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Abstract

This paper considers algebraic independence and hypertranscendence of functions satisfying Mahler-
type functional equations af(z") = f(z) + R(z), where a is a nonzero complex number, r an integer greater
than 1, and R(z) a rational function. Well-known results from the scope of Mahler’s method then imply
algebraic independence over the rationals of the values of these functions at algebraic points. As an
application, algebraic independence results on reciprocal sums of Fibonacci and Lucas numbers are
obtained.
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1. Introduction and main results

In the present paper, we are interested in the Mahler type functions

(e Ai ,k
Fix.)=y & ) oo, m, (1.1)
= Biz")
where r > 2 is an integer, A;(z), B;(z) € C[z]\{0}, A;(0) =0, Bo(z) = 1, and, for i > 1,
A;(z) and B;(z) are coprime, and the B;(z) are distinct, nonconstant, and monic. Clearly
A;
F,-(x,z)szi(x,z’)+£, i=0,1,...,m. (1.2)
Bi(2)
Now let a € C and define F;(z) = Fi(a,z) for i =0,1,...,m. Then these functions
satisfy the functional equations

aFi(Z') = Fi(z) - /;f—g, i=0,1,....m. (1.3)
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Further, for Fredholm series we define

0o

Fn =227, p=1,..,r-1, (1.4)

k=0

and Fém(z) = Fg”(a, 7), u=1,...,r—1. Clearly, all these series Fé")(z) and F;(z)
converge in some disc U around the origin since B;(0) # 0.

Let Q denote the field of all complex algebraic numbers, and assume that a # 0 and
the coefficients of the polynomials A;(z) and B;(z), i =0, 1,...,m, belong to @ Then
we may state the following theorems.

THeEOREM 1.1. Let the polynomials Bi(z), i = 1,...,m, satisfy the following conditions:

(1) if a € C satisfies |a| # 1, then not all roots of 7" = a belong to N, = {z

[T, Bi(z) = O}
(11) if a € C satisfies |a| = 1, then at most r — 2 of the r roots of 7" = a belong to N,;
(i) foreachi=1,...,m, there exists y; such that

Bi(y)=0 and Bj(y)#0 foranyj+i.

If £ € U\{0} is an algebraic number such that {’V ¢ N, for v=0,1,..., then the
numbers

FP@), .. FSO, FIQ)s s FulO)

are algebraically independent over Q.

For example, if Bij(z) =z —1 and By(z) = z+ 1, then N, = {1,—-1}. If r > 3, then
Theorem 1.1 gives the algebraic independence of Fé”({), ce, Fé"” (), F1(¢) and
F5(Q) for all algebraic ¢ with 0 < |{] < 1.

TueOREM 1.2. If the degrees of A\(z) and B\(z) are less than or equal to r — 1, and
£ € U\{0} is an algebraic number such that " ¢ Ny forv=0,1,..., then the numbers

F©0), ... .FS (0, Fi0)

are algebraically independent over Q except in the case

r

a=r, Bi(z)= witha™™ =1, A(z) = czB|(z) withc € Q\{0},

where, for all { with |{| < 1,

- Bl(m a-¢
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We note that this special rational F;(z) is given in [4, Theorem 8]. By using
Theorem 1.2, we may also consider the case r = 2 of the example after Theorem 1.1.
For this, let

(o)

) (e 2k
©@) = fl@d =Y d . fi=fla)= ) d5—
k=0

k
s ZZ_
(o] 2k
¥ <
Z) = a, ) = a .
5@ = ha,2) g e

If £ with 0 <|{] < 1 is an algebraic number, then Theorem 1.2 gives the algebraic
independence of fy(¢) and f1(£); the same holds for fy(¢) and f>(¢) if a # 2, but

£2,0) =/(1 = ). Furthermore, f1(1,0) — f2(1,0) =2Z/(1 — ), butif a # 1, we have
no information on such relations.

Tueorem 1.3. If deg A1(z) < r, deg B1(z) = r, and { € U\{0} is an algebraic number
such that §rv ¢ Ny forv=0,1,..., then the numbers

F@,.... Fy 0, Fi@)
are algebraically independent over Q except in the following five cases:

(1) a+#rand

Bid)=7 —a withd™' =1, AI(Z)ZCQ( (a—lz)j_a(a_lz),)
=

with ¢ € Q\{0};
2) r=2,a=2and

Bi2)=1+2", Ai(@)=cz® withceQ\{0}
3) r=2,a=4and

Bi@)=(1+2% Ai(@=cz withceQ\{0}
4 r=2,a=-2and

Bix)=1-z+72% A =cz withceQ\{0};
&) r=2,a=2and
Bi@)=1-z+2% Ai(@=cz(l-22) withceQ\{0}

Moreover, the following equations hold for any { with |{| < 1:

& Y@ —a@ "

o é;rkﬂ —a - a_]é, _ 15
o0 . §2k+1 ~ (2 00 4k§2k ~ é/
;252“‘“_1—42’ ;(1+g2")2"(1—§)2’
i - > 2K (1-20%)  (1+20)
=2+ 1 +0+ 2 L -2+2  1+{+

k=0 k=
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Remark 1.4. The above cases of rational F(z) are not all new; for the special case
a =1 of (1), see [4, Theorem 9], and for (3) and (4), see [3, Theorem 1.1].

THEOREM 1.5. Assume that t and u are positive integers. Let ay,...,Qy, @ € @
satisfy la;| # 1, ol # |j| for all i # j,la|l =1, and let Bi(z) =7 —a;,i=1,...,m,
and B,1(2) =2 —a. If £ € U\{0} is an algebraic number such that (" & N, for
v=0,1,..., then the numbers

FSO, .., FSO, Fi(Q), . Fuld)

are algebraically independent over Q. Further, if r > 3 and u is not divisible by r, then
these numbers together with F,,.1({) are algebraically independent over Q.

Assume now that deg Ay(z) < r — 1, and denote by g,,(z) the typical linear form
coFo(@) +ciFi1(2) + -+ + cpuFin(2) (1.5)

in the functions Fy(z), F1(2), . . ., Fu(z) with (co, 1, . . ., ¢n) € C"1\{0}. We shall prove
in Section 3 below that, under the assumptions of Theorem 1.1, the function g,,(z) is
hypertranscendental, that is, g,,(2), g,,(2), g.(2), . . . are algebraically independent over
C(z). The same holds for g;(z), if the assumptions of Theorem 1.2 or Theorem 1.3 are
satisfied and we leave aside the exceptional cases of these theorems. Furthermore, if
the assumptions of Theorem 1.5 are valid, then g,,(z) is hypertranscendental as g,,+1(z),
if r > 3 and u is not divisible by r. For all these hypertranscendental functions, we can
state the following result generalizing earlier ones (see [8—10]).

TueorEM 1.6. If (co,Cly...,Cm) € @m+l\{Q}, gm(2) is hypertranscendental, and { €
U\{0} is an algebraic number such that { ™ & N, forv=0,1,..., then the numbers
&m(0), 8,,(0), g (L), ... are algebraically independent over Q.

Remark 1.7. Tt will turn out in Section 2 that our function g,,(z) introduced in (1.5)
satisfies a functional equation of type g(z") = a1(z)g(z) + ao(z) with ag, a; € C(z). For
nonrational solutions of such equations, Nishioka [11] established conditions that
guarantee the hypertranscendence of these solutions (and which we will use). It would
be of great interest to have a similar hypertranscendence criterion for more general
classes of Mahler-type functions, for example, for solutions of

8(@) = an(2)g(2)" + -+ + ao(z) (1.6)

with integer n > 2 and ao, ..., a, € C(z). Note that here we know from [12] that all
nonrational solutions are transcendental such that it is natural to ask the following
open question.

Oren QuEsTION. Are nonrational solutions of (1.6) always hypertranscendental?

The analogous problem could be posed for solutions of even more general Mahler-
type functional equations as P(z, f(z), f(z")) =0, P a polynomial in three variables.
These questions are very much related to one asked by Hilbert [5] in his famous
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collection of 23 problems. There, in the text inserted between Problems 18 and 19,
he suggests that we ‘consider ... the class of functions characterized by ... algebraic
differential equations’. And he continues: ‘It should be observed that this class does
not contain the functions that arise in number theory and whose investigation is of
greatest importance. For example, the [Riemann zeta] function satisfies no algebraic
differential equation’.

Our next result studies partial derivatives of (1.1) and (1.4), so let

J
Fif(x,2) = (i) Fix,2, Frn2) = ( ) F¥(x,2).
’ ox ox
For distinct ay, ...,a, € @\{O}, we define
Fijx@ = Fijan 2, Fi(2) = Fa2). (1.7)

Then we get the following generalization of Theorem 1.1.

TueOREM 1.8. Assume that conditions (i)—(iii) of Theorem 1.1 are satisfied. If { € U\{0}
is an algebraic number such that {’V ¢ N, forv=0,1,..., then the numbers

FO A Py (O FrjaQ)s o Frja @) (=050, 6 k=1,...,8)
are algebraically independent over Q.

As our final results of this section, we give some applications to the (ordinary)
Fibonacci and Lucas sequences (F,) and (L,) defined by Fo=0,F; =1,F, = F,—; +
F,,forn>2,and Lo=2,L;=1,L, =L,y + L, forn>?2.

THeEOREM 1.9. Let d > 1 be an integer, and assume that r > 3. If ay, . . ., a are distinct
nonzero algebraic numbers and p; = (1 + \/g)/ 2, then the numbers

(1 (1) d o W
— _
F (ak p] ),-"’Fo' (ak,p] )s ‘Pv,j,k: Z s
’J Fdr”+v
h=0
dr'+v>0
had hja,’(’
je= Y (j=0,....6k=1,....5, veZ)
=0 Ldrh+v
dr''+v>0

are algebraically independent over Q. In particular, the numbers

(o) (o]
1 1
S 3l e
=0 Fapnyy =0 Ly
dr'+v>0 dr'+v>0

are algebraically independent over Q.
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TueorREM 1.10. Let the assumptions be as in Theorem 1.9, but now with r = 2. Further,
for each pair (v, k) with v # 0, let g, ;i denote either ¢, ji or A, i, j=0,...,t. Then
the numbers

F<1>(ak,p1 )y Ao jio 81 jk> 8—1,jks 82,jdr 82 ks - (J=0,...,0 k=1,...,5)
are algebraically independent over Q.

We briefly compare the statements of Theorems 1.9 and [.10 concerning
algebraic independence of series of type ) hfaz /R4, R the Fibonacci or Lucas

sequence, with previous literature, where seemingly numbers of type Féo(ak,pId),
i=1,...,r—1, were never included. Most closely related to ours are, to the best of our
knowledge, [6, Theorem 1.2] and the results in [14]. We quote here [6, Theorem 1.2]
in a slightly abridged form as follows.

Let (R,)n=0.1... be a binary linear recurrence defined by R, = AR,_; + BR,_» (n > 2)
with integers A, B, Ry, R satisfying A2+ 4B > 0 and (Ro,R1) #(0,0). Let r > 2 be an
integer, assume ay, . . .,ds € @\{O} to be distinct, and let b € @ Then the numbers

i h

a
k=1,...,9)

h=0 n+b

are algebraically independent except in eight precisely described cases (not to be
quoted here).

The dash at }’ indicates that those / producing a vanishing denominator have to be
omitted. The authors claim that their proof still can be applied to similar series, where
the subscript  of R in the denominator is replaced by dr”* + v for fixed integers d > 0
and v. In [14], it is proved that if (R,) is not a geometric progression, then the numbers

o i h
, Wa;

=0 Rdr“+v

(k=1,...,5,veZj=0,1,...)

are algebraically independent except in two precisely described cases having r = 2.

It should be pointed out that our proofs of Theorems 1.9 and 1.10 would also allow
inclusion of a fixed algebraic summand b in the denominator of each term of the series
®v,jk> Av,jk- Moreover, our method could handle more general binary linear recurrences
as well.

To conclude these remarks, we mention that the papers [15—17] contain more results
on the algebraic independence of certain types of reciprocal sums of linear recurrences.
Concerning ‘only’ transcendence of such sums, we refer the reader to [3, 4], [6,
Theorem 1.1], and, in particular, to Kurosawa’s paper [7] containing an extensive list
of references.

2. Linear independence

Our subsequent proofs of Theorems 1.1-1.3, 1.5, 1.6 and 1.8 will be applications of
[13, Theorem 4.2.1]. For these applications we need the algebraic independence over
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C(z) of the corresponding functions. This will be obtained in Section 3 by using [13,
Theorems 3.2.1 and 3.2.2], which reduce the problem of algebraic independence to
the problem of rationality of linear combinations of these functions. This last problem
will be studied in the present section. Finally, in Section 4, we will prove some general
results implying Theorems 1.9 and 1.10 as special cases.

Here we shall study functional equations of the form

A
ag() = () - % o

where A(z) and B(z) are coprime polynomials satisfying A(0) = 0. Obviously

[

L LAY
8(2) kz:(;a—B(Z’k)

is an analytic solution of (2.1) in some neighbourhood of the origin. On the other hand,
if

f@ = fid
k=0

is a solution of (2.1), analytic in some neighbourhood of the origin, then
a zkr = Zk - C Zk with @ = C Zk,
;1 fi kZ: fi ; k 50 ; !
and therefore afy = fo, and all f; with kK > 1 are uniquely determined by the above
equality. If a # 1, then fy =0 and f(z) = g(z). If a =1, then we may choose f
arbitrarily and f(z) — fo = g(z). Therefore, in considering the existence of rational
solutions w(z) of (2.1) it is enough to study solutions with w(0) = 0, and if such a
solution exists, then g(z) = w(z).
We first consider rationality of our typical linear combination (1.5),

&gm(2) = coFo(2) + c1F1(2) + - + ¢y F (),

where (cg, c1,. .., cn) € C"1\{0}, and where deg Ay(z) is not generally bounded. We
begin by proving the following result.

Lemma 2.1. Let the polynomials Bi(z), i = 1,...,m, satisfy conditions (i)—(iii). Then
gm(2) is rational if and only if ¢| = -+ - = ¢,, = 0 and Ay(z) is of the form C(z) — aC(z")
with C(z) € C[z].

Proor. The ‘if” part being trivial, we immediately suppose that

P(2)
() = —= 2.2
8m(2) 00 (2.2)
with coprime P(z), O(z) € C[z] and monic Q(z). Since g,,(0) = 0, we have P(0) = 0.

The definition of g,,(z) with (1.3) implies
AR An(@)

B2 B’

agm(z") = gm(z) — coAo(z) — ¢ (2.3)
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Thus, condition (iii) implies P(z) # 0. Further, by (2.2), Equation (2.3) is equivalent to

aP)0@) [ | Bi@) = PR [ | Bi2) - c04o(2)0E)0@) | | Bi)
i=1 i=1 i=1

m

- > A0 0@ | | B, 2.4)
i=1 J#
implying the divisibility relations
0100 | B, 2@ 1) | | Bi. 2.5)
i=1 i=1

Assume that Q(a) = 0 with || > 1, and choose such an @ with minimal |@|. Then
none of the zeros of Q(z") with 7" = « is a zero of Q(z). Therefore, by (2.5), all these r
zeros must belong to N,,, contrary to condition (i). A similar contradiction is obtained
if Q(a) = 0 with some || < 1.

By the above consideration, |a| = 1 holds for all « satisfying Q(a@) = 0. Let
ay, ..., be all such distinct @ arranged in such a way that 0 < ¢ < -+ < ¢, < 21, ¢; =
arg ;. Then the distinct roots of Q(z") belongto Ty U --- U T, withT; ={z: 7" = a;}. It
is easily seen that the sets 7; are disjoint, and therefore there exists a set 7; containing
at most one of @y, ..., @,. Then at least r — 1 of the roots of 7" = a; belong to N,,, which
contradicts (ii). This implies Q(z) = 1, and so (2.4) gives

m m m m
aP@) | | By = P | | Bi@) - codo@) | | Bid) = D cidi | | Bitd. (2.6)
i=1 i=1 =1

i=1 i i

By condition (iii) and (2.6), we get c;A;(y;) =0foralli=1,...,m, implying ¢; =0
foralli=1,...,m,since A;(y;) # 0 by the coprimality of A;(z), Bi(z). Thus ¢¢ # 0 and
(2.6) reduces to

aP(7") = P(z) — coAo(2).

This proves our lemma. m]

From the above proof we get the following corollary.

CoroLLARY 2.2. [If the assumptions of Lemma 2.1 hold, then the function ¢ F(2) +
<ot ey Fu(2) with (cy, . . ., c) € C™\{0} is not rational.

Further, in the special case m = 1, we obtain the following corollaries.

CoroLLARY 2.3. Assume that B|(z) is a nonconstant polynomial satisfying conditions
(i) and (ii) with m = 1. Then g\(z) = coFo(2) + c1F1(z) is a rational function for
(co, 1) € CZ\{Q} if and only if ¢y =0 and Ay(2) is of the form C(z) —aC(z"),C(z) €
Clz]. In particular, conditions (i) and (ii) with m = 1 are satisfied if r > 3 and
degBi(z) <r—-2.
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CoroLLARY 2.4. The function Fy(z) is rational if and only if A¢(z) = C(2) —
aC(7"), C(z) € Clz]. Further, Fi(2) is not a rational function if conditions (i) and
(ii) are valid with m = 1.

If deg B;(z) = r — 1, then Corollary 2.3 cannot be applied directly but, in some cases,
it can be used to determine explicitly all rational possibilities for g;(z). We study such
cases in Lemmas 2.7 and 2.10 after the following examples.

ExampLE 2.5. The choice Bi(z) = z— 1, By(z) = z + 1 satisfies conditions (i)—(iii) for
all r > 3, and therefore Lemma 2.1 implies that the function

coFo(2) + c1F1(2) + c2F2(2)
is rational if and only if ¢; = ¢; = 0 and Ay(z) = C(z) — aC(Z") for some C(z) € C[z]. If
r = 2, then condition (ii) is not satisfied, but see Example 2.9 for this case.

ExampLE 2.6. Assume that the positive integers ¢ and u are not divisible by r. Let
ai,. .., Oy, @ € C\{0} satisfy |a;| # 1,]a;| # ;| forall i # j,|a| = 1. If Ap(z) is not of the
form C(z) — aC(z") with some C(z) € C[z], and if B;(z) = 7/ — @; and B,,41(z) = 7 — «,

then
coFo(R)+c1Fi1(@+ -+ cnFn(2)
is rational only if ¢ = - - - = ¢,,, = 0. Further, for r > 3,
coFo(2) + c1F1(2) + -+ + 1 Fins1(2)
is rational only if ¢cg = -+ = ¢41 = 0. It is enough to prove that conditions (i) and

(ii) are valid ((iii) is clear). To verify (i), we show that the set T = {argz : z7 — b = 0},
where |b| # 1, does not contain all arg z with 7" — 8 = 0. For this, note that if

arg N 2£ _ argb N 21_77

r r t t r r r t

arg8 N 2(j+ D _ argb N &

with integers i, j, k, then r | ¢ contrary to the assumption. Further, if r > 3, U = {argz :
*—a =0}, |8 =1and

wsp 2
r r

ey,
then (it 1
+
agf | 2jxr
r r
since r is not a factor of u. This implies (ii).

Uv

LemMma 2.7. If the polynomials Ay(z), A1(z), and B1(z) have degrees less than or equal
tor—1, then g,(z) is rational if and only if a = r, ¢y = 0 and, moreover,

r

Bi() ="
-

witha™' =1, Ai(z)=czB)(z) withc € C\{0}, 2.7)

in which case

DI AN
k=0

Bi(z") a-z
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REmaRrk 2.8. We note that [4, Theorem 8] implies that F'(z) with deg Bi(z) =r—1is
rational only in the case of Lemma 2.7. The particular case a = 1 follows also from
[18, Lemma 1]. In the case r = 2, one has

i P

o2l 1-7

see also [3, Theorem 1.1]. The final equality in Lemma 2.7 is apparent, noticing that

Bix) -z N rz’
Bi(z) z-a Z-a

Proor oF LEmma 2.7. Under the assumptions of Lemma 2.7, conditions (i) and (ii)
with m = 1 of Corollary 2.3 are satisfied except in the case

7 —a
BI(Z): s |a|=1, ’)’rZCZ.

Therefore we now assume this and use the proof of Lemma 2.1.
By (2.5),deg O(z) < 1. If O(z) = 1, then (2.4) gives

aP(Z)Bi(z) = P(2)B1(2) — coAo(2)B1(2) — ¢1A1(2).

Thus c1A1(6) = 0 with some ¢ satisfying B1(6) = 0. Since A;(6) # 0, we get c; =0,
co # 0. By the last equation, we have

coAo(2) = P(z) — aP(2"),

but this is not possible, since 1 < degAp(z) <r—1.
If deg O(z) = 1, say Q(z) = z — B, then (2.5) leads to

7 =B =Bz -p).

Therefore |8| = |a| = 1, and @ = 8 =y, O(z") = B1(2)(z — @). Substituting this in (2.4),
we obtain

aP(z") = P(2)B1(2) — coAo(2)B1(2)(z — @) — c1A1(2)(z — @). (2.8)
This gives first deg P(z) = 1, P(z) = ¢*z, ¢* € C\{0}. Further, since deg Ay(z)B1(2)(z —
a) > r+ 1 and the degrees of the other terms are less than or equal to r, we find
co=0, c; #0. We now put A;(z) = zA*(z) and note that y = o implies o'~ = 1,
Bi(a) = r. Then (2.8) takes the form

ac*? ' = P c1A*(Q)(z - @).
-«

At z = @ we now get a = r. Then we find, after some calculations, that

* c* 4
A'(z) = _c_lB‘(Z)’

which proves Lemma 2.7. O

https://doi.org/10.1017/51446788714000524 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000524

[11] Algebraic independence of certain Mahler functions and of their values 299

ExamprE 2.9. Let fy(2), fi(z) and f>(z) be the functions defined after Theorem 1.2. By
Lemma 2.7, the linear form c fy(z) + ¢} f1(z) is rational for any a, r only if ¢y = ¢; = 0.
The same holds for fy(z) and f>(z) if r > 3; but if r =2, then £,(2,2) =z/(1 —2)
holds. Furthermore, by (2.10) in the following lemma, we see that f(1,z) — f>(1,2) =
2z/(1-g)ifr=2

Lemma 2.10. IfdegAg(z) <r—1,degA (2) < r, and deg Bi(z) = r, then g\(z) is rational
if and only if ¢y = 0 and one of the following cases holds:

(1) a+#rand

Bi@ =7 —a, o' =1, A@=co ) @' ~a@') ce V)
j=1

2.9
2) r=2,a=2and
Bi(z)=1+7% Ai(e)=c’, ceC\{0}
3) r=2,a=4and
Bi@)=(1+2°% A(@=cz, ceC\{0}
4 r=2,a=-2and
Bi@)=1-z+7%, Ai(x)=cz, ceC\{0k
5 r=2,a=2and
Bix)=1-z+7%, A(x)=cz(1-27), ceC\{0)}.
Moreover,
© (@) —a(e 'y
P S (2.10)
= 7 —a Calz-1
izk 2" 2 i 42 g
ool -2 gasdy (d-97
i k* i 262 (1-22") 21 +22)
k:01—12k+zz"”_l+z+zz’ 41 -2+ 2 Cl4z+ 22

ReEmARK 2.11. The case a = 1 of (1) follows also from [4, Theorem 9], and cases (3)
and (4) are given in [3, Theorem 1.1]. Note also that (2) is a special case of Lemma 2.7
if we replace z by z? there.

Proor oF LEmma 2.10. We again use the proof of Lemma 2.1. Now (2.5) implies that
deg O(z) <r/(r—1),sodeg O(z) < 1,if r > 3, and deg Q(z) < 2, if r = 2.
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If O(z) = 1, we get a contradiction as in the proof of Lemma 2.7. Assume now that
deg O(z) = 1 or 2 (if r = 2). By (2.4),

aP(Z")Q(2)B1(2) = P(2)Q(z")B1(2) — coAn(2)Q(z") Q(2)B1(2)
- 1A1(2)0(2H0). (2.11)

Assume first that deg Q(z) = 1. If deg P(z) > 2, then the degree of the left-hand
side is greater than the degrees of the terms on the right-hand side, therefore deg
P(z) =1, P(z) =cz, ¢ € C\{0} (remember that P(0) = 0). But this means that deg
Ap(2)0(Z")0(z2)B1(z) = 2r + 2 is greater than the degree of any other term in the above
equality. Thus ¢ =0, ¢y # 0. In the case r = deg Q(z) = 2 we get deg P(z) < 2, and we
have the same conclusion ¢y = 0, ¢; # 0. This implies that F{(z) is a rational function
in all cases under consideration, and we may assume in the following that ¢; = 1.

We now consider (2.11) with ¢g =0, ¢; = 1. Clearly, it is enough to study those
B1(z) which do not satisfy conditions (i) and (ii) with m = 1 of Corollary 2.3. So we
have to consider the following two cases:

Bi(2) =7 —a, (2.12)

7 -«
z=y
Assume first that deg O(z) = 1, say Q(z) = z — . We saw above that then P(2) = ¢z
holds with some ¢ € C\{0}. Equation (2.11) now takes the form

Bi(z) = z-0), lal=1,y"=a,6 +v. (2.13)

acz'(z = P)B1(z) = cz(z" = B)B1(2) — A1(2)(@" = B)(z = B). (2.14)
If B1(z) is of the form (2.12), then
@ =P =P -a), @-p)IE -pE -a). (2.15)

This implies a = S, and then the second relation in (2.15) yields o’~' = 1. By (2.14),

r

C A,

, z
acz’ =cz

This gives
Al(z) = ca(Z(a"z)i - a(a_lz)’)
=1

which is case (1), if a # r. If a = r, then A{(@) = 0, which contradicts the coprimality
of Ai(z) and B;(z) (in fact we get the special case of Lemma 2.7, if we cancel out the
common factor 7 — @).

Secondly, we consider Bj(z) from (2.13). By (2.5),

7 -a

(z=0)(z—=P), (2.16)
=7
or Bi(z)(z—B) = (" - B)T(z), where T(z) is a monic polynomial of degree 1. This
result with P(z) = cz and (2.11) implies

ac?T(2) = czB1(z) — A1(2)(z — B). 2.17)

@ -p)
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If r > 3, then we get, by (2.16) and ¢ # v,
a=B=y, T@@=z-6
Thus the use of (2.17) leads to A;(6)(0 —B) =0. Since 6 # y = and A;(d) #0
by coprimality of A;(z) and B(z), we get a contradiction. If r =2 and a =g,
we have the same contradiction as above. In the case r =2 and a # 8 we get
Z=B=@-0z-p), B=1,6=-1, Bi(e) =(@z+y)(z+1) and T(z) =z +y. By
using these results with (2.17), we now obtain A{(—y)(—y — 1) = 0, which again gives
a contradiction. Thus, the case deg Q(z) = 1 is proved.
Assume now that r = 2 = deg Q(z). Let Q(z) = 22 + 12+ qo and By(z) = 2> — a as
in (2.12). By (2.5), Q(z*) = Q(2)B\(2), or
@i +q0 =+ @z + )@ - a).

By comparing coefficients on both sides, we obtain @ = gy = —1, g; = 0. Substituting
this in (2.11), we get

aP(@) = PQZ + 1) = Ai(2)(Z = 1).
Here P(z) = p1z + p2z%, A1(z) = a1z + a»2%, and, comparing coefficients again, we have
a=2, Ai(2) = ¢z, P(z) = —cz%, ¢ € C\{0}. This is case (2).

Assume then that By (z) is of the form (2.13),

?-a

=Y
Note that b; # 0 since y # 6. If Q(z) = 2% + g1z + qo, then, by (2.5),

Bi(2) =

(z=0)= (@ +y)z—08)=:12"+ bz +by.

2@ +qo= (@ +qiz+ qo)@ + biz + by). (2.18)

Comparison of the coefficients in this equation gives q; = —b; #0, go = by = 1.
Therefore,

Bi(2)=7+bz+1, QR)=—-bz+1, b=y-6 vy5=-1,
and therefore Q(z) = (z — y)(z + 6). Consequently, (2.18) has the form
(@ =P +0) = =y - ).
Now there are two possibilities, either y = y?, § = —6% or y = 6>, § = —y>. In the first
casey=1,6=-landbh=2,andinthe secondy’ =1 (y# 1), 6= —y*and b = —1.
By the above information, (2.11) has the form
aP(Z) = P)(Z* + bz + 1) = A{(2)(Z* - bz + 1),

where P(2) = pi1z + p2z> and A (z) = a,z + a»z%. By comparing coefficients we get the
following system of equations:

pi—a; =0, py+bpy—ay+bay=ap,, bpy+pi+bay—a =0, p)—a;=ap;.
These imply three possibilities. The firstis p =a; =0, py =a; =c#0, b=2, a=4,
leading to (3). Then we may have p, =a; =0, py =a; =c#0, b=-1, a= -2, which
gives (4). Finally, the case p;y =a; =c#0, py = —a; =2¢, b=-1, a=21leads to (5).
Thus, Lemma 2.10 is proved. O
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We note that Corollary 2.3 and Lemmas 2.7 and 2.10 can be used to study the
rationality of the function

o]

A@ZY)
F = k—,
© kz:;{a B(z")

with coprime polynomials A(z) and B(z) satisfying A(0) =0, and 1 < deg B(z) < r.

Namely, we may write
A(z) = Ao(2)B(2) + A1 (2),

where Aog(0) = A1(0) =0, A(z), B(z) are coprime and deg A;(z) < deg B(z), and

therefore
F) = Z d Ao >+Z B‘((Zrk)

Here Ay(z) =0 if deg A(z) < deg B(z), and # 0 otherwise. Thus F(z) is of the form
F(2) = coFo(z) + c1 F1(z) with (¢cg,c1) = (0, 1) or (1, 1).

As our final result of this section we give a generalization of Example 2.6, where
we apply (2.3) following the lines of the proof in [14, Lemma 6], which studies the
case where A;(z) are powers of z and all ¢; below are equal.

LevmMma 2.12. Assume that t1,...,t, and u are positive integers. Let ay,...,apy,a €

C\O} satisfy lail # 1, Vil 2 o)l for all i # j, lal=1. If Bix)=7" —a;, i=

1,...,m, Bp(2) =2" —a, and (r — t; > t; for all i, j, then

g(Z) = COFO(Z) +--+ CmFm(Z) + cm+1Fm+1(Z)

with nontrivial (c, ..., Cnu+1) IS rational if and only if c; = -+ =c¢,, =0 and g(2) :=
coFo(2) + 1 Frni1(2) is rational. In particular, if Ag(2) is not of the form C(z) — aC(z")
with C(z) € Clz] and either c,.1 =0 or r > 3 and u is not divisible by r, then g(z) is
not a rational function.

Proor. Assuming that g(z) = P(z)/Q(z) as in the proof of Lemma 2.1, we have an
analogue of (2.3),

A1(2) An(z) Ap+1(2)
ag(7) = —cpAo(z) — ¢ — = —Cm . 2.19
8(Z") = g(2) — coAo(z) e 3.0 S (2.19)
If (c1,...,cm) # 0, then g(z) must have a pole of absolute value not equal to 1. If

there exists a pole of absolute value greater than 1, let p be such a pole with maximal
absolute value. Now p is not a pole of g(z"), so the assumptions of our lemma together
with (2.19) imply that p" — a; = 0 with exactly one 1 <i <m. But then all \'ﬁp

are poles of g(z). This implies that r7; numbers +/ V1 p are poles of g(z"). By the

assumption Vi # \lﬂa’ jl for i # j, the function ag(z") — g(z) has exactly ¢; poles of
the same absolute value \1’) laj| (if c; # 0), and therefore at least rt; — t; > t; (with some

Jj #10) of the above \"/ \'ﬁp are poles of g(z). Let these be ¢i,...,q, with v > ;. The
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rv numbers +/g; are poles of g(z"), and again at least v — #; > 1; of these are poles of

g(2). By repeating this, we get a contradiction, and therefore (cy,...,c,) = 0. The
same argument works also if g(z) has a pole of absolute value less than 1. Then the
final claim of the lemma follows from Example 2.6, and Lemma 2.12 is proved. m|

3. Algebraic independence and hypertranscendence

Our subsequent algebraic independence considerations are based on [I13,
Theorems 3.2.1 and 3.2.2] saying that algebraic independence of the functions
satisfying functional equations of type (2.1) can be reduced to rationality
considerations of linear combinations (over C) of these functions, and here we may
use the results in Section 2.

For the proof of Theorem 1.1, we need the following analogue for functions.

TueOREM 3.1. Assume that the polynomials B(z), i = 1,...,m, satisfy conditions (i)—
(iii). Then the functions

F{P@,....F{™ @, F1@),....Fu(@
are algebraically independent over C(z).

Proor. Assume that the above functions are algebraically dependent. Then [13,
Theorems 3.2.2] implies that these functions are linearly dependent over C mod C(z).
Thus there exist nontrivial constants cg, and c; such that

82 = o1 F" @)+ + copmt FSTV(@) + 1 Fi1(@) + -+ + enFin(2) € C2).

If all ¢, = 0, then at least one of the ¢; is nonzero, and we have a contradiction to
Corollary 2.2. If ¢q, # O for some y, then

8(2) = Fo(2) + 1 F1(2) + -+ + cnF(2) € C(2),

where Ag(z) = coiz+ - + co,r_lz"l, but this contradicts Lemma 2.1, proving
Theorem 3.1. m|

Analogously, Lemmas 2.7, 2.10 and 2.12 give the following results.

THeEOREM 3.2. If the degrees of A(z) and B1(z) are less than or equal to r — 1, then the
functions
F"@,....F{ (), Fi(2)

are algebraically independent over C(z) except if a = r and (2.7) holds.

For example, Theorem 3.2 applied to the functions of Example 2.9 implies, that,
for r > 3, the functions fy(z), f1(z) and f>(z) are algebraically independent. In the case
r=72, fo(z) and fi(z) are algebraically independent, fy(z) and f,(z) are algebraically
independent for all a # 2, but £3(2,7) = z/(1 — z). See also [8, Theorem 2] for these
functions.

https://doi.org/10.1017/51446788714000524 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000524

304 P. Bundschuh and K. Vidninen [16]

TueoreMm 3.3. If deg A (z) < r and deg B(z) = r, then the functions
F{"@),....F{™ @, Fi(2)
are algebraically independent over C(z) except in cases (1)—(5) of Lemma 2.10.

TueEOREM 3.4. Let the assumptions of Theorem 1.5 be satisfied. Then the functions
F’@,....Fy (2. F1@2).....Fu(@)

are algebraically independent over C(z). Further, if r > 3 and u is not divisible by r,
then these functions together with F,,.(z) are algebraically independent over C(2).

We next study hypertranscendence of the solutions of (2.1),

R €)
ag(z') = g(2) B’

with coprime polynomials A(z) and B(z) satisfying A(0) = 0.

Tueorem 3.5. If (2.1) does not have a rational solution, F(z) € C[[z]] converges
in some neighbourhood of the origin, and satisfies (2.1), then F(2) is hyper-
transcendental.

Proor. We assume that there is some nonnegative integer m such that F(2),
F'(2),...,F™(z) are algebraically dependent over C(z), which is equivalent to the
algebraic dependence of F(z), DF(2),...,D"F(z), where D :=z(d/dz). Then we
apply [11, Theorem 3] or [13, Theorem 4.2.3] to F(z). By (2.1), we have to take
u(z) =a™', v(z) = a"'A(z)/B(z), whence M =0 = Q, u;(z) = 1 using the notation of
[13, Theorem 4.2.3]. By this theorem, there exists some w(z) € C(z) satisfying

-1AR) r_ -1 aA®  y
30) or wiz')=a 'wi@+a 30 " m@’

where u; € C(z)\{0} fulfils the condition uy(z") = us(z) (leading to u, € C*), andy € C
is the constant term in the z-expansion of A(z)/(B(z)uz(z)) which vanishes since
A(0) =0, B(0) # 0. Thus, (3.1) reduces to the single equation

(3.1)

wi@Z) =a 'wiz) +a

. A(2)
aw(Z) =w(@) + —
(@) =w(2) BG)
and this contradicts an assumption of Theorem 3.5. O

CoroLLARY 3.6. All functions g,,(z) and g1(z) of the previous section, which are not
rational functions, are hypertranscendental. For example, if the assumptions of
Lemma 2.7 are valid, then g(z) is hypertranscendental except if a = r and (2.7) hold.

Remark 3.7. Very recently, Coons [2] considered functional equations of type (2.1)
with a =1 and deg A(z),deg B(z) <r—1, A(0)=0. In his Theorem 2.2, he
established the transcendence over C(z) of the solutions F(z) € C[[z]] of such equations
converging on some U as above. Note that our Corollary 3.6 implies even the
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hypertranscendence of these functions F(z). Under the additional hypotheses that
F(0) and the coefficients of A(z) and B(z) are algebraic, one obtains the algebraic
independence of F({), F'({), F"'({), ... for any algebraic £ € U\{0} with B({") # 0
for v=0,1,... (compare also our Theorem 1.6 above). This fairly generalizes the
transcendence results on F({) for very particular examples F given in [2].

Finally, we consider the functions (1.7). By (1.2), we have
Ai(2)
Bi(z)’
Fii(x,2) = xFi (x,2") + Fio(x, 2",
Fin(x,2) = xFip(x,2") + 2F;1(x, 2),

Fio(x,2) = xFio(x,2") +

Fie(x,2) = xFio(x,2") + CFir_1(x,2").

This implies that, for any pair (i, k), the functions F;ox(2), ..., Firx(z) satisfy a system
of functional equations

Fiou(@) = a;' Fiox(@) + biro(2),
Fi1x(@) = =a > Fiox@) + a; ' Fii x(2) + big1(2),
Fiox(@) = abgFiou(@) = 2,7 Fiy 1(2) + a3 Fia(@) + bixa(2),

e ik -2 -1
Fiei(@) = aj Fior@) + -+ a7, yFie2(2) = €a; " Fipeo10(2) + @i Fie(2) + bi(2),
where the a;”; are complex constants and

) = (<) a1 AR
bl,k,/(z)_( 1)] ]!ak Bi(Z).

An analogous system is obtained for F é’f g’k(z), oL F é’j Z (2), where, in this case, A;(z)
should be replaced by z#, and B;(z) by 1.
Tueorewm 3.8. If conditions (i)—(iii) are satisfied, then the functions
F @, F @, F1 k@, Fja@) (G=0,..,6 k=1,...,9)
are algebraically independent over C(z).

Proor. Assume that the functions under consideration are algebraically dependent.
We can apply [13, Theorem 3.2.1] to the above system of functional equations.
Since the g are distinct, only the (i, k) pairs (1,k), ..., (m, k) and the (0, w, k) triples
0,1,k),...,(0,r — 1, k) have the same a;, and therefore there exists a nontrivial set of
constants i, ..., Cm; Co.1ks - - - » C0—14 SUch that, for some k, the function

CO,l,kFé’l(;’k(Z) oot CO,r—l,kFéf(;,lg(Z) +c1F10x@) + - + CnFmox(2)
= Folax,2) + c1Fi(ag, 2) + - -+ + cmFm(ax, 2)
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is rational, where Ay(z) = co 142+ + Co,r_l,kz"l. This is impossible by Theorem 3.1
(take there a = ay). O

Obviously Theorems 3.2-3.4 can be analogously generalized.

The proofs of Theorems 1.1-1.3, 1.5, 1.6 and 1.8 now follow immediately by
applying [13, Theorem 4.2.1] with the above Theorems 3.1-3.5, 3.8 and Corollary 3.6,
very much parallel to the proof of [1, Theorem 2].

4. Applications

To prove Theorems 1.9 and 1.10, we first recall that

! !t K n n 1+ \/5 B
Fn:%(pl _pZ)’ Ln:p]+p2 Wherep1: 5 ’p2=_p11-
Therefore we have, for all integers d > 1, v € Z and k > 0 satisfying dr* + v > 0,
1 Al,v(p[d’k) 1 Az,y@;d#)

=Cy, , =Cyy——, 4.1)
Faryy Bl,v(pl_drk) Ly ' Bz,v(P]_drk)
where Aj,(z) = A2,(2) =z, B1,(2) = 72— ay, Byy(2) = 2+ a, with a, = (—])dr+vp%v’
and certain Cy,, Ca, € Q(V5)\{0}.
We now define

(e rk (o] rk
Z k Z
(.x,Z): xk—’ /l (.x,Z): X =
o ; o b ; i
assuming, for the moment, only that ag, @1, . .., @, € C\{0} satisfy |ag| = 1, |a;| # |
fori # j. Further, let ,(z) = ¢,(a, 2), 4,(2) = 4,(a, z) for some nonzero complex a, and

let

Gu(2) = c1F @)+ + e, Fy (@) + Z(CLV%(Z) + c2,4,(2)
v=0

with nontrivial constants ¢;, 1, ¢2,. Then the following lemma holds.
Lemma 4.1. If r = 3, then G,,(2) is not a rational function.

Proor. We assume that G,,(z) € C(z) and deduce a contradiction. Clearly, G,,(z)
satisfies the functional equation

m
- z z
aGu(Z) =G — 12— =2 = Z(CLVZ— + cz,vZ—). 4.2)
v=0 < Tty
If (¢1.,c2,) # (0, 0), we may write

c Ly A0
1, 2, -
"2-a, T"Z+a, B2
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with coprime A, (z), B,(z), namely
Av(@) = 2(cry + )7 + (c1y —ea)a), B2 =7 —ai ifciuea, #0,

and
A@=cpz, B@ =2+ (e, ifc;,#0,cj01,=0

for j € {1, 2}, adopting the convention c3, := c;,. Thus, we may use Lemma 2.12 with
t, =2 or t, = 4; note that (‘/@ = V]a,|. Since (r—1)2 >4 for all » >3 we get a
contradiction if (¢, ¢2,) # (0,0) holds for some v € {1, ..., m}. Therefore a rational
G (z) satisfies a simplified Equation (4.2), namely

-1 Ao(2)

Gm d :Gm - — =G .
aGu(z") (2) -z Cr12 Bo2)

If ¢1 pc20 # 0, then By(z) = - Q’S and Ay(z) = z((c10 + Cz‘())Z2 + (c10 — €20)@p). In
the case r =3 or r > 5, the use of Lemma 2.1 gives a contradiction as in Example 2.6.
In the case r = 4, Lemma 2.10 implies that G,,(z) could be rational only if ¢; = ¢; =
c3 =0, a=1, and Ayg(z) were of the form given in (2.9), but this is not the case. Thus
we must have ¢ g0 = 0.

If cio#0 and cy0 =0, then By(z) = 22 — @y, Ao(z) = c10z, and we get a
contradiction from Corollary 2.3 (if » > 4), or from Lemma 2.7 (if r =3). A
similar contradiction follows if ¢;9 =0 and ¢y # 0. Thus ¢;9 = ¢z = 0. But then
Corollary 2.4 gives a final contradiction, proving Lemma 4.1. O

The above proof does not work in the case r = 2. However, in this case, Lemma 2.12
immediately gives the following lemma. Note that the case ap = 1 leads to exception
(1) of Lemma 2.10.

Lemvma 4.2, Ifr=2and ay # 1,ay,...,q, are as in Lemma 4. 1, then, for any nontrivial
choice of (c1,c10, ..., C1m), the linear form

m
c1Fg’ (@) + Z c1Lvpv(2)
v=0

is not a rational function.

We now define

uj(x.2) = (;—x)jgov(x, 0 A2 = (%)jzv(x, )

and, for distinct ay, . ..,a; € C\{0},

v jk(2) = @y jlak, 2), A jx(2) = A, j(a, 2).

Analogously to the proof of Theorem 3.8, we now get the following theorems.
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TheorREM 4.3. If r > 3 and ap, @y, ..., ay € C\{0} satisfy |agl = 1, and |a;| # |a;| for
i # J, then the functions

F (@, F 0@, 00,42, 20,52 - @m a2, Ak (2)
(G=0,....6 k=1,...,5)
are algebraically independent over C(z).

TueorEM 4.4. If r=2and ag # 1, a1, ..., a,, are as in Theorem 4.3, then the functions
F @, 00,4, s pmja@ ((=0,,6 k=1,....5)
are algebraically independent over C(z).
This implies, as in the previous section, the following results for function values.

THeEOREM 4.5. Let r > 3 and g, ay, . .., a, be nonzero algebraic numbers satisfying
laol = 1, and |a;| # || for i# j. If £ € U\{O} is an algebraic number satisfying
{2’V #=xa;forv=0,1,...andi=0,1,...,m, then the numbers
F Q) By (00,0, 20, 4D - P k(D) A, 1)
(G=0,....6 k=1,...,5)

are algebraically independent over Q.

THEOREM 4.6. Letr =2 and ag # 1,ay,...,q,, be nonzero algebraic numbers satisfying
laol = 1, and |ay| # |aj| for i+ j. If { € U\{O} is an algebraic number satisfying
{2’V za;forv=0,1,...andi=0,1,...,m, then the numbers

Fgf/{k(g), 0k D) pmin@) (=0,...,6k=1,...,5)
are algebraically independent over Q.
We now apply the above Theorem 4.5 with the special choice m = 2M, «, =
(D p?, v =0,1,..., M, ay-y = (DT p¥ v=—1,...,~M, and { = p;*" with
dr' > M. Here M is an arbitrary positive integer, fixed for the moment. By defining

o\
O,(x,2) = X', (x,2), Dy (x,2) = (a—x) O,(x,2),

g\
A(x.2) = XA (1.2 A (35,2) = (a) Av(x.2),

we obtain, by Theorem 4.5, the algebraic independence of the numbers

F§ @i pr™), o By V@i 07, @ i o7, A i o)

(G=0,....6 k=1,...,5; - M <v<M).
Since, by (4.1),

-1

e |
Cl,vq)v,j(akapld ):()Dv,j,k_ Z h(h—]-l' l)aZ jF
h=0

dr'+v

dr'"+v>0
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with
* - . h—7j 1
Prjk = E | h---(h=j+ Da JF—’

=0 dr+v
dr+v>0

and the corresponding formula holds also for A, j(ax, pl‘d"), we obtain the algebraic
independence of

1 —d -1 —d
Fé’;(abpl )’ sy F(<)’:] >(ak’,01 )7 ()Dv,j,k7 /lv,j,k

(G=0,....6 k=1,...,5; - M <v<M)

for r > 3. This proves Theorem 1.9. Furthermore, by noting that the change of «, to
—a, in ¢,(z) leads to 4,(z), we finally get Theorem 1.10 by using Theorem 4.6.
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