x,
(ii) //x e g(n, yn) andxn e h(n, yn) then [xn] 2-converges to x,

(iii) x e g(n, x) n h(n, x) for each x and each n.

The following is a definition due to R. E. Hodel.
A topological space (X, &) is a y-space if there exists a mapping g: N X X -> 01

such that if xn e g(«, _yn) and >>„ e g(n,x) then JC is a ^-cluster point of {xn}.
A bitopological space (X, 0>, J ) is a bi-y space if (X,&>) and (X, J ) are

y-spaces. Given a bitopological space {X,@>,£1) @>\l 2. denotes the supremum
topology of & and 2.

In [10] Kiinzi proves that a topological space is strongly quasi-metrizable if it is
developable and y. Here we have

THEOREM5. Let (X,^,2) be a pairwise developable bi-y space, then (X,@ V 2)
is strongly quasi-metrizable.

PROOF. Applying the above lemma it is easy to see that (X,&v£) is a
developable space. Also it is clear that ( I , ^ V i ) is a y-space. The Kiinzi
theorem concludes the proof.

5. Additional remarks

The relation and differences between several notions of bitopological para-
compactness, which appear in the literature, and the Definition 4 is clear. If
(X, @, 2) is pairwise Hausdorff and pairwise paracompact, in the sense of [2], [3]
or [13], then & = 2 and, obviously, (X, 0>, 2) satisfies Definition 4. On the other
hand, if (X, @, 2) is quasi-metrizable with & ¥= 2, then this space satisfies the
Definition 4 but it is not pairwise paracompact in the sense of [2], [3] or [13].

The referee has noticed to the authors the existence of a new definition of
bitopological paracompactness due to T. G. Raghavan and I. L. Reilly in 'A new
bitopological paracompactness' (to appear): a bitopological space (X, 0>, 2) is
S-pairwise paracompact if every open cover of X by sets in @(2) has a
& V ^-locally finite refinement by sets in 0* V 2. It is clear that every bitopologi-
cal quasi-metrizable space is 5-pairwise paracompact, however we don't know the
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relationship between this concept of bitopological paracompactness and the our
one.

After this paper had been submitted for publication, L. M. Brown informed the
authors that the notion of pairwise developable space also appears, in terms of
dual covers, in his paper 'A topic in the theory of bitopological spaces' (Karade-
miz Univ. Math. J. 5 (1982), 142-149). It is easy to see the equivalence between
Brown's definition and our definition of pairwise developable space.

The authors would like to thank Professor Brown for his cooperation and his
information about this work. We are also grateful for the suggestions of the
referee.
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