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ON LIFTING IDEMPOTENTS 

BY 

KWANGIL KOH 

Let N be an ideal of a ring A. We say that idempotents modulo N can be lifted 
provided that for every a of A such that a2—aeN there exists an element e2— 
e e A such that e—aeN. The technique of lifting idempotents is considered to 
be a fundamental tool in the classical theory of nonsemiprimitive Artinian rings 
(refer [2; p. 72]). 

One of the important classical results on lifting idempotents is that if every 
element of Nis nilpotent then idempotents modulo TV can be lifted (See [2; p. 72] 
or [1; p. 54]). A standard proof of this fact is usually given by setting e=a+ 
x(l —2a) where a2—a e iVand solve x2—x—z=0 where z= (a—a2)(l — 4(a—a2))"1 e 
N by means of a series 2SU l / (2n- l )(*V)(-*)n-

The purpose of this note is to give an elementary proof of this important classical 
result. 

Let A be a ring with 1 and let a be an element of A such that a—a2eN where N 
is a nil ideal. Let m be a positive integer such that (a—a2)m=0. Then (1 — a)mam=0. 
Write l=a+(l-a). Then 

2m / ?w\ 
1 = (a+(l-a)Ym = I r™ytnr\l-ay. 

Let e= 2T=To ( 2 > 2 ^ ( 1 -a)' and l e t / = 2™i tf^O-*)m+i. Then ef=fe=0 
and l = e + / . Hence e2=e a n d / 2 = / a n d e=a mod JV and /=( l— a)mod N. 

REMARK. The method which we used in the proof also works in the case when 
a ring may not have an identity. One only needs to embed the ring into a ring with 
identity in the usual way and factor a—a2. 
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