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ON NUMBERS WHICH ARE DIFFERENCES OF TWO
CONJUGATES OF AN ALGEBRAIC INTEGER

ARTURAS DUBICKAS

We investigate which numbers are expressible as differences of two conjugate alge-
braic integers. Our first main result shows that a cubic, whose minimal polynomial
over the field of rational numbers has the form x3 +px + q, can be written in such
a way if p is divisible by 9. We also prove that every root of an integer is a differ-
ence of two conjugate algebraic integers, and, more generally, so is every algebraic
integer whose minimal polynomial is of the form f{xe) with an integer e > 2.

1. INTRODUCTION

Let if be a number field, that is, a finite extension of the field of rational numbers
Q, and let TLK be its ring of integers. (Recall that a € 1>K if and only if a e K and
its minimal polynomial over <Q>, whose leading coefficient is equal to 1, has all other
coefficients lying in the ring of integers Z.) Assume that 0 is an algebraic number of
degree d over the field K with conjugates 0i — 0,p2,- • • ,Pd-

QUESTION 1. Which numbers P can be written as a difference a —a' of two conjugates
over K of an algebraic integer?

Recall that a is an algebraic integer if its minimal polynomial over Q, whose
leading coefficient is equal to 1, has all other coefficients lying in the ring Z . Then its
minimal polynomial over K, whose leading coefficient is 1, has all other coefficients in
the ring TLK • Clearly, such /3 itself must be an algebraic integer. Furthermore, 0 must
be expressible as a difference of two conjugates over K of an algebraic number.

The set of numbers which are differences of two conjugates over K was stud-
ied by the author and Smyth in [3]. It was shown that 0 — a — a' with some
a and a' conjugate over K if and only if there is an automorphism a in the Ga-

n- l
lois group of K(Pi,...,Pd)/K of order n such that J2a*W) — 0- Then, setting

n- l »=0
a — J2 (n ~ i ~ l)0"*^)/71) w e indeed have 0 = a - a(a). (Compare with Hubert's

i=0
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Theorem 90 in its additive form. See, for example, [4] or [5, Chapter VIII, Section 6].)

This implies that 0 can only be expressible as above if its trace over K, namely, the

sum of all its conjugates over K is 0.

Of course, the answer to Question 1 depends on K. For example, \/2 is not ex-

pressible as a difference of two conjugates over Q(\/2) of an algebraic number. However

it is a difference of two conjugates over Q of an algebraic integer, say, a = (-\/6 + \/2)/2

and a ' = ( N / 6 - \ /2) /2 .

QUESTION 2. Is every algebraic integer which is expressible as a difference of two con-

jugates over K of an algebraic number also expressible as a difference of two conjugates

over K of an algebraic integer?

The positive answer to Question 2 would immediately imply the following answer

to Question 1: those 0 which are algebraic integers and which are differences of two

conjugates over K of an algebraic number (the latter ones were described above).

2. RESULTS

For 0 of degree at most 3, the condition on its trace is not only necessary, but also
sufficient (see [3]). It follows that every 0 of trace zero over K and of degree at most
3 over K is & difference of two conjugates over K. For d = 1, only 0 = 0 is of trace
zero, and it is a difference of two zeroes. We begin with the following simple result.

OBSERVATION . Given a number Reid K, suppose that 0 is an algebraic integer

and —0 is its conjugate over K, Then 0 can be written as a difference of two conjugates

over K of an algebraic integer.

PROOF: Let 0 be of degree d over K, Choose m E Z such that a = 0/2 +

(0/2)2 - m is of degree 2d over K. Then a is an algebraic integer, since so is 0.

Also, -0/2 + u(0/2)2 - m is conjugate to a over K. Their difference is 0 which

completes the proof. D

The answers to the above questions for quadratic numbers now follow, since every

quadratic number 0 of trace 0 has —0 as its other conjugate.

COROLLARY 1. For every number Geld K, a quadratic over K algebraic integer

0. whose minimal polynomial over K is x2 +px + q, can be written as a difference of

two conjugates over K of an algebraic integer if and only if p = 0.

If, for instance, K — Q and 0 — \/2, then, choosing m = — 1, we have the above
example with a = (\/6 + -\/2)/2 being the root of the irreducible over Q polynomial
x4 — 4x2 + 1. Can the real cubic root of 2 be expressed in a similar way?

Before we answer this question, consider the simplest case of cubics which are

expressible as- differences of conjugate algebraic integers. Let 0 be a cubic algebraic
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integer over a number field K of trace 0 with minimal polynomial x3 + px + q over K.

Here, p,q 6 %K < a n d so does the discriminant of (3,

A = ((/3i - &)(/?! - &)(& - &))2 = -4p3 - 27q2.

Set 7 = 7i = P\ - f33. It has at least two other conjugates over K, 72 = /?2 - ft
and 73 = p3 — p2, since the Galois group of K(Pi,p2<P3)/K contains the 3-cycle
(123). Clearly, every such /3 of trace 0 is expressible as a - a' with algebraic integers
a = Ti/3 and a' — 72/3 conjugate over K provided that 7/3 g "LK- The minimal
polynomial for 7/3 over K is either x3 + par/3 - ^/27, if £ = 717273 = \/A g if,
or (x3 +px/3)2 - A/729, if £ = \/A g X. In both cases, 7/3 € ZK if and only if
A/729 g ZK.

The discriminant of the polynomial x3 - 2 is equal to 108. It is not divisible by
729. Nevertheless, 21/3 is a difference of two conjugate integers, even units. One can
check that 21/3 is a difference of two roots of an irreducible over Q polynomial

z18 - 6z15 + 7x12 + 4z9 + 115x6 + 2z3 + 1.

This shows that the construction of a might be nontrivial even'for cubic /3. We now
are in the position to state the main results of this paper. Below, A = -4p3 - 27q2.

THEOREM 1 . Let K be a number Geld, and let (3 be a cubic algebraic integer

over K whose minimal polynomial over K is x3 +px + q. If p /9 € TLK , then ft can be

written as a difference of two conjugates over K of an algebraic integer. Furthermore,

the iatter number can be chosen to be of degree 9, if \ /A g K, and 18 otherwise.

Note that v ^ € if if the Galois group of K(fa, /?2,/?3)/K is cyclic (of order 3),
and \fK £ K, if the Galois group is 53 (of order 6).

THEOREM 2 . Let K be a number Geld, and let e > 2 be an integer. Assume

that 0 is an algebraic integer whose minimal polynomial over K is of the form f{xe),

where f(x) € 1IK\X\ . Then ft can be written as a difference of two conjugates over K

of an algebraic integer.

In particular, if xe — q, where e J2 2, is irreducible over Q, then qlle is a difference
of conjugate algebraic integers. (The conditions on q g K under which the polynomial
xe - q is irreducible over an arbitrary field K can be found in [5, Chapter VIII, Section
9].)

COROLLARY 2 . If O 2 is a positive integer, q g Z and q1/e has degree e over

Q, then qlle can be written as a difference of two conjugates over Q of an algebraic

integer.
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3. P R O O F O F T H E O R E M 1

Let 7 = 7i = 0\ — 03 be as in Section 2. Since 7i + 73 + 73 = 0,

7i72 + 7i73 + 7273 = 3 ( f t f t + A/83 + &#$) = 3p,

and 7i7273 = I = \ / A , we deduce tha t 7 is a root of x3 + 2>px — £ = 0. The idea of the
proof is to look at the action of the group G of the Galois extension K(0i,02,03)/K

on the number

The Galois group G is cyclic if and only if t € ZK • Then 7 is of degree 3 over
K. Otherwise, G is S3 and 7 is of degree 6 over K. Choose m € Z such that a is
of degree 9 or 18 over K, respectively. Clearly, a' = -y2/3 + (m — ^/27)1 / ' 3 is among
the conjugates of a over K, so tha t a - a' = ( A - /33 - /32 + /3i)/3 = fii = 0. Since
£ = 7 3 + 3p7 , the minimal polynomial of a over if (7) is

x3 - -yx2 + 7 2 x / 3 + P7 /9 - m.

Thus a is an algebraic integer if 7 2 / 3 is an algebraic integer and, in addition to this,

p/9 € 1>K • We shall show that the second condition automatically implies the first one.

Note the minimal polynomial of 7 ? /3 over K is

x3 + 2px2 + p2x - A/27 .

Indeed, this follows from the equality A = I2 = (-y3 + Zjr/f = 27(-y2/3 +p)2{j2/3)

and from the fact tha t the numbers j2,72,73 are distinct. (Clearly, 71 ^ - 7 2 . Also,
7i ^ 72, since, by [6, Lemma 1], the equality 2/3i = 02 + 03 is impossible.) Notice that
A / 2 7 = - 1 0 8 ( p / 9 ) 3 - q2 £ ZK, because p / 9 and q are both in ZK. This completes
the proof, since the condition p / 9 E TLK implies that 7 2 / 3 is an algebraic integer.

R E M A R K . Formally, Lemma 5 of [6] is given for K = Q only, but the argument (map
to the largest conjugate) remains the same for every K which is a subfield of the
field of complex numbers, including number fields. More generally, the equality q\0i

= 92^2 + • • -Qn0n with distinct algebraic numbers 0i,...,0n, n ^ 3 , conjugate over
an arbitrary field K of characteristic 0 is impossible, if qi,... ,qn are nonzero integers
such tha t |<?i| > |̂ 21 + • • • + |<7n|- See [2, Theorem 4], where such an argument could
not be used, and thus an algebraic proof was given.

4. P R O O F O F T H E O R E M 2

If e is even, then the theorem follows immediately, by our observation. Assume

that e is divisible by an odd prime P. Let £ be the primitive P t h root of unity. We
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shall show first that there is a a <E G = G{K{0±,.. .,(3d)/K) such that a(0) = 0e and

Indeed, take an arbitrary o\ 6 G which maps 0 to its conjugate 0e. Assume that

<Ti(e) = ee, where 1 < (. ^ P — 1. Let j be the smallest positive integer such that

# = l ( m o d P ) . Then a{ maps 0 to /fe^"1"1^"1 and e to e. It follows that we can take

a to be a power of a\, if ( ^ P — 1. The alternative case, f = P — 1, can only happen

for P > 3. Consider an automorphism 02 € G which maps (5 to its other conjugate

0e2. If now <r2(e) = es with s in the range 1 < s < P — 1, then we can apply the

above argument. Alternatively, CT2(e) = ep~1, but then the automorphism a i a 2 maps

(3 to I3ep~l and e to £. Clearly, there is a power of <J\O2, which maps (3 to 0e and e

to e.

Set

7 = 7i = P(P ~ 1 + ( P - 2)e + (P - 3)e2 + • • • + e p - 2 ) = P/3/( l - e),

and 7J = cr%{iy) — je%~x for i = 2 , 3 , . . . , P . Now, 7 i , . . . , 7 p , are all roots of the

polynomial xp - (P/3/(l - e)) . Assume that 7 is of degree D over K. We choose

m £ Z in such a way that

is of degree PD over K. Then, as above, a' = 7 2 / P + (m — (/y/P)P) is conjugate
to a over K and a — a' — (7 — < T ( 7 ) ) / P = 0, using 7 / P = 0/(1 - e). Also, a is a
root of the polynomial

P-i p \i fP\
i—1) ( ) ( • ) • ' ' ^ — rr*"

It remains to prove that a is an algebraic integer. Clearly, so are 0 and m G Z.
Since every binomial coefficient is divisible by P , it suffices to show that P/( l — e)1 is
an algebraic integer for every j — 1, . . . , P — 1. This will be the case if P/( l — e) ~

is an algebraic integer, because so is 1 — e and its natural powers. The product of the
conjugates of P/(l
{\-e)P~l/P isai
of the polynomial

conjugates of P / ( l - e) l over Q is equal 1, thus, equivalently, it suffices to show that

(1 — e) ~ /P is an algebraic integer. This is exactly the case, because the coefficients

P-2

are all divisible by P (check this for j even and odd)! Since h(e)/P — (1 — e) ~1/P,

and e itself is an algebraic integer, the proof is completed.
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5. SIMILAR QUESTIONS

It is somewhat surprising that both questions are very easy to answer if we replace
the word "difference" by one of the words "sum" or "product". In fact, every algebraic
number (3 is a sum of two distinct conjugates a and a' over K. (Just take them both
as roots of an irreducible over K(0) polynomial x2 - fix + m with nonzero m 6 Z.)
Similarly, by taking a and a' as roots of some irreducible over K(f3) polynomial
x2 + mx + (3, where m € TL, we see that every nonzero algebraic number 0 is a product
of two distinct conjugates a and a' over K, whereas zero is only expressible as the
product of two zeroes (see also [1, Section 3]). In both cases, we can positively answer
to the second question, because the numbers a and a' are algebraic integers provided
that so is p.

With the word "difference" being replaced by the word "quotient", it was shown in
[3] that a nonzero {3 is equal to a /a ' with some a and a' conjugate over K if and only
if there is an automorphism a in the Galois group of K(fii,... ,PJ)/K of order n such

n - l
that Y\ a% (0) ls a r o o t °f unity. Every such (3 is also a quotient of two conjugates over

t=0

K of an algebraic integer. (Just write /3 = a/a' = (ma)/(ma') with some nonzero
m € Z such that ma is an algebraic integer.) In order to ask the "right" questions
for the "quotient" case, we replace the words "algebraic integer" by the word "unit".
Recall that (3 is a unit if both 0 and 1//3 are algebraic integers.

QUESTION 1'. Which numbers 0 can be written as a quotient a/a' of two conjugates
over K of a unit?

QUESTION 2 ' . Is every unit which is expressible as a quotient of two conjugates over
K of an algebraic number also expressible as a quotient of two conjugates over K of a
unit?

The answer to Question 2' is positive. This follows from the next theorem which
also answers Question 1', because /? which are quotients of two units are units them-
selves.

THEOREM 3 . Given a number field K, a unit /3 is expressible as a quotient of
two conjugates over K ofa unit if and only if there is an automorphism a in the Galois

n - l
group of the normal extension of K((3) over K of order n such that Yl al(P) 1S a root

, .A • : = o

of unity.
PROOF: The necessity of the condition follows from [3, Theorem 1.1]. In order to

prove that the condition is also sufficient, we set
n-l

i-i-l7=n (*
t = 0
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n- l

Then 7/(7(7) = 0n/9, where 9 = Yl al(f3) is a root of unity. Among the conjugates
»=o

of 7 1 / " over K there is at least one number of the form pcrif) , where pn = 1. We
have that 71/n/(p< J(7) ) = V-0, where fi is a root of unity. Furthermore, 7*/" is a
unit, since so is /?. It suffices to show that, given arbitrary, say ^th, root of unity fj,

and a unit f3, which is a quotient of two conjugate over K units a and a ' , the number
H0 is also expressible by a similar quotient.

Set 8 = aw, where w = (m + Vm2 — l ) . As in [3, Lemma 3.1], given arbitrary
extension of K, say L, which contains the numbers a and a1, there is an ro € Z
such that a and a' are conjugate over K(u>) and the degree of w over L is 21 (or,
equivalently, the polynomial l-2mxe + x2t is irreducible over L). Let L be the normal
closure of K(a,ne) over if. Here, m is the primitive ^th root of unity. Note that
L(w) is the Galois extension over L and so it is over K, because L/K is normal. Then
there is an automorphism a of the Galois group of L(ui)/K such that a(a) = a! and
cr(ai) = H~1UJ. (We can take CT as a composition of an automorphism taking u tow
and a to a ' and an automorphism fixing L and taking ui to fj.~1cj.) It follows that 5

and <T(<5) are conjugate over K, and

a{8) o/iirlu a7 ^ '

Moreover, 5 = aui is a unit, because so are a and w. D

6. SPECULATIONS CONCERNING POSSIBLE GENERALISATION

Let a be an automorphism in the Galois group of K(/3i,... ,(3d)/K which maps
(01,02, •••&) to (/?„,/?!, . . . , /?n_i), where /?i+ • • • + / ? „ = 0, and every # with i > n
to some Pj with j = j(z) > n . We know that only such /3 are differences of two
conjugates over K of an algebraic number. Setting

7 = (n - l)/?i + (n - 2)/% + • • • + /?„_!,

we can simply choose a = 7/ra and a ' = (j(a) in order that a - a ' = /3. Clearly,
a already is an algebraic integer if so is 7 /n . If a is not an algebraic integer, we
can still obtain one from it by adding another algebraic number 5 so that a + 6 is an
algebraic integer and Na n Ng = K. (Given a field K and an algebraic number a,
by NQ we denote the normal extension of K(a) over K.) This would immediately
imply the positive answer to Question 2. Indeed, setting G\ and G2 for the Galois
groups of Na/K and Ns/K, respectively, we have that the Galois group of NaNs/K is
d x G2 (see [5, Chapter VIII, Section 1]). In case if K = Q and a = y/T/2, we took
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5 — \ / 3 / 2 . Then, the respective normal extensions are Na = Q ( \ / 2 ) , N& = Q(\/6)

whose intersection is Q( \ /2) nQ>(\/6) = Q.

However this is, in general, impossible. On applying the automorphisms which map

a to their conjugates and S to itself, we conclude that all differences between conjugates

of a must be algebraic integers. In case if K = Q and 0i = 2 1 / 3 , 02 = 2ll2e,

03 = 2 1 / 3 c 2 , where e is the complex root of e3 = 1, the Galois group of Np/Q is

53 . The difference between a = (2/?i + /?2)/3 and its conjugate (2/̂ 2 + /9i)/3 is not an

algebraic integer, so that, in principle, it is impossible choose S, as required. We still

managed to show that 2 1 / 3 is a difference of two conjugate algebraic integers, using

5 = ( l - 2 ( e - e2) /9) such that a + 5 is an algebraic integer and NanNs = Q(\/^3)

is not too big.

The method described in Sections 3 and 4 can be generalised to algebraic numbers

of arbitrary degree. If say /3 is of degree d = 4, and the 4-cycle (1234) belongs to the

Galois group of Np/K, we can set 7 = 7! = Zf5x+2fi2 + p3 and, using 71-I 1-74 = 0 ,

compute r',p' and q' such that 7 1 , . . .,74 are all roots of the polynomial xA + r'x2

+ p'x + q'. Here, r',p',q' depend on the coefficients r,p, q of the minimal polynomial

for 0, say x4 + rx2 + px + q. Setting

a = 7 /4 + (m - g'/256)1/4

with appropriate m G Z, we see that /? is a difference of a and its conjugate

a' = 72/4 + (m — g ' /256) 1 ' 4 . Now, a is a root of the polynomial

x4 - 7X3 + 3 7 V / 8 - 73x/16 - m - (r '72 + p'-y)/2b6.

It is not difficult to see that we shall get some advantage by demanding that 3j2/8,

73/16 and (r '72 + p ' 7 ) / 2 5 6 are all algebraic integers compared to the trivial method
(in which we ask the number 7 /4 to be an algebraic integer). This is however too
technical for this paper.

At first glance, it may seem that the condition p/9 6 2IK may be easily replaced by
the weaker condition p /3 € "LK • A cubic which is the root of the polynomial x3+px+q,
by the Cardano formulae, is equal to say £ + w, where

£3 = -q/2 + v V / 2 7 + g2/4, w3 = -q/2 -r s/p3/27 + g2/4.

Both C and w are roots of the equation x6 +qx3 - (p/3)3 = 0. Assume, for simplicity,

that the polynomial x6 + qx3 — (p/3)3 is irreducible over K. If p /3 6 %K , then C and

UJ are both algebraic integers. Furthermore, by Theorem 2, C, — a-a1 and ui = 7 - 7 ' ,

where a and 7 are algebraic integers, a and a' are conjugate over K (and so are 7 and

7 ' ) . Assume that L = K[e, v / p 3 /27 + <72/4 j is of maximal degree 4 over K. Then,
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as in Theorem 2, a and 7 can be chosen to be of degree 9 over L, and thus of degree
36 over K. Clearly, a + 7 and a' + 7 ' are conjugate over K if they are of maximal
degree 324 over K. However, if a and 7 are chosen as in Theorem 2, the degree of
a + 7 is only 108 (which is too small)! One has to be cautious in constructing examples
via sums: for instance, \/2 + v^6 and \ /3 are both differences of two conjugates over Q
of algebraic integers (see Section 1 and Observation), but their sum, \f2 + y/3+ y/6, is
not expressible by a difference of two conjugates over Q (see [3]).
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