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ON SOME SUM-TO-PRODUCT IDENTITIES

SHAUN COOPER AND MICHAEL HIRSCHHORN

To George Szekeres on his ninetieth birthday

We give new proofs of some sum-to-product identities due to Blecksmith, Brillhart
and Gerst, as well as some other such identities found recently by us.

1. INTRODUCTION AND STATEMENT OF RESULTS

In the first two of a sequence of papers, Blecksmith, Brillhart and Gerst (2, 3} give
five pairs of sitnple and beautiful sum-to—product identities, Theorems 2-6 below. We
give another such in Theorem 1. We do several new things — we prove Theorem 1
(Section 2), we show that Theorem 2 follows from Theorem 1 (Section 3), we present
new proofs of Theorems 3 and 4 (Section 4) and we show that Theorems 5 and 6 follow
from Theorems 3 and 4 (Section 3). '

In order to state our results, we must explain some by now fairly standard notation.

(a;9) oo = (1 — a)(1 — aq)(1 — aqz) S,

(a1,a2, -+ @ni@)oe = (01590 (A25Qoe - (@ni Q)0
(dl,ag, ,am‘q> _(a1,82, .. ,8m; Q)
b],bg, ,bn ’ oo (bl,bg, ’b";q)co ’
(D)oo = (¢0)co-

We make use of Jacobi’s triple product identity [1, (2.2.10)]

oo
(aq,a'l,q;q)w = Z (_l)nanq(n2+n)/2

-.°°
and the quintuple product identity [4, 5]
a’q,a”%,q - ke 2 = 2
(F97200) =S capangort s 5 apanort
o0

a-
aqg, oo -0

The theorems referred to above are:
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THEOREM 1.

7;q8> ,
o0

o0 2 oo 2 2 q3 q5 q8
"+ " =2( )
2 2 a, ¢*,q

o0 2 oo 2 q q7 q8
Sty = (h L)
~ e~ ,q%q o

THEOREM 2. [2, Theorem 1]

[o ] oo

2 2 .
Y (DT + D (1) = 2a)o/ (¢4 ¢ 6%, 0% %%, ¢, 00, %% 6%)
—o0 -0

oo o0

2 2
STEDET =D (-1 =29(0)/ (¢ 50", 6", 02,070, 0%, 6% 02)
—oo —o0

THEOREM 3. [2, Theorem 3]

7, ¢,¢° ¢’

e e 2 .6 .10 .12

2 2 y
E :qn E :qan 2(q »9°,9 7,4 _qlz) ,
— 00 —00 oo

el ad 2 .6 ,10 .12

2 2 7,¢%,¢'% ¢
> a¥ =y " =2q( ;q”) :
—o0 - 00 oo

¢,¢%.q", ¢°

THEOREM 4. [3, Theorem 3]

iqnz + iq.%l2 =92 <q2’q8’q10)q121q18aq20,q20>
= ~ a0, ¢*,¢°, ¢'1,¢'%, ¢ " /)]

(=]

THEOREM 5. [3, Theorem 1]

o0
i 2n(n+1)+2 6n(n+1)+1 =9 q27q5)q7!q12aq]7aq19)q22$q24
q q = 4 6 11 13 18 20
~ g g, ¢*,¢%,¢",4"%,¢'%,¢%, ¢

anz _ iq&zz = 2q <q4aq61q107 qu qls,qzo X qzo)
~ ~ ¢q. ¢, ¢'%,¢%,¢7"" J

19 ,20°

a*,¢% %, ¢, ¢'7,4'%,¢*% ¢

oo oo
Zq2n(n+l) __ E qﬁn(n+l)+1 =9 <¢1, q1°’qll’qlz’qla’qm,qzs,qu o
—0o0 -0

and

THEOREM 6. (3, Theorem 4]

[= <] o0
Z gD 4 qun(n+1)+1 -9 (q3,q7,qlo,q13’q17,qzo 0
e~ ~ 9, ¢°,¢°, 4,9, ¢

[ ] [ <]

Z a(nt1) _ Z sn(nt1)+ _ o O ¢’,q'% ¢, ¢1%, ¢
q q = 2 .3 .7 .13 .17
—oo oo ?,9°,9, 97,9 .4
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(3] Sum-to-product identities 355

2. PROOF OF THEOREM 1
We shall start by obtaining the 2-dissections

o0 oo

3 5 8. 8\2 _ 8u?—2u48v? 3 8u?+6ut8vi48y

(1) (¢*.¢", %)= Y, ¢ -¢ Y ¢ ,
u,u=—00 u,v==00

2 e 2 2 hasd 2 2

7 8. 8 _ 8u‘—6u+8v 8u‘+2u+4+8v°+8v

(6.9.¢% %)= D ¢ -q Y g :
u,v=—00 u,y=—00

We have

(S care)

(@, ¢% % d%)’.

-—00
oo
= Z (_1)m+nq4m2—m+4n2—n
m,n=-—-o00
- Z q4m2—m+4n2—n _ Z q4m2—m+4n2—n
m=n (mod 2) mZEn (mod 2)
oo
_ Z q4(u+v)2—(u+u)+4(u—v)2—4(u—u)
u,v=—00
e o]
_ Z q4(u+v+l)2—4(u+v+l)+4(u—v)2—(u-—v)
u,v=—00
o0 oo
_ Z q8u2—2u+8v2_q3 Z q8u2+6u+8v2+8v
u,v=—00 U, v=-=00

as claimed. The other identity is proved similarly.
It follows that

(qz)fx>
(90 (@%) 0

(9)oola®) e,
(@) (®)%

(2) (@ a5 &) +ala a5 ¢8)2 =
(¢%4% % ¢°)2, — ala, a7, % ¢°)>, =
For,
(¢, ¢% 4% ¢%)° +4(a,q".d%¢%)’
oo (o ]

[s <]

oo
8uZ_2u+8v? 2 8u?+2u+8v2+8v
> ¢ - Y g

u,v=-—00 u,U=—00
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oo o0

+q Z qsu’-su+su’_q3 Z q8u2+6u+8u2+8u

u,v==—00 u,v=—-00

oo

_ 8ul—2u - 802__ > 8v2+8u+2
=2_q PILREDI
-0 —o0 —o0
+q i q8u2—6u{i qSu’ _ iq802+8v+2}
-0 —o0 -0
= Z (_l)vq2v2{iq8u2—2u+ iq8u2—6u+l}
~o0 —o0
=)

—co
had 2 2
- Z( 1)0q2u ZqZu —u
—oo —o0
_ H 1— g% H (l_an)2
n21 q2ﬂ n2l 1- i
G
(9)o0(d*) oo

as claimed, and the other identity is proved similarly.
If we divide (2) by

(9)oo ()
(¢.8%,¢".¢°,¢",¢% &%) . = (0.8, a"i ¢*) , = ===
C
we obtain
5
(3) (qs’qs’qs o) +a(d o @) - e S
q, q4,q7 : o q3,q4,q5’ - (q)’;(q4)z° ~
and

5
(q",qs,qs,qs) _q(q, qﬁq",q,;) _ (4 _iqgnz
2 ¢4 /o 449" Jo  (g%)%(g®)2 '
Theorem 1 follows.

3. PROOF OF THEOREM 2

We start by proving
COROLLARY TO THEOREM 1.

@) (q“,qs,q“,qa> =(q6,q’°,q”‘_qls> +q(q“‘,qls)
S LA %% 7 ) o ¢ )y

(qa q7$q8 qs) (qls.q]s) —q<q2’ql4,q16.q]s)
) 3 ; .
@,q¢% ¢ o q° o ¢®,q%, ¢*° o
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ProOOF: We have

q3,q5,q8 8 = n? ad 2n?
(5 dmsd) =2 e e
9 9,9 oo
o0 oo =}

= qubl2 + Zq(2n+l)2 + Zanz
—oo —o0 —oo

s 2 b 2 2
={Zq2n +Zq4n }+2qzq4n +4n
-0 —oo

n20

6 ,10 16 16
¢, q'%q o (4
=2( 14;qls) +2q< g 19"
0 q

2, 4% ¢

as claimed. The other identity is proved similarly.

Next we show that

(3) (Do = (¢°,9'%,9",4"%, 9", 9%°, 6%, 6**:¢*?)

).

357

-q(q*,¢%.¢°,¢'%,¢°%,¢%%,¢%,6%% ¢*%) .

We have
> n ﬂ2_n
(oo = 3 (~1)"g(P™* )2
o ] oo

- Zq(3(4n)2_(4"))/2 _ Zq(3(4n—1)2—(4n—1))/2
—o0 —o0

oo

—oo ~-o0

—oc ~o0

' oo
2 2
_ Zq(3(4n+1) —(4n+1))/2 +Zq(3(4n+2) —(4n+2))/2

oS o oo o0
_ {Z q24n2—-2n _ Z q24n2—14n+2} _ {Z q24n2+10n+1 _ Zq24n2+22n+5}
—00 —o0

_ <q“,q’2,q16,q16) .y (q“,q”,q“’_qw)
_q2’_ql4’ o _qG’_qIO’ o

oo

- q(q4aq61 qlo,q16’q22’q26’q28:q32;q32)°°'

PrOOF OF THEOREM 2: From (5) and (4),

2(9)oo/ (4, 4%, 6%, 9% 6%, 6%, ¢%%,¢%%;¢°%) _
:2(qz,Q”,q”,q‘s,q“’,q”,q3°,q”_ 32) _2q(q‘6
q4’q6’ q8’ ql()’q22,q24’q26,q28’ o
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=2(q12,q::;q32) (qz,q ,qm’q ) _2q(q:6;q16>

¢, q o V€% ¢% @ oo q s

=2(q,1:’q:z;q“> {(qu;qn) —tf(q4 qn’q” q”) }
g, g o L\ oo 7'%,¢'%,¢*° o0

q'% 32 2 Y 16
( 4 1 28 aq ) - 2q ( 169 ) ( 8 v q >
oo q oo o0

Zq4n2+zq8n2} Z 2(2n+1)2 Z (2n+1)?

{_Z > 2
;

Il
X

o0

4n? (2n+1)2} +{ sn? _ 2(2n+1)7}
_Z;q _Zo:oq _z;q Z:oq
- ,
> (-1 +Z( "™
—00

as claimed. The other identity is proved in similar fashion. 0

4. PROOFS OF THEOREMS 3 AND 4

PROOF OF THEOREM 3: We start by obtaining the 3-dissections

(6)
(qz,qs,q"’,q” _q12> _ (qe,q”,q”,q“ -q36) ny (q‘"’,q”,q”,q“ -q36>
q, q3’q9, qll’ o q3’q9’ q27,q33’ o q3,ql5,q2l’q33’ oo’
(q"’,qs,qm,q”_qlz) =<q6,q18,q T ) _g (qs,q”,q 00 8 >
¢.¢.9, ¢ "7 /o ¢,¢%,¢, ¢ o &% )
We have
(qz,qs,qm,q”_qu) _ ( ¢ .q12> (qz,qw,q”,q“,qn,q“_q24)
g ¢ 7 Jw @@ e g, ¢4,¢3,¢® 7 Jo

- (- (q 9)1 %) e H (1+q12n—11)(1+q12n—])(1 s
cn2l

x H (1 _ q2'4n——14)(1 _ q24n—10)(1 _ q24n)

nzl

q24§ )oo Z 6n2 —SnZ( 1)71 12n2—2n

A oo
— (2% ¢%) Z (_1)ﬂq6m2—5m+12n2—-2n’

(6*%) 0o

m,n=-00
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We now split the sum into three, according to the residue modulo 3 of m + n.
I m+n = 0(mod3),m -~2n = 0, let s = (m+n)/3,t = (m—2n)/3,
m=2s+t,.n=s5— t;

fmi+n=1l, s=(m+n-1)/3, t=(m—-2n-1)/3, m=2s+t+1, n=s—¢;
fm+n=-1,s=(m+n+1)/3,t=(m-2n+1)/3, m=25s+t—-1, n=3s5—1t.
We obtain

<q2’q6,q10,q12.q12)
e ¢4 "' /)y
3. 6
— (—q 1 4 )oo{ i (_I)S—tq6(23+t)2-—5(2s+t)+12(s—-t)2—2(.9—t)
(@)

s, t=—0c0

oo

_ 2_ s—1)%—2(s—
+ Z (_1)a tq6(2s+t+1) 5(2s4+1+1)+12(s—t)2 —2(s—1)

8,t=—00

oo
+ z (___1)3—tq6(2s+t—1)2—5(23+t—1)+12(s—t)2—Z(s—t) }

8,t=—00
_ (_qs;qs)m{ i (_1)s+tq3632-—123+18t2—3t
(q24)°° 8,t=-—00

oo
+1 2 240t
+ Z (_1)3 qass +125418t°+9t+1

3,t==-00

oo
+t 2. t2_15¢
+ Z (_1)-9 q36.s 36s+18 +11}

§,t=—00
= (~¢% qG)m{ (6%, 4,9 ¢*)  +a(¢® 4%, ¢%; q”)w}

q 7q ’q 36 15 21 36 36 9 27 36 36
y M q q ({ q ; q + q q q q q }
(q qQ ql q q q33 ’ ) {( ? ) )m ( ) ' )OD

_ (‘167‘1181430"136_(136) +q<q6’q18’q30’q36.q36)
@, ¢, ¢, ) @,¢"%,¢* ¢ )

as claimed. The other identity is proved in similar fashion.
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Now

qG’qIB ‘130 ‘136 8 8n-3 18
q( 3 15, 21’ 335‘136) = (1'*'91 " 15)(1'*',‘11 " )(1_‘1 n)
¢*,4'%,¢% g w 4l

=

':1

o0

qz 9n?—gn — iq@n—])2 — %an2
—co —oo

3in

o0 o 2]

%{;q"z—goqs"z}-

If we write

2 6 10 12
2%,4%,¢*%, ¢ a%,¢%, ¢*°
Pl(q)=<q @, ¢ Q“;qn) » Pale) = (q .9, ¢ ’qu> ’
. ) [ ) oo ’ oo

then (6) becomes

[= ] o]

Pi(g)=Pi(¢") +5 {Zq" ;qg"z},
qP2(q) ——{Zq —qu"z}—qaf’ﬂqs)-

Theorem 3 follows by iteration, since P, (q3"),P2 (q3”) —1asn—oo. 0

PROOF OF THEOREM 4: We start by obtaining the 5-dissections
(7) 2 10
(q ,q%,4"%,q ,q 7 ) _ (q ,q4°,q5°,q6°,q9°,q‘°°_qloo)
g, ¢*,¢° ¢'', ¢ ,q“” o ¢, ¢°°,4%,¢°%,¢%,¢% o

30 ,50 .70 ,100
59,9 ,9
+q ( ’ s ) s o5 ;qu)

q'%,¢%, q“,q ~
+q4<ql°,q ,q° ,q 00 qloo)
¢, ¢*°,¢°%,¢% "’ o

q*, ¢%, q'%, g4, ¢1%, ¢?° _ [d°,¢0,¢70,g% |
<q3,q7,q8’ a2, ¢'3, 17"1 )oo— (qls,q35’q65,q85 g )w
+4° (ql: T 4’°°>
9,949,949 0o
(BT
%97, 7,9 ,9",¢9 s
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We have

(qz,q",q‘ﬂq”,qm,q”. 20)
o0

— 1 <q81q12a QZO ‘qzo) <q2aq101 q187q20 .q20>
(@) \ ¢%,¢"% "7 Jo\a &% ¢he® T
1 ®,¢'%,¢ 5 10n-9 10n—1 10n
=(q2°) ( at,q'® 4 H(1+q J(1+q )(1-¢"")
(=] ? ® n>1
_ 1 f:(_l)n 30n2-2n +§:(__1)n 30n2-22n44 i 5nZ—4n
1 i m 30m2——2m+5n2—4n
= (-1)"q
(q20)°° m,n=-—0o

oo
+
=

mI

m _30m2?—22m+5n2 —dn+4
(-1)"q :

[+ o]

We now split each sum into five, according to the residue modulo 5 of m + 2n.
Ifm+2rn=0 (mod 5), 2m—-n=0, 3Im+n =0, let

(2m —n), m=s+t, n=2s— 3t

Ut

s=%(3m+n), t=

fm+2n=1, s=Bm+n+2)/5 t=02m-n—-2)/5, m=s5+t, n=2s-3t-2;
fm+2n=2, s=Bm+n-1)/5, t=2m—-n+1)/5, m=s+t, n=25-3t+1;
fm+2n=-1, s=Bm+n-2)/3, t=2m —n+2)/5, m=s+t, n=25—3t+2;
fm+2n=-2, s=8m+n+1)/5, t=2m-n—-1)/5, m=s+t, n=25-3t—1.
If we make these substitutions into the two sums, we obtain ten sums, each of which
separates into the product of two sums, each summable via the triple product identity.
Two of the ten sums are zero and two cancel, leaving six which can be grouped in pairs
in an obvious way, and each pair summed by the quintuple product identity, leading to
the stated identity. The other identity is proved in similar fashion.

Now

2

(qao, g°°, ™, q*°° . qloo) i (qlo’ ¢*°,¢%, q1°° . qIOO)
7'%,¢%,¢%%,¢%% - @, ¢*°,¢%,¢% -

=q H (1 + q50n—35)(1 + q50n—15)(1 _ qson)

n>1

+q4 H (1 +q50n—-45)(1 +q50n—5)(1 _ qSOn)

n2l1
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o0 o0

oo =
n2— 2_ ne1)2 n—2)2 1 2

=q§:q25_10n+q4§:q25n 20n=§:q(5 1)+§:q(5 2) =_2_§:qn

—o0 —oo —oo ,Toe 5tn

1 co 5 oo )
I n° _ 2 : 25n
- 2{ ? }

—o0 -0

If we write

Pilq) = (qz,qs,qm,q”,q“»qm-q20> Pyq) = (q“vqs,qw,q“,q”,q”_qgo>
q, q4,q9, qll’qlﬁ,q19’ oo’ q3,q7,q8, q12’q13’q17’ o

then (7) becomes
1 o =) [>)
Pi(q)=Pi(¢°) + 5{2(1"2 - ;,‘125”2}’ _

oo

1 [o o]
qP2(q) = §{§ ™ - gq"""?} - °Py(¢%).
Theorem 4 follows by iteration, since P, (qsn),Pg (qsn) —~lasn-—o00. 0

5. PROOFS OF THEOREMS 5 AND 6
PROOF OF THEOREM 5: We start by proving

(8)
H (1 +q12n—11)(1 +q12n—9)(1 +ql2n—3)(1 +q12n—l)(1 _ql2n)2
n21
— H (1 + q24n—20) (1 +q24n——14)(1+q24n-—10) (1 +q24n—4)(1 _ q24n)2
n21
+q H (1+ q24n—22)(1 + q24n—16) (1 +q24n—8)(1 +q24n—2)(1 _ q24n)2_ '
n>1 '
We have

H (1 +q12n—11)(1 + q12n—~9) (1 + q12n—3)(1 + q12n—1)(1 _(11211)2
n2l

oo
q6m2—5m+6n2—3n
oo

m,n=-—

- Z q6m2—5m+6n2—3n + Z q8m2—5m+6n2—3u
m=n (mod 2) mzZn (mod 2)
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- i qG(u+u)2—5(u+v)+G(u—u)2-3(u—v)
u,y=—00

o0

+ E q6(u+v+1)2—5(u+v+l)+6(u—v)2—3(u—u)

°,V=—00
— f: q12u2—8u+12u2—2v +gq i q12u2+4u+12u2+]00
°,v=—00 u,v=—00
_ H (1 + q24n—20) (1 +q24n—14)(1 + q24n-10)(1 + q24n~4)(1 _ q24n)2
n21
t+q H (1 + q24n-22)(1 + q24n—16)(1 + q24n—8)(1 +q24n—2)(1 _ q24n)2.
n21

We can write (8) as follows.

(qz,qs,q”,q”.q”,q”,q“,q“. 24>
q, q3 q9 qll,q13 15,q21,q23’ o

(q g 4,q“°,q48,q“‘q48> +q(q“,q"‘,q“,q“,q“,q“,q48>
q*,q' q“,q“,q“,q“‘“ o 2,4, ¢*2,4%5,¢%%, ¢’/

10 14
g

If we multiply by (q12 04 q“) we obtain
9,9 0

(9) <q2,q"',q‘°,q“ 'q12> _ (qs,q“,q“’,q‘“ _q48)
e &, ¢ - 0, "%, g% g%’ -
e (q“,qw,q“,q“,q“,q”, g, g%t -q48>
¢4 ¢'%,¢°%,9%,¢%,¢*%,¢* "/
Combining Theorem 3 and (9), we find
24 34 38 44 48
3n2 4n2 12n2 ,q ’q »q 49,9 7,4 48
¢ + ) ¢" = qg" + +2g ( 1 q > .
Z Z Z Z ¢*,¢% 9'%,4%,¢%%,¢%,¢*%, ¢* oo
If we extract odd powers, divide by ¢ and replace ¢ by ¢ we obtain

f:q2n(n+l) + i q6n(n+l)+1 -9 (q2=q5,q7,q‘2,q17’q19,q22’q24 . q24)
&~ =~ 9, ¢*.¢%,¢".9"%.¢"%.¢®°,¢® "7/

If we put —q for g we find

12 13
Zan(n+l) Zqﬁn(n+l)+l 2( ,q . q ,ql ,q14,q23’q24:q24)
¢, ¢, ¢ ', ¢, ¢'%,¢" 9,7 ) 0
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PROOF OF THEOREM 6: We shall start by proving

(10) H (l + qIOn—Q) (1 + qIOn—])(l _ qan)

n21
= H (1 +q40n—28)(1 +q40n-12) (1 - q40n)
n2l
+ H (1 40n—32 40n—8 _ _40n
q +gq Y(1+4 )(1 - ¢*°).
n21
We have

H (1 +q10n—9)(1 + qIOn—l)(l _ q10n)

n21
oo s oo 2 [ )
Sn‘—4n 20n“—-8n 20n°412n
=249 =249 tq) 4
= H (1 +q40n—28)(1 +q40n-—12)(1 _ q40n)

n2l1
+qH 1+q40n 32)(1+q40n 8)( 4011)
n2l

We can write (10) as follows.

(qz,qw,q‘“,q”,qzo) _ (q“,q ,q > ) +q(q’6,q"°,q“,q8°‘qso>

g, ¢, ¢¢"% 7 o %,¢%,¢° ,qs’ o e, ¢*%,¢*%,¢2"" )
. g8, q"? .

If we multiply by 4 16 : g% we obtain

a*,q o

(1) (qz,qs,qm,q g%, ¢ .qzo)
g, ¢*,4¢% ¢, ¢"%, ¢ "7/

=<q8,q”,q“°,q“ q"%,¢"° q) +q(q”,q",q‘*",q“,q“,q“,qgo)
q*,q'%,¢%, ¢, 5,78’ % ) ¢*, ¢,¢%,¢*,¢°5,¢7° " )

Combining Theorem 4 and (11) we obtain

bt 2 52 an? 20m? ’qzs,q«m, qsz’ qsa, qso 50
Zq +Eq Zq +Zq +2‘1( 4 24 36 44 56 7679 ) :
~ vl q*, ¢, ¢%,¢",¢% ¢ -

If we extract odd powers, divide by ¢ and replace ¢q* by ¢ we obtain

(n+1) 5n(n+1)+1 _ q q q aq aq ",¢*
q" +) q 2 ( g0 .
Z Z q, ¢%,4¢°, ¢'',¢"*, ¢ .

—~ 00 — 00

If we put —q for ¢ we find

oo (=) 9 _10 20
n(n+1) __ Z 5n(n+1)+1 _ 2 q, 7,9 1q ’q : 4
Zq q = 2 .3 7 17 18"1 .
—o0 oo q9,9,9 q aq »q o U
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13)

(1)
(2]

Sum-to-product identities 363

REFERENCES

G.E. Andrews, The theory of partitions, Encyclopedia of Mathematics and its Applications
2 (Addison-Wesley, Reading, London, Amsterdam, 1976).

R. Blecksmith, J. Brillhart and I. Gerst, ‘Parity results for certain partition functions and
identities similar to theta function identities’, Math. Comp. 48 (1987), 29-38.

R. Blecksmith, J. Brillhart and I. Gerst, ‘Some infinite product identities’, Math. Comp.
51 (1988), 301-314.

M.D. Hirschhorn, ‘A generalisation of the quintuple product identity’, J. Austral. Math.
Soc. Ser. A 44 (1988), 42-45.

M.D. Hirschhorn, ‘On the expansion of Ramanujan’s continued fraction’, Ramanugjan J.
2 (1998), 521-527.

Department of Mathematics School of Mathematics

Massey University UNSW

Private Bag 102 904 Sydney NSW 2052

North Shore Mail Centre Australia

Auckland e-mail: m.hirschhorn@unsw.edu.au
New Zealand

e-mail: s.cooper@massey.ac.nz

https://doi.org/10.1017/50004972700019468 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019468

