BuLL. AUSTRAL. MATH. Soc. 11r04, 11R16, 11R21, 11R32
VoL. 65 (2002) [439-447]

ON NUMBERS WHICH ARE DIFFERENCES OF TWO
CONJUGATES OF AN ALGEBRAIC INTEGER

ARTURAS DUBICKAS

We investigate which numbers are expressible as differences of two conjugate alge-
braic integers. Our first main result shows that a cubic, whose minimal polynomial
over the field of rational numbers has the form z3 + pz + ¢, can be written in such
a way if p is divisible by 9. We also prove that every root of an integer is a differ-
ence of two conjugate algebraic integers, and, more generally, so is every algebraic
integer whose minimal polynomial is of the form f(z°®) with an integer e » 2.

1. INTRODUCTION

Let K be a number field, that is, a finite extension of the field of rational numbers
Q. and let Zg be its ring of integers. (Recall that a € Zx if and only if @ € K and
its minimal polynomial over @, whose leading coefficient is equal to 1, has all other
coefficients lying in the ring of integers Z.) Assume that § is an algebraic number of
degree d over the field K with conjugates 8; = 3,8s,...,084-

QUESTION 1. Which numbers 3 can be written as a difference a—a’ of two conjugates
over K of an algebraic integer?

Recall that « is an algebraic integer if its minimal polynomial over Q, whose
leading coefficient is equal to 1, has all other coefficients lying in the ring Z. Then its
minimal polynomial over K, whose leading coefficient is 1, has all other coefficients in
the ring Zg . Clearly, such § itself must be an algebraic integer. Furthermore, 8 must
be expressible as a difference of two conjugates over K of an algebraic number.

The set of numbers which are differences of two conjugates over K was stud-
ied by the author and Smyth in [3]. It was shown that § = a — o’ with some
« and o' conjugate over K if and only if there is an automorphism ¢ in the Ga-
lois group of K(Bi,...,0B4)/K of order n such that 'TZ:a‘(ﬁ) = 0. Then, setting

n—1 i=

a= Y (n-i-1)0*(B)/n, we indeed have B = a — o(a). (Compare with Hilbert’s

=0
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Theorem 90 in its additive form. See, for example, (4] or [5, Chapter VIII, Section 6].)
This implies that § can only be expressible as above if its trace over K, namely, the
sum of all its conjugates over K is 0.

Of course, the answer to Question 1 depends on K. For example, v/2 is not ex-
pressible as a difference of two conjugates over Q(\/f) of an algebraic number. However
it is a difference of two conjugates over Q of an algebraic integer, say, a = (\/6 + \/5) /2

and o = (V6 - Vv2)/2.

QUESTION 2. Is every algebraic integer which is expressible as a difference of two con-
jugates over K of an algebraic number also expressible as a difference of two conjugates
over K of an algebraic integer?

The positive answer to Question 2 would immediately imply the following answer
to Question 1: those § which are algebraic integers and which are differences of two
conjugates over K of an algebraic number (the latter ones were described above).

2. REsuLTS

For B of degree at most 3, the condition on its trace is not only necessary, but also
sufficient (see [3]). It follows that every 3 of trace zero over K and of degree at most
3 over K is a difference of two conjugates over K. For d = 1, only # = 0 is of trace
zero, and it is a difference of two zeroes. We begin with the following simple result.

OBSERVATION. Given a number field K, suppose that (3 is an algebraic integer
and —[3 is its conjugate over K. Then f can be written as a difference of two conjugates
over K of an algebraic integer.

ProoF: Let 3 be of degree d over K. Choose m € Z such that o« = 8/2 +

(3/2)* — m is of degree 2d over K. Then « is an algebraic integer, since so is .

Also, —f3/2 + / (ﬁ/Z)2 —m is conjugate to a over K. Their difference is § which
completes the proof. 1]

The answers to the above questions for quadratic numbers now follow, since every
quadratic number § of trace 0 has —f as its other conjugate.

COROLLARY 1. For every number field K, a quadratic over K algebraic integer
3. whose minimal polynomial over K is 2% + pz + q, can be written as a difference of
two conjugates over K of an algebraic integer if and only if p = 0.

If, for instance, K = Q and 8 = V2, then, choosing m = —1, we have the above
example with o = (\/5 + \/§) /2 being the root of the irreducible over Q polynomial
z* — 4x% + 1. Can the real cubic root of 2 be expressed in a similar way?

Before we answer this question, consider the simplest case of cubics which are
expressible as differences of conjugate algebraic integers. Let 8 be a cubic algebraic
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integer over a number field K of trace 0 with minimal polynomial z3 + pz + g over K.
Here, p,q € Zk , and so does the discriminant of 3,

A= ((B1 = B2)(Br — B3)(B2 — ﬂs))2 = —4p3 - 274

Set v = v = f1 — P3. It has at least two other conjugates over K, vo = B2 — f;
and v3 = f3 — (2, since the Galois group of K(fBi,0:,83)/K contains the 3-cycle
(123). Clearly, every such' 3 of trace 0 is expressible as a — o’ with algebraic integers
a = 11/3 and & = 72/3 conjugate over K provided that v/3 € Zx. The minimal
polynomial for v/3 over K is either z% 4 pz/3 — £/27, if £ = 17273 = VA € K,
or (z* —i—p:zc/3)2 - A/729, if £ = VA ¢ K. In both cases, v/3 € Zx if and only if
AJ729 € Zg .

The discriminant of the polynomial z3 — 2 is equal to 108. It is not divisible by
729. Nevertheless, 2!/3 is a difference of two conjugate integers, even units. One can
check that 21/3 is a difference of two roots of an irreducible over Q@ polynomial

'8 — 621 + 7212 + 42° + 1152° + 22% + 1.

This shows that the construction of a might be nontrivial even for cubic 8. We now
are in the position to state the main results of this paper. Below, A = —4p3 — 27¢2.

THEOREM 1. Let K be a number field, and let 8 be a cubic algebraic integer
over K whose minimal polynomial over K is 3 +px+q. If p/9 € Zg, then 3 can be
written as a difference of two conjugates over K of an algebraic integer. Furthermore,
the latter number can be chosen to be of degree 9, if VA € K, and 18 otherwise.

Note that v/A € K if the Galois group of K (81,8, 8s)/K is cyclic (of order 3),
and VA ¢ K, if the Galois group is S3 (of order 6).

THEOREM 2. Let K be a number field, and let e > 2 be an integer. Assume
that B is an algebraic integer whose minimal polynomial over K is of the form f(z°),
where f(z) € Zk(z]. Then B can be written as a difference of two conjugates over K

-of an algebraic integer.

In particular, if ¢ — g, where e > 2, is irreducible over @, then ql/ ¢ is a difference

of conjugate algebraic integers. (The conditions on ¢ € K under which the polynomial
z® — ¢ is irreducible over an arbitrary field K can be found in [5, Chapter VIII, Section

9])

COROLLARY 2. Ife > 2 is a positive integer, ¢ € Z and ¢*/¢ has degree e over
Q, then ¢'/¢ can be written as a difference of two conjugates over Q of an algebraic
integer.
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3. PROOF OF THEOREM 1

Let v = = 1 — B3 be as in Section 2. Since v; +v3 + 73 =0,

7172 + 7173 + Y273 = 3(BrB2 + B1B3 + B23) = 3p,

and 717273 = £ = VA, we deduce that v is a root of 234 3pz — € = 0. The idea of the
proof is to look at the action of the group G of the Galois extension K(By, B2,83)/K
on the number

a=v/3+(m-— 8/27)1/3.

The Galois group G is cyclic if and only if £ € Zg. Then v is of degree 3 over
K. Otherwise, G is S3 and < is of degree 6 over K. Choose m € Z such that « is
of degree 9 or 18 over K, respectively. Clearly, o = v2/3 + (m — £/27)*/® is among
the conjugates of o over K, so that a— o' = (81 — B3 — B2+ B1)/3 = f1 = B. Since
¢ = v3 + 3pvy, the minimal polynomial of @ over K(v) is

z3 — vz +v2z/3 + py/9 — m.

Thus « is an algebraic integer if ¥2/3 is an algebraic integer and, in addition to this,
p/9 € Zx . We shall show that the second condition automatically implies the first one.
Note the minimal polynomial of /3 over K is

23 + 2pz’ + pPz — A/27.

Indeed, this follows from the equality A = €2 = (v + 3m)2 =27(v?/3+ p)z('yz/S)
and from the fact that the numbers 2,42, v2 are distinct. (Clearly, v; # —v2. Also,
Y1 # 72, since, by [6, Lemma 1], the equality 28; = B2+ 3 is impossible.) Notice that
AJ27T = —108(p/9)® — ¢® € Zk, because p/9 and g are both in Zg. This completes
the proof, since the condition p/9 € Zk implies that ¥?/3 is an algebraic integer.

REMARK. Formally, Lemma 5 of [6] is given for K = Q only, but the argument (map
to the largest conjugate) remains the same for every K which is a subfield of the
field of complex numbers, including number fields. More generally, the equality ¢15;
= @282 + .. .qnfn with distinct algebraic numbers By,...,8,, n > 3, conjugate over
an arbitrary field K of characteristic 0 is impossible, if ¢1,...,q, are nonzero integers
such that |g1] 2 |g2| + - + Ign|. See [2, Theorem 4], where such an argument could
not be used, and thus an algebraic proof was given.

4. PROOF OF THEOREM 2

If e is even, then the theorem follows immediately, by our observation. Assume
that e is divisible by an odd prime P. Let £ be the primitive Pth root of unity. We
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shall show first that there is a 0 € G = G(K (B4, ...,B4)/K) such that o(8) = e and
ole) =¢.

Indeed, take an arbitrary o3 € G which maps # to its conjugate Be. Assume that
o1(c) = €%, where 1 < £ < P—1. Let j be the smallest positive integer such that
¢/ = 1(mod P). Then o maps 8 to Be®*+1Y ™" and € to e. It follows that we can take
o to be a power of a{, if £# P — 1. The alternative case, £ = P — 1, can only happen
for P > 3. Consider an automorphism o2 € G which maps # to its other conjugate
Be2. If now oy(€) = €* with s in the range 1 < s < P — 1, then we can apply the
above argument. Alternatively, o2(¢) = eF~!, but then the automorphism o0, maps
B to BeP~1 and € to €. Clearly, there is a power of o103, which maps 8 to B¢ and ¢
to €.

Set

Y=y =BP-1+(P-2ec+ (P-3)>+---+e72) = PB/(1 —¢),

and v; = oi(y) = ve*~! for i = 2,3,...,P. Now, 71,...,7p, are all roots of the
polynomial zf — (PB/(1 - e))P. Assume that + is of degree D over K. We choose
m € Z in such a way that

a=7/P+(m-(y/P")"

is of degree PD over K. Then, as above, &' = v3/P + (m — (’y/P)P)l/P is conjugate
to a over K and a — o' = (y—o(y))/P = B, using yv/P = /(1 —¢). Also, & isa
root of the polynomial

P_N~ 1y B f(P) poj
z ;( 1) (1_6) i z m.

It remains to prove that « is an algebraic integer. Clearly, so are 8 and m € Z.
Since every binomial coefficient is divisible by P, it suffices to show that P/(1 — )’ is
an algebraic integer for every j = 1,..., P — 1. This will be the case if P/(1—¢)"™!
is an algebraic integer, because so is 1 — ¢ and its natural powers. The product of the
conjugates of P/(1 — E)P_1 over Q is equal 1, thus, equivalently, it suffices to show that
(1- e)P—1 /P is an algebraic integer. This is exactly the case, because the coeflicients
of the polynomial

Mzy=Q1-z) ' -1-z—.. —zFP 1= Pf(-l)"((P; 1) + (-1)]"‘):;]’

=1

are all divisible by P (check this for j even and odd)! Since h(e)/P = (1 — e)P_l/P,
and ¢ itself is an algebraic integer, the proof is completed.
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5. SIMILAR QUESTIONS

It is somewhat surprising that both questions are very easy to answer if we replace
the word “difference” by one of the words “sum” or “product”. In fact, every algebraic
number [ is a sum of two distinct conjugates a and o’ over K. (Just take them both
as roots of an irreducible over K(f) polynomial z? — 8z + m with nonzero m € Z.)
Similarly, by taking « and o' as roots of some irreducible over K(8) polynomial
22 +mzx + B, where m € Z, we see that every nonzero algebraic number £ is a product
of two distinct conjugates o and o over K, whereas zero is only expressible as the
product of two zeroes (see also [1, Section 3]). In both cases, we can positively answer
to the second question, because the numbers o and o' are algebraic integers provided
that so is 3.

With the word “difference” being replaced by the word “quotient”, it was shown in
[3] that a nonzero 3 is equal to a/a’ with some a and o conjugate over K if and only

if there is an automorphism o in the Galois group of K(f,...,84)/K of order n such
n-1

that J] o*(B) is a root of unity. Everysuch f is also a quotient of two conjugates over
1=0

K of an algebraic integer. (Just write f§ = a/a’ = (ma)/(ma’) with some nonzero
m € Z such that ma is an algebraic integer.) In order to ask the “right” questions
for the “quotient” case, we replace the words “algebraic integer” by the word “unit”.

Recall that 3 is a unit if both 8 and 1 /B are algebraic integers.

QUEsTION 1’. Which numbers 8 can be written as a quotient a/a’ of two conjugates
over K of a unit?

QuEesTION 2'. Is every unit which is expressible as a quotient of two conjugates over
K of an algebraic number also expressible as a quotient of two conjugates over K of a
unit?

The answer to Question 2 is positive. This follows from the next theorem which
also answers Question 1’, because 8 which are quotients of two units are units them-
selves.

THEOREM 3. Given a number field K, a unit 3 is expressible as a quotient of
two conjugates over K of a unit if and only if there is an automorphism o in the Galois

n—1
group of the normal extension of K(f3) over K of order n such that [] o*(B) is a root
- i=0

of unity.

ProoF: The necessity of the condition follows from {3, Theorem 1.1]. In order to
prove that the condition is also sufficient, we set

n-~1 X
=[] @)

i=0
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n—1

Then v/a(v) = /6, where § = [] o*(B) is a root of unity. Among the conjugates
i=0

over K there is at least one number of the form pa(’y)ll ™, where p" = 1. We

1/n

of ,Yl/n

have that v'/"/ (pcr('y)l/ ") = pB, where g is a root of unity. Furthermore, v}/" is a
unit, since so is §. It suffices to show that, given arbitrary, say £th, root of unity u
and a unit S, which is a quotient of two conjugate over K units o and o/, the number

13 is also expressible by a similar quotient.

Set § = aw, where w = (m +vm2 —1 vt As in [3, Lemma 3.1], given arbitrary
extension of K, say L, which contains the numbers & and o', there is an m € Z
such that a and a' are conjugate over K(w) and the degree of w over L is 2¢ (or,
equivalently, the polynomial 1—2mz?+ 2% is irreducible over L). Let L be the normal
closure of K{(a, ug) over K. Here, p, is the primitive £th root of unity. Note that
L(w) is the Galois extension over L and so it is over K, because L/K is normal. Then
there is an automorphism o of the Galois group of L{w)/K such that o(a) = &' and
o(w) = p~'w. (We can take o as a composition of an automorphism taking w to w
and o to ¢/ and an automorphism fixing L and taking w to p~!w.) It follows that §
and o(d) are conjugate over K, and

é aw uo
=== o = =ub
o(d) oplw
Moreover, § = aw is a unit, because so are o and w. 1]

6. SPECULATIONS CONCERNING POSSIBLE GENERALISATION

Let ¢ be an automorphism in the Galois group of K(f81,...,84)/K which maps
(61,82,...8n) t0 (Bn,B1,---,Bn-1), where 1 +---+ 8, =0, and every B; with i >n
to some f; with j = j(i) > n. We know that only such g8 are differences of two
conjugates over K of an algebraic number. Setting

Yy=Mm-1)f+(n-2)G+ -+ fa-i,

we can simply choose o = y/n and & = o(a) in order that a — o = B. Clearly,
o already is an algebraic integer if so is v/n. If a is not an algebraic integer, we
can still obtain one from it by adding another algebraic number § so that o+ § is an
algebraic integer and N, N Ny = K. (Given a field K and an algebraic number «,
by N, we denote the normal extension of K(a) over K.) This would immediately
imply the positive answer to Question 2. Indeed, setting G; and G, for the Galois
groups of No/K and N;s/K , respectively, we have that the Galois group of N,Ns/K is
G, x G, (see [5, Chapter VIIL, Section 1]). In case if K = @ and o = 1/1/2, we took
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8 = +/3/2. Then, the respective normal extensions are N, = Q(v2), N; = Q(V6)
whose intersection is Q(v/2) NQ(v6) = Q.

However this is, in general, impossible. On applying the automorphisms which map
o to their conjugates and 0 to itself, we conclude that all differences between conjugates
of a must be algebraic integers. In case if K = Q and B, = 2V3, B8, = 2V/3¢,
B3 = 2'/3¢?, where ¢ is the complex root of €3 = 1, the Galois group of Nz/Q is
S3. The difference between a = (281 + f2)/3 and its conjugate (28 + £1)/3 is not an
algebraic integer, so that, in principle, it is impossible choose 6, as required. We still
managed to show that 2!/3 is a difference of two conjugate algebraic integers, using
§=(1-2(e - 62)/9)1/3 such that a+4 is an algebraic integer and NoNN;s = Q(v/=3)
is not too big.

The method described in Sections 3 and 4 can be generalised to algebraic numbers
of arbitrary degree. If say 3 is of degree d = 4, and the 4-cycle (1234) belongs to the
Galois group of Ng/K , we can set v =y, = 381 +282+f3 and, using y1+--+74 =0,
compute 7', p’ and ¢’ such that v3,...,74 are all roots of the polynomial z* + r'z?
+p'z + ¢q'. Here, r',p',q' depend on the coefficients r,p,q of the minimal polynomial
for B, say z* +rz? 4 pr + q. Setting

o =v/4+(m—q /256)"*
with appropriate m € Z, we see that S is a difference of a and its conjugate
o =y/4+ (m— q’/256)1/4. Now, « is a root of the polynomial

z* — y2® + 3y%2? /8 — v’z /16 — m — (r'y* + p'y)/256.

It is not difficult to see that we shall get some advantage by demanding that 3vy2/8,
v3/16 and (r'y?® + p'y)/256 are all algebraic integers compared to the trivial method
{(in which we ask the number +/4 to be an algebraic integer). This is however too
technical for this paper.

At first glance, it may seem that the condition p/9 € Zx may be easily replaced by
the weaker condition p/3 € Zk . A cubic which is the root of the polynomial z3+pz+q¢,
by the Cardano formulae, is equal to say ¢ + w, where

G =—q/2+DP3/27T+ ¢2/4, W= —q/2~ \/p?/27+¢%/A.

Both ¢ and w are roots of the equation =8 + gz — (p/3)® = 0. Assume, for simplicity,
that the polynomial £ + qz3 — (p/3)? is irreducible over K. If p/3 € Zk, then ¢ and
w are both algebraic integers. Furthermore, by Theorem 2, { =a—-¢' and w =y -+,
where a and ~ are algebraic integers, a and o' are conjugate over K (and so are 7y and

v'). Assume that L = K (s, V327 + g2 /4) is of maximal degree 4 over K. Then,

https://doi.org/10.1017/5S0004972700020487 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020487

[9] Differences of conjugates 447

as in Theorem 2, o and - can be chosen to be of degree 9 over L, and thus of degree
36 over K. Clearly, @+ v and o + 7' are conjugate over K if they are of maximal
degree 324 over K. However, if o and v are chosen as in Theorem 2, the degree of
a+-y is only 108 (which is too small)! One has to be cautious in constructing examples
via sums: for instance, v/2+ /6 and /3 are both differences of two conjugates over Q
of algebraic integers (see Section 1 and Observation), but their sum, v/2 4+ V3 + V6, is
not expressible by a difference of two conjugates over Q (see [3]).
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