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ON THE MODULE STRUCTURE IN A CYCLIC EXTENSION

OVER A P-ADIC NUMBER FIELD

YOSHIMASA MIYATA

Let p be a prime. Let k be a p-adic number field and o be the ring
of all integers of k. Let Kjk be a cyclic totally ramified extension of
degree pn with Galois group G. Clealy the ring O of all integers of
K is an ϋ[G]-module, and the purpose of this paper is to give a neces-
sary and sufficient condition for the o[G]-module O to be indecompos-
able.

In §§ 1-2, we shall prepare some lemmas. In §§ 3-4, we shall ob-
tain the necessary and sufficient condition (Theorem 3).

Throughout this paper, let π be a prime element of k and e be the
absolute ramification index of k. For a positive rational integer α, we
define a function m(a) by

p

1.

In this section, we shall obtain some inequalities for ramification
numbers. Let F/k be a cyclic ramified extension of prime degree p
with the first ramification number b. Let £>F be the ring of all integers
of F. Let β, π and m(a) be the same as in Introduction. Then it is
well known that

m(6) <; e

and

where trF/fc denotes the trace map from F to k (for example, see [2]).
Let ζ be a primitive p-th root of 1. Let Ff and kf be the extensions
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F(ζ) and k(ζ) respectively. Then the degree d of k' over k divides p — 1

and kf\k is tamely ramified. As F/k is a cyclic extension of degree p,

so is F'jk'. As is well known, the only one ramification number b' of

F'/k' is cZ&. Then we have the following lemma.

LEMMA 1. Let F,Ff,b and b' be as stated in the above. Then

m(b) < e if and only if m(bf) < de.

Proof. Since the extension F'/F is tamely ramified, trFΊF£)F, = £)F.

Then, from (1), we have tr*./,* £V = (πm{b)). We can choose a prime

element π' of fc' such that π'd e fc. Clearly tr Λ V Λ TΓ'* = 0 for 1 ̂  i ^ d - 1

and trfc//fc π'd = ώτr/cί. d is a unit of Jfc. Then we obtain easily that

ti> / f c O^ - tr, V Λ tτFWk, QF, - (^«'>/«) .

Hence (ττm(δ)) = (π^(δ/)/^). This proves our assertion.

Let K be a cyclic totally ramified extension of degree p n of k with

the Galois group G. Since X/ft is cyclic, we see that there exist n

ramification numbers bu , 6n. The 6 r t h ramification group is a sub-

group <#*)ί~1> generated by 0P<~\ where r̂ denotes a generator of G.

LEMMA 2. Lβί K/k,bl9 - -,bn be as above. Then if mφj < e,

TnΦi) < p4"1^ /or each i, 1 <Ξ i <̂  n.

Proof, As is easily seen, it is sufficient to prove only for the case

n = 2. From Lemma 1, we can assume that /c contains a primitive p-

th root of 1 without any loss of generality of this proof. From a result

of B. F. Wyman ([3], Corollary 26), we have that if bx ^
p - 1

b2 = &i + pe ,

and it b1 < ,
V

p - 1

At first, we suppose bx ^ . Then
V - 1

= (p - l)e +
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From the assumption mφ^ <e, it follows that m(b2) < pe.
p

V - 1
Next, we suppose bλ < Put

1

± υ = mibι) + r
P V

Then

\p

p

= pe + (p — 1) — (p —

From r <; p — 1 and m < e, it follows m(62) < pe. Clearly this completes

the proof.

2.

In this section, we study the properties of idempotents of the group

ring k[G]. Let G be a cyclic group of order pn and let g denote a

generator of G. Let ^ be a primitive pn-Va root of 1 and let kf be kr

= k(θ). Setting

*i - A- P ΣV W , o ̂  i ^ p» - l ,

we see that et is an idempotent and ^ = 6%. Let H be H = <ί/pn~1>.

Obviously i ϊ is a subgroup of order p. We denote by T the idempotent

—( Σ ^) ίn WG]. The canonical map from G onto the factor group

G/H induces the ring homomorphism φ from the group ring k[G] onto

k[G/H]. Then we have the following two lemmas.

LEMMA 3. Let G be a cyclic group of order pn. Let εt and φ be

as stated in the above. Suppose that k contains a primitive pn-th root

θ of 1. Then φ(ε^) = 0 for 0 ^ i < pn if and only if (£, p) = 1.

Proof. From easy computations, we can obtain ker ψ = k[G](l — T).

Then ε^eker^ if and only if £tT = 0. From g*n~\ = 0ipn"\, Tεt

( 2 (0ipn~yW We note that 2 (0'*11""1)' = 0 if and only if (i, p) - 1.
J .7=0

https://doi.org/10.1017/S0027763000018328 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000018328


64 YOSHIMASA MIYATA

Clearly this completes the proof of the lemma.

LEMMA 4. Suppose that k does not contain a primitive pn-th root

θ of 1. Let G be a cyclic group of order pn and let S be a subgroup

(gp}. Let ε be an idempotent of k[G] such that φ{ε) = 0. Then, if

n^2,εe k[S].

Proof. From our assumption, the extension k(θ)/k(θp) is a cyclic

extension of degree p with the Galoi$ group V. It is easily seen that

there exists an element a of V such that σ(θ) = o1+pn~\ We can consider

a as an automorphism of k'\G\ in the usual way. Now for 0 ^ i < pn,

εεt = εt or 0. If εε* = είy then εε" = ε\ because εσ — ε. Hence ε (Σ?=o e?0

ΣCό1^* in fc'[G], Then

/p-i \

\j=o /

Therefore, if (i, p) = 1 = (^,p), we have α̂  = 0. Since φ(ε) — 0, it fol-

lows from Lemma 3 that if εε̂  = εif then (ί, p) = 1. Let ε = ΣCό 1 beg
e

in fc[G]. The fact which we have just shown implies b£ = 0 for 0 ^ ^

< p w with (^, p) — 1. This completes the proof.

3.

In this section, we treat the case that the extension K/k is a

Kummer extension. We use the same notations as in previous two sec-

tions. Let K/k be a cyclic totally ramified extension of degree pn.

Throughout this section, we suppose k contains a primitive pn-tlcι root

θ of 1. Then we see that there exists an element A of K such that

K = k(A) and Apn = πpmu ,

where 0 ̂  m <; n and u is a unit of k. Furthermore, we may take the

unit u such that u — 1 e (π) since the degree of the extension is a power

of p. Let &!, ••-,&„ be the sequence of the ramification numbers of

X/Jfc as in §1. Let /£< = k(Apn~*) for 0 <; i ^ 7̂ . Then the degree of

the extension KJk is pι.

LEMMA 5. Let A, m and u be as stated in the above. Then, if

m = 0, or m > 0 and u — 1 $ (ττ2), we have m(b^) = e.

Proof. By the hypothesis, i?χ = kfflπu) or i^ = ki^Ju). From a
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result of B. F. Wyman ([3], Corollary 13), we have bx =
 p e or

V - 1
pe - 1. Then m(bx) = 6.

Now we consider the case that m > 0 and it — 1 6 (τr2). Write w in
the form it = 1 + Λ o , where %0 is an integer of A:. For 1 ^ i < pn~ι

with (i, p) = 1, we define an element Bt of K by

where j = \^-] + 1 .
L pn J

LEMMA 6. Suppose that m > 0 α^d ^ — 1 6 (π 2). Lei β^ be as stated
in the above. Then Bt is an element of ©.

Proof. We denote the valuation of K by val. Clearly val π — pn.
From m > 0, 2^ = fc(V5). Put ^ = 1 + U. (1 + 17)* = 1 + Λ o .
Therefore we have val U ;> 2pn~\

(2) *60τr
2 = a + zτ)p - 1 = c / ( Σ d + uy).

Now we evaluate the valuation of the sum J]fzj (1 + U)j. By the formula

we obtain

p

Clearly from val U ^ 2pn~\ it follows that val Σf:J (1 + £7)̂  ̂  pn. By
(2), we have

(3) val U <; pn + val ^0

Here we note that A^""1 = πvm~xly/ΰ. Therefore

Bt = — d + Vΰ + (Vΰy + . -. + (^)^-2)

A* ^ - 1

Hence
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val Bi = ipm + 2pn + val uQ — jpn — val U .

By the definition of j9 ίpm + pn — jpn ^ 0, and we obtain

val Bt :> pn + val ιι0 — val U .

From (3), val Bt ^ 0. Then Bt belongs to O.

We are now ready to prove the following theorem which is the
main aim of this section.

THEOREM 1. Suppose k contains a primitive pn-th root of 1. Let
K/k be a cyclic totally ramified extension of degree pn. Then the ring
O of all integers in K is an indecomposable o[G]-module if and only if

< e.

Proof. First, suppose mφΐ) — e. Then, from Lemma 2, we have

m(bn) = pn~ιe. Let T be the idempotent —(Σ (gpn~Ύ) as in §2. Then
P V=o /

it follows from (1) that Γ£) c O, and so O posseses a direct sum decom-
position

O = ΓO Θ (1 - T)O .

Therefore O is not indecomposable, and we have proved that if O is
indecomposable, then m(b{) < e.

Next suppose mφ^ < e. We use induction on the length n of a
tower of intermediate fields

k = Ko c K, c • . . . c Kn = K .

As a immediate consequence of Theorem 1 of [1], we obtain the result
for n = 1. Assume the result holds for the extension whose length is
fewer than n. Let E be an o[G]-endomorphism of O such that E2 = E
(i.e. a projection). Then we can consider E as an idempotent of k[G],
Let Oi be the ring of all integers in Kί9 so O£ is an o[G]-submodule of O.
Then Z?On_i c On_i. 9? denotes the canonical map from k[G] to k[G/H]
as in §2, where i ϊ is the Galois group of the extension K\Kn_x. For
any element a of Kn_lf we have Ea = φ(E)a. From our inductive as-
sumption, ©„_! is an indecomposable o[G/lϊ]-module, so that φ(E) — 1
or 0. Without loss of generality, we may assume φ(E) = 1. Since T is
the identity map of On_i, E — T e ker p. Put E = T + Ex. Let / be the
set defined by
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/ = {i\0 <> i < pn,(i,P) = 1} .

Then, from Lemma 3, there exists a subset 70 of the set / such that
Ex = Σίeioεi> where εt is the primitive idempotent of k[G] defined as in
§2. For l<Li<pn~ι with (i,p) = l, let li be 7* = {i,i + pn~\ ,i
+ (p — l)^^"1}. Now suppose lt Γ) 70 ^ /ί# Let r be the number of ele-
ments in li Π 70. From the hypothesis, It Π 70 ^ 7*, (r,p) = 1. For the
integer Bt defined before, it is easy to see that

val (EBt) = val f ( = val

By the definition of i, val (—) < 0. Since (r, p) = 1, val (r) = 0. There-

fore we have val (£72?*) < 0, which is a contradiction. Thus we have
obtained 70 Z) 7i for each ί with 1 ^ i < pn~ι and (i, p) = 1. This implies
70 = 7. Then it follows from Lemma 3 that Ex = 1 - Γ. Hence £7 = 1,
and which completes the proof.

4.

In this section, we treat the case that k does not contain any
primitive pn-th root of 1. We use the same notations as in the previous
sections. Then we have

THEOREM 2. Suppose k does not contain any primitive pn-th root
θ of 1. Let K/k be a cyclic totally ramified extension of degree pn.
Then the ring O of all integers in K is an indecomposable o[G]-module
if and only if m{b^ < e.

Proof. Precisely from the same arguments as in the proof of
Theorem 1, it is sufficient to prove that if m(bλ) < e, then D is inde-
composable. Now we assume mφ^ < e. We also use induction on n
as in the proof of Theorem 1. From Theorem 1 of [1], we obtain at
once the result for n = 1. Assume the result holds for the fewer length
than n. Then, we can write E — T + E1 and Eλ = Σiei0

£ί i n k(θ)[G].
Let S be S = <#p> as before. Since θ β k, it follows from Lemma 4 that
Ex e k[S]. Therefore E belongs to k[S]. Clearly S is the Galois group
of the extension K/K19 which contains (n — 1) intermediate fields. We
see that b2 is the first ramification number for K/K1 (for example, see
[2]). From Lemma 2 and our assumption mibj < e, we have m(δ2) < pe.
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Then, by the inductive assumption and Theorem 1, we can see that ©
is an indecomposable OJSJ-module. Thus we obtain E = 1, and this
completes the proof.

Finally, from Theorem 1 and Theorem 2, we have the following
theorem which is the main aim of this short paper.

THEOREM 3. Let K/k be a cyclic totally ramified extension of degree
pn. Let δx be the first ramification number for K/k. Then the ring £>
of all integers in K is an indecomposable o[G]-module if and only if
mCftj) < e.

REFERENCES

[ 1 ] Y. Miyata, On the module structure of the ring of all integers of a p -adic number
field, Nagoya Math. J. 54 (1974), 53-59.

[ 2 ] J. P. Serre, Corps Locaux, Paris, 1962.
[ 3 ] B. F. Wyman, Wildly ramified gamma extension, Amer. J. Math. 91 (1969),

135-152.

Faculty of Education
Shizuoka University

https://doi.org/10.1017/S0027763000018328 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000018328



