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A NOTE ON DUBINS' THEOREM 

BY 

GUTTI JOGESH BABU 

ABSTRACT. Let p be the space of probability measures on a compact 
Hausdorff space. Recently Dubins has characterized the continuous funci-
tons on/? using operator theory. We shall prove the same using probabilistic 
arguments. 

Let K be a compact Hausdorff space. Let/7 be the space of probability measures, on the 
Baire a-field of K, with the topology given by the weak convergence. Recently Dubins 
(1983) has shown that for every continuous function g on p, there exists a continuous 
function/ on K°° such that g(P) = Jf dP°°, where P°° denotes the countably infinite 
product of P with itself. He uses operator theoretic methods to prove the result. We shall 
give a purely probabilistic proof based on Bernstein polynomial approximation. Du
bins' proof is divided into two parts. We shall prove his Theorem 1 using probabilistic 
arguments. His Theorem 2 involves straightforward computation of certain limits. For 
completeness, the proof of Dubins' Lemma 1, which essentially establishes his Theo
rem 2 is reproduced here, modulo a translation of notation, as part of the proof of the 
corollary. Let x = (x\,X2,.. •) denote a point in K°° and let Dn(x) denote the probability 
measure which puts weights £ atx\,...,xn. 

THEOREM. (Dubins' Theorem I). Let g be a continuous function on p. Then 
J g(Dn(x)) dP°° converges uniformly to g(P) on p. 

PROOF. Fix an e > 0. As p is compact, |g(P)\ < M for all P in /?, for some M > 0. 
Since g is continuous, for each P in /?, there exists an open set U(P) such that | g(P) — 
g(Q)\ < e for all Q in U(P). Without loss of generality we can take 

U(P) = {Q:\Jhid(P-Q)\<2£(P), i= 1,...,*}, 

where h\,..., hk are continuous functions on K satisfying | hi| < 1 for / = 1, . . . , k and 
6(P)> O.Let 

V(P) - {Q: \fhid(P-Q)\ < S(P), i ' = l , . . . , * } . 

As p is compact and since { V(P): P G p} is an open cover of p, there exist P\,...,Pr 

such that Uj=i V(Pj) D p. Let { htj : / = 1, . . . , kj, j = 1, . . . , r} be continuous functions 
on K such that |hy\ < 1 and 

V(Pj) = {Q: \Jhijd(Pj - G)| < 6(Pj) i = I , . . . ,* , -} . 
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Let S = min{ S (P\ ) , . . . , S (Pr)} and k = kx + • • • + kr. Now if P e V(Pjl then 

\fg(P)-fg{Dn{x)dPGG\ < f \g{P)-g{Dn{x))\dP°° 
\J J I J U\rj ) 

(1) + f \g(P)-g(Dn(x))\dP°° 
Jp-U(Pj) 

<2e+ 2MP°°(Dn(x) £ U(Pj)). 

Since P is in V(Pj), | J A,yJ(P - Py)| < « (Py) and since { hij(xs) : s = 1,...,«} are i.i.d. 
random variables under P°°, it follows that 

P°°{Dn(x) £ U(Pj)) < P°°(U(| - E hij(*s) ~ (h» dP\) > 6)) 
K i J n s=l J 7 

(2) < * max P°°(\ - J2 hij{xs) - j htj dP\ > S) 
V - n s=x 

< kS~2n~l maxVarP(hij) 

<4M~V1. 

From (1) and (2) we have 

Urn sup sup | g ( P ) - [g(Dn(x)) dP°°\ <2e. 
n^oo Pep 

The result now follows as e > 0 is arbitrary. Another proof using functional analytic 
techniques was given by B. V. Rao and S. C. Bagchi. 

COROLLARY. For every continuous function g onp, there exists a continuous function 
f on K°° such that 

g(P) = jfdP°°. 

PROOF. For any continuous funciton g on p, let 

\\g\\ = suv{\g{P)\ : P ep}. 

For any contiuous/ on K°° and P G p, let 

Tf(P) = jfdP°°. 

Let/„ be a sequence of continuous functions defined on K°° recursively by/0 = 0 and 

fn+l =fn+(g-Tfn)(Dm), 

where m = m(g, n) is minimal with the property 

g(P) - Tfn(P) - j(g - Tfn)(Dm) dP°°\ <h\g~ Tfn\\. (3) sup 
Pep 
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Such an m exists in view of the theorem. Note that for any continuous function g on p 
and a positive integer r, 

(4) sup \g(Dr(x)\ < M 

sup |/„+i(x)-/n(x)| = sup \(g - Tfn)(Dm)(x)\ 
X<EK°° X<EK°° 

Clearly by (4) we have 

(5) 
X<EK°° 

<ll*-r/n||. 

Further by (3) 

||« - 7Jf„|| = sup \g(P) - Tfn-i(F) - fig - Tfn^)(Dm(g,n-U) dP° 
Pep J 

(6) 

<2ll«-T/»-ill 

<^||g-r/B_2|| 

l 
j g(DnHg,0)) dPa 

From (5) and (6) it follows that/„ is a Cauchy sequence of continuous functions on Ka 

in uniform norm. So the sequence {/„} has a limit, say/. Clearly 

\ff dP°° - g(P)\ < | / ( f - / „ ) dP°°\ + | | / „ dP°° - g(P) 

< sup \(f-fnyte)\ + h\g\\ 
xeK°° * 

as n —» oo. This establishes the corollary. 
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