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CORRESPONDENCE.

GRADUATION FORMULAS.

To the Editor of the Journal of the Institute of Actuaries.

SIR,—In his Prize Essay on Friendly Societies, which appears
in the current number of the Journal, Mr. George F. Hardy makes
kindly reference to some contributions of mine on the subject of
graduation, and then proceeds to add a formula for the purpose which
he describes as new, and superior both in smoothness and simplicity
to any yet given (J.I.A., xxvii, 277). If Mr. Hardy had stated
the manner in which he arrived at this formula, I think it would
appear that he has paid me the further compliment of adopting, with
a trifling alteration, a formula of mine which will be found in
J.I.A., xxv, 23.

The stages of procedure, stated in each case in the same order,
are as follows:

HlGHAM.

Divide by 12·5 (which is done
by multiplying by ·08).

Sum three middle terms of five.

Sum two outer terms of same.

Deduct the two from the three.

Sum in fives.

Sum in fives, and divide by 10.

Sum in fives.

HARDY.

Divide by 12.

Identical with mine.

Ditto.

Ditto.

Sum in fours.

Identical with mine.

Sum in sixes.

The only alteration which Mr. Hardy makes is, that he substitutes
a summation in fours and one in sixes for two summations in fives.
The change in the divisor is not an independent alteration but results
from the other. Working with fours and sixes we bring out the
coefficients of the terms of u as Mr. Hardy prints them ; and the sum
of these being 120, that number becomes his divisor, as 125 is mine
and Mr. Woolhouse's.

In regard to simplicity, the formula as originally written has
somewhat the advantage. It is a little easier to multiply by 8 than to
divide by 12 ; and it is a little easier to work continuously with fives
than to shift from fours to fives and sixes—to say nothing of the
inconvenience of inter-spacing the fours and sixes for half-terms, as
printed in the Table on page 278.

https://doi.org/10.1017/S0020268100004224 Published online by Cambridge University Press

https://doi.org/10.1017/S0020268100004224


428 Correspondence. [JAN.

That Table is more compact than mine (already referred to) for
two reasons.

First.—Mr. Hardy does not show his initial division by 12.
Second.—He is content with a final column to the same number

of decimals as the first, and this enables him to keep
down the figures by making the division his first
operation ; whereas I had to make the division the
last operation in order to give correctly an additional
figure corresponding with an extension of the radix
from 10,000 to 100,000.

But for the same requirement, Mr. Ackland's columnar arrangement
of Mr. Woolhouse's formula (J.I.A., xxiii, 354) would look much less
formidable than it does.

To measure the improvement in smoothness it is necessary to
obtain the original unadjusted data by multiplying Mr. Hardy's first
column by 12 ; after which I multiply by ·08, in order that the
succeeding table may start from the same point as his.

It will be observed that the last column, reduced to two significant

figures, adds up ·004 less than of the sum of the terms of ux in

consequence of the preponderance of terms in which the two rejected
figures are below 50, An arbitrary amendment of this would be
unfair to one side or the other in a comparison limited to the question
of orderly progression.
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Graduation by Formula in J.I.A., xxv, 23.

The number of figures in the two graduations is precisely the
same. My results are smaller than Mr. Hardy's for a reason already
stated. One has to look closely for the improved smoothness of the
latter ; nevertheless it is there.

His differences are 4, 3, 1, 0, 0, 3, 6, 9, 9.
Mine are 5, 4, 3, 0, 0, 1, 7, 9,10.

If a summation be made twice in fives the resulting coefficients
become

1, 2, 3, 4, 5, 4, 3, 2 , 1 ; divisor 25.

If in fours and sixes the coefficients are

1, 2, 3, 4, 4, 4, 3, 2,1; divisor 24.
The flattening in the middle tends to soften asperities ; but when

it is combined with the other processes, the formula ceases to be
correct to third differences.* The error, however, only amounts to

* Mr. Hardy notices this defect, and suggests in a foot note a correction
which is absolutely a change back to my formula without alteration.
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of the second difference of the third difference, and this

seems practically as unimportant as the shades of modification
previously noticed.

To sum the matter up : the formula which Mr. Hardy produces
can hardly be regarded as new. It is rather to be described as a
previously known formula in which an alteration has been made
with the result of rendering it slightly more smooth, slightly less
simple, slightly less accurate, than it was.

I am, Sir,
Your obedient servant,

J. A. HIGHAM.Royal Exchange,
October 1888.
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