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Abstract. We prove an almost sure invariance principle and a central limit theorem
for the process (Fo f"),.0, where f is a map of an interval with a non-positive
Schwarzian derivative whose trajectories of critical points stay far from the critical
points, and F is a measurable function with bounded p-variation (p=1).

The almost sure invariance principle implies the Log-log laws, integral tests and
a distributional type of invariance principle for the process (F ¢ f), 0.

0. Introduction

Let f be a map of an interval I and F a measurable function on I. Under some
special assumptions (like expansiveness) on f, several authors have proved the
existence of a probabilistic measure u on I, f-invariant and absolutely continuous
with respect to the Lebesgue measure.

In 1979 S. Wong [9] considered the process (F ¢ f"),,o and proved a central limit
theorem for f piecewise C* and expanding in the case of a weak mixing u. His
method can be used to obtain an analogous theorem for maps of an interval which
we consider below.

In 1980 G. Keller [4] proved a central limit theorem for expanding f using the
ideas of M.I. Gordin [2].

In 1982 F. Hofbauer and G. Keller [3] proved for expanding maps f not only a
central limit theorem but also an almost sure invariance principle, from which follow
Log-log laws, integral tests and a distributional type of invariance principle.

In our paper all these theorems are proved for maps of an interval with a
non-positive Schwarzian derivative considered by M. Misiurewicz [5], W. Szlenk
[8] and B. Szewc [7]. A full list of assumptions and the formulation of the main
theorems are given in § 1. § 2 contains basic technical estimations of derivatives. In
§ 3 we prove an exponential rate of decreasing of the diameter in the sense of
Lebesgue measure of the partition V(','_1 f oA, where o is the partition into the
intervals of monotonicity of f

An exponential rate of decreasing of the diameter of the partition Vg_l s in
the sense of an f-invariant probabilistic measure is proved in §4. § 5 contains a
proof of an exponential rate of decreasing of mixing coefficient. The proof of the
main results formulated in § 1 is given in § 6.
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1. Assumptions and main results
Let I be a closed interval, A(g)c I its finite subset containing the ends of I, and
g: I>1 a continuous map, monotonic on the connected components of the set
I'\\A(g). We assume that g|,. () satisfies the following conditions [5]:

(i) g is of class C*;

(i) g#0;

(iii) Sg=0, (Sg=(g"/g")-3(g"/8)");

(iv) if g°(x)=2x, then |(g7)'(x)|> 1,

(v) there exists a neighbourhood U of the set A(g) such that forallac A, n=0,
g"(a)e A(g) or g"(a)¢ U for all m=n;,

(vi) for all a € A(g) there exists a neighbourhood U, of a and constants a, w,

6>0, u=0 such that
(@) alx—a|"=|f(x)|=wlx—-al,
() |f'(x)|=<8|x—al*

for all xe U,.

[5, th. 6.2] ensures the existence of a probabilistic measure u, g*-invariant for
some k =1, absolutely continuous with respect to the Lebesgue measure A and such
that the system (g*, u) is exact. The map g* also satisfies the conditions (i)-(vi),
where A(g*) = U:‘: g '(A(g)) plays the role of A(g). In the following we will write
f instead of g* and A instead of A(g").

Let F:[0,1]-R be a function with bounded p-variation p=1, ie. VPF=
sup Y _, |F(¢)— F(c;_y))? < +00, where the supremum is taken over all finite subsets
{Cos .-, Ca}, o<, <---<c, of the interval I. We assume that L Fdu=0.

We will treat (Fof"),.o as a stochastic process on the probabilistic space
([0,11, B, n) (B is the Borel o-field). Let S, =3, _, Fof™.

The main result of this paper is the following:

THEOREM 1. The series o°=J F> du+2Y .., F- (Fof*) du is absolutely convergent,
[(S,)* du=na*+0(1) (for neN) and if 0> # 0, then

(i) sup,er u{S./ovn=r}—(1/V2m) [ e => dx|= O(n"") for some v>0;

(ii) without changing its distribution we can redefine the process (S,),=q on a richer
probabilistic space together with a standard Brownian process (B,),=o such that almost

surely
|oe™'S, ~ B,|= O(t'*™*)
for some A > 0.

Log-log laws, integral tests and a weak type of invariance principle follow from
this theorem (see [3]). F. Hofbauer and G. Kelle- [3] proved the above theorem in
the case of expanding f.

2. Basic technical lemmas
Let B:= Uff;l f"(A) and V, be an open neighbourhood of B. Let U:={J,_, U..
We can assume that the sets U, a € A, are disjoint and:

fU)< Vg (1)
(fANA)NU=3. (2)
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It follows from (v) that BN\ A< I\ U, f(B\NA)< B\ A and B\ A is closed. So,
there exists a neighbourhood V; of the set B\ A such that

fv)nU=2. (3)
Put V= Vyn(V,u U).
LEMMA 1. For every y> 1 there exists noeN such that for all n=n, and all xe I if
fT(x)2V, then |(f")'(x)[=y.
Proof. For all x € I let A, (x) be the connected component of the set I \U:;:, xA)
which contains x. By [5, th. 4.6]

lim (sup A(A,(y))) =0.

n->c0 yel

The proof follows by using the argument of W. Szlenk [8, prop. 4]. Od

We remark that by integrating the inequality from condition (vi) we obtain
alx—al""/(u+1)=|f(x)-f(a)| < w|x—a]*""/(u+1) (4)

for all xe U, a€ A. ;

LEMMA 2. Let fi(a)e A, fi(x)e Up,y for i=0,1,...,k—1, " (x)e U for j=

0,...,1-1, f**(x)2V, k, 1=1. There exists a constant L>0 depending only

on the size of U and V such that

Y (o) =

Ix—af

Proof. Let a;, w, u;, &; be the constants from condition (vi) corresponding to f*(a).
Assume that f*(a) € A. Then

[f*(a) = f*(x)| = dist (A4, I\ U) = Ky,
and by (4)
(w1 +1)Ky
0l /<7100 = 7N @)%

|7 ) = a)l =
Hence, using (vi(a)) we obtain

-1 _ k=1 >(uk_,+1)ak_1 KU
IF7 ) =N a)l = o N

Repeating the above argument k times we arrive at the inequality

k=1 .+1 i K
|x_a|2 I—[ (u )a — U

= W T SO

By [5, th. 1.3] there exists a v>1 and m =1 such that
if f/(x)g U for j=0,...,m—1 then [(/™)'(x)|=». 5)
Therefore there exists a constant ¢,> 0 depending only on the size of U such that

1Y (0] = |fl_jc2 ~1 (u; + l)ai. 6)

I1
Assume now that f“(a)¢ A. By (v), f**(a)2 U for all j=0. By assumption

| i=0 w;
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fE(x)g V, so
lf () = () = dist (B, I\ V)= Kv.
Therefore for some 6 € (f*(x), f“(a)) we have
) 1) () Ky
(ITD=EE T P -l
If [F**(a), £**(x)]= I\U for j=0,...,1—1 then by (5) the same argument as
in the case of an expanding f proves that there exists a constant K > 0 depending
only on the size of the neighbourhood U such that

[GNEND

FRIC
So we have
ko) — fh( gy = Ky

But if [ (f*(a)), F(f*(x))]n U # & for some j, 0<j=1I—1, then

Ua, = [ (f*(a)), £(S*(x))]
for some age A (f/**(a)g U for j=0 in virtue of (v)). If j is the smallest such
iteration, then

KK,

(CALTAEN)
Now using (7) or (7') (depending on the situation) we proceed as in the case
f*(a) € A. The role of the constant K, is now played by

K-Ky K- K,

YN AT

As a result we obtain an estimation similar to (6), but the constant K¢, is now

replaced by K-K, or K-K;rc,. The set A being finite, there are finitely many
expressions

If“() - f“(a)l = (7

k21 (u+1)a;
[N—
i=0 w;
Multiplying the smallest of them by the smallest of the numbers K- ¢p, K- Ky,
K- K- ¢, we obtain L. O

From lemma 2 and (vi(b)) we derive immediately:

COROLLARY 1. There exist constants E, b> 0 depending only on the size of U and V
such that if the assumptions of lemma 2 are satisfied then

(@) [/ NY = K,
(b) (/<) ()| = b.

Notice that in view of (iv) we can choose U, such that if a€ A is periodic with
period p, then for all xe U,

Py () =B>1. (8)
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LEMMA 3. If the assumptions of lemma 2 are fulfilled then there exists a constant
Hy> 0 depending only on the size of U and V such that

k+1-1 1( fi

Seri(x)= Y ; |f(fk(+)2?l, ; = H,.

i=o (L CNNST)S ()]
Proof. Suppose the assumptions of lemma 2 are satisfied. If ae A is periodic
there is nothing to do in view of (i), (8) and (5). If a is not periodic then k=k,
for some k,eN, because A is finite. In view of corollary 1 the sum of the first
k terms of the sum S,,,(x) does not exceed k,- E. By (5) and (i) the sum of
remaining terms does not exceed (up to a constant) the sum of a geometric
series with the quotient 1/». O

Notice that we can make the sets U, so small that

f(U,,)m( U U,,) =@  forall ac A (9)
7

LemMA 4. There exists H >0 depending only on the size of U and V such that if

S ()£ YV, then
1 !
< <
‘((f")’(y)) l =5=H
Proof. Suppose f"(y) 2 V. On account of (1), (3) and (9) we can divide the sequence
VI, ..., f"(y) (except for the first g,=0 terms not belonging to U) into blocks
satisfying the assumptions of lemma 2.

Let y>1 and nyeN be as in lemma 1. Suppose that we have m- no+r (m,re
Ny {0}, r < n,) blocks in the sequence y, f(»), ..., (y). In view of (5) there exists
H, >0 depending only on the size of U such that S, (y)= H,. Hence, the desired
estimate is obtained by using lemma 1, corollary 1(b) and lemma 3. O

LEMMA 5. There exist c> 0, 6 > 1 depending only on the size of U and V such that if
the assumptions of lemma 2 are satisfied then |(f**')(x)|=c- 6**".
Proof. If a is periodic there is nothing to do by (8) and (5).

Suppose a is not periodic. Let «;, w;, u; be the constants from condition (vi)
corresponding to f*(a). Using the inequalities (4) k times we arrive at

|f*(x) = f*(a)|

(u,_,+1) (u, _+1) - (u,+1)
oy ( Qs ) k-1 . < o k-1 1 lx—a‘(uk_l_,_l). Ce(u+1)
uk-,+1 uk_2+l utl

(10)

But k =k, (cf. the proof of lemma 3), so there exist ¢;>0, ¢ >0 depending only
on the size of U such that

|f(x) —f(a)l = cs|x — al?. (11)

Let j be the greatest integer such that [ /" *(x), f**(a)]n U=@ for i=0,...,j— 1.
By (5) there exists a constant c¢,> 0 depending only on the size of U such that

[z () = 7 (@) = e’ ™| f*(x) = f*(@)].
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The last inequalities together with (11) give

1 1

633/0_4 (3/1_’)]

The same argument as in the proof of lemma 2 shows that
I(F<9Y (%)= L/1x - al (13)

where L, >0 depends only on U and V.
By (12) and (13) there exists ¢;> 0 depending only on U and V such that

[(F9) ()] = es(¥ vy

Now the desired estimate follows from the last inequality and (5). O

|x—a|= (12)

LEMMA 6. There exist constants G>0, v> 1, depending only on U and V such that
iff"(y)eV, then |(f)(M=G- v"

Proof. If f"(y) £ V, then the sequence y, f(y), ..., f"(y) (except the first go=0 terms
not belonging to U) can be divided into k blocks each of which satisfies the
assumptions of lemma 2. Hence by lemma 5

[(f") (9)| = boc*0™, (14)
where b,> 0 depends only on U.
If ¢c=1, we obtain the desired inequality. Suppose that ¢ <1. Let n; €N be such
that c- 6™/?> 1. If k<n/n, then by (14),

I(f")'(y)l => boc"/"l(o"l)"/"n
= bo[(c . 0n|/2)l/nl(0nl/2)1/,.l],,
> bo(\/g)".

If k> n/n,, we have k= In,+r, 0= r<n,, where n, is as in lemma 1, and

[(f"Y ()= boy'e” = boc™y'. (15)
By assumption k> n/n,, so l=(k—r)/ny>(n/n,—r)/n,>(n/nynys)—1. From (15)
and the above estimate we obtain
. boc™
Iy ()= °y

(‘yl/"o"l)"' D

3. Estimation of the diameter of \/, ' f~'s{ in the sense of Lebesgue measure

Let & be the partition of I given by the points of A. We will show that the number
maXx,eyo-tr-iz A(A) decreases exponentially with respect to n. We will call this
number the diameter of \/; ' f ' in the sense of Lebesgue measure.

LEMMA 7. Let A= (v, w)e \§ ' f'sf, Ae /) f~' and | be the smallest iteration such
that f'(w) € A. There exists z € (v, w) such that

(@) 1(f")(2)|= Dv",

(b) for some n, = n—1 the sequence f'(z), f**'(z2), ..., f*"(z) satisfies the assump-
tions of lemma 2 and

[ (2) T (wI<Ky  forj=0,...,n.-1,
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where the constant D >0 depends only on U and V, v is as in lemma 6 and Ky as
in the proof of lemma 2.

Proof. We can assume that n is the biggest natural number such that A= (v, w)e
V(','_1 f ' (such an n exists because of the lack of homtervals). Hence

M(AYNA#=D. (16)
Let I be the smallest iteration such that f'(w) = be A. Write x = f'(v).
Suppose that x € U,. The ends of the interval f"(A) belong to B, so in view of

(16) there exists ye[x, b) (or (b, x]) such that the sequence y, f(¥),...,f " '(»)
satisfies the assumptions of lemma 2 (with b instead of a) and

IO -F(b)<Ky forj=0,...,n—1-1. 17)

Therefore by lemma 5
Y= o (18)
Let ze (v, w) be such that f'(z)=y. It is easy to show by using (2), (9) and the
monotonicity of f on the components of I\ A, that f"'(z) ¢ U. Hence by (3) and
the definition of V we have f'~'(z) ¢ V and we can use lemma 6 to estimate |(f’)'(z)|

by »' up to a constant depending only on U and V. This estimate together with
(18) gives

I(f")'(2)| = Ryv", (19)
where R, >0 is a constant depending only on U and V.

Let us now suppose x € U, and let y € (x, b) be the centre of the interval U, n (x, b)
(or U,n (b, x)). Denote by n, the smallest iteration such that the sequence
%, (), ..., ™(y) satisfies the assumptions of lemma 2 and | f/(y) — f(b)| < Ky for
j=0,...,n,—1.

If ny, < n— I, then there exists y' € U, n (x, b) (or U, n (b, x)) such that the sequence
v, f(), ..., f"!(y') satisfies the assumptions of lemma 2 and

PG -F(b)|<Ky forj=0,...,n—I-1.

Let z'e (v, w) be such that f'(z') = y". In exactly the same way as for z, we prove
that the estimate (19) remains true for z'.
If n,=n—1 then

IS D=1 OO,

where the first factor on the right side of the above equality is bounded from above
by a constant K, depending on U because the set of numbers n,, be A, is finite.
This argument together with lemma 5 gives

n—1Iyr >i n—1
ICf )(y)I—KOO .

If ze (v, w) is such that f(z) =y, then as above we obtain the estimate analogous
to (19):

Y2 z% g
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Remark. We can formulate and prove in a similar way a lemma analogous to lemma
7 for the left end point of A.

THEOREM 2. There exists d >0 such that for neN, max,cyr-1,-ig A(A)=d/v"
Proof. We can assume than n is the biggest number such that Ae \/g ' f . Let
A= (v, w), z and n, be as in lemma 7. Write y = f(z), b= f'(w). For all m=n, we
define I, ={xe (y, b): | F(x)—f(b)| <Ky forj=0,...,m—1and |f"(x)—f"(b)|=
Kv}. It is easy to see that I, is an interval and f™|; is monotonic. Hence, by using
lemma 5, we obtain
AL =AY/ co™
Observe that by lemma 7(b) (y, b) =, _, I Therefore
® or(I)y 1
Ay, b)) = Al s———— —
()= T Ah)s s oo
Now, using the standard argument we prove that for all t€(z, w) |(f')'(t)| can be
estimated from below by »', up to a constant depending only on U and V. From
this estimate and (20) we obtain
A((z, w)) = Ry(1/%"), (21)
where R, >0 depends only on U and V. Now using the version of lemma 7 for the
left end point of A we find a point u € A such that
A(v, u)) = Ry(1/v7), (22)
and by lemma 7(a) and its version for the left end point of (v, z) we get, if we
observe that | f'| has no positive local minima:
AD 1
D v
from (21), (22) and (23) we obtain the desired estimate for A(A). O

(20)

A(u, z))= (23)

Definition 1. If m is a measure on I then we define the diameter of a partition €
as maXe.q m(C).

Theorem 2 says that the diameter of \/ ' f~'s{ in the sense of A decreases
exponentially with n.

4. Estimation of the diameter of \/, ' f~'sd in the sense of the invariant measure
The exponential rate of decrease of the diameters of \/§ ' f ' in the sense of the
invariant measure u follows from theorem 2 and the following:

THEOREM 3. If A(G) is sufficiently small then u(G)=RVA(G) for R>0, s>1
depending only on U and V.
Proof. Let my= 1 be such that f™ satisfies the conditions (i)-(vi) and (vii), (viii) [5):
(vii) [(f™)]> 1 on U(f™) (U(f™) =" £(U));
(vili) If ae A(f™) is a periodic point for f™, then it is a fixed point for f™.
Such an m, exists - see lemma 3.1 of [5).
Let E,={xeI: f"o(x)¢ U(f™), k=0,...,n—1}. E, is a neighbourhood of
B\_A(f™) and it is proved in {5] (the proof of lemma 3.7) that there are constants
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d,>0, &, £€(0,1) such that for every neN
sup [, (1) A= T (I+Ddi§i+ A(DE. (24)
eN I=n
Let a be an end point of a component of E, and b € B a point from this component.
For some k=< n—1 we have f*(a)e U(f™) and
|f<m(a) ~ f*™(b)| = dist (B\A(f™), U)=: hp.
Hence
la—bl=12= "2,
F, F;

where Fy=sup..r|(f™)'(x)|. Since the component of E, and the point b are
arbitrary, we have shown

h
dist (B\A(f™), I\E,)= .. (25)
0
Let A;(f™) denote the set of periodic points of the set A(f™). For a€ A,(f™) we

define

V,(a)={xeI: f™(x)e U, fori=0,...,n—1},
as in the proof of lemma 3.6 of [5). It is shown in this proof that there exist d,> 0,
&, £,€(0, 1) such that

sup _[ fEe()di=d, ¥ &+a(D)é (26)
keN J V,(a) I=n
Write V, =, ca,sm0) Va(@), ha=dist (A,(f™), INU(f™)). As in (25) we prove
that

dist (A,(f™), I\ V,) = ha/ Fg. (27)
Denote by A,(f™) the set of non-periodic points of A(f™). The set A,(f™) is finite
so it is easy to construct a neighbourhood G, of A,(f™) being a finite sum of
intervals such that

dist (A,(f™), ING,) = ha/F;. (28)
From [5, (3.4)] there are d;>0, &€(0, 1) such that
ha\' "%
sup f Fema(t) da < ds(—':-) : (29)
keN J G, Fo

Put W,=E,u V,u G, If n is sufficiently large then the sets E,, V, and G, are
disjoint and by (25), (27) and (28) we have for h< h,, hy

dist (B, I\ W,,)=h/ F?. (30)
The estimates (29), (26) and (24) imply the existence of P> 0 and £ € (0, 1) such that

k=0

sup J' fio(1) dA < Pyg". (31)
W,

Fix £ > 0. If we take n={logg(g/3Py)/logg, (£)]+1, then
Pyt"<¢g/3 (32)
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and

~1/108,(£)
h_r (.i) _ (33)
Fi- F, \3P,

Now we can follow the proof of [5, prop. 3.8] with W, instead of W. [5, 3.10] is
satisfied because of (31) and (32). Following the proof we find a 8 which satisfies
8=d,e dist (B, I\ W,), (34)

where d, depends only on U and is such that

if A(G) <8, thenj Jy(1)dr=¢ forallneN. (35)
G
But in view of (30), (33) and (34)
§=dse'"? (36)
for some ds> 0, o >0 which do not depend on 8 and . Now the theorem follows
from (35), (36) and [5, th. 6.2(e)). D

5. Estimation of the rate of decrease of the mixing coefficient
Definition 2. For two partitions €, € of I we define
D(€ &= 73 I In(CnE)-u(Ou

Ce%€ Ce

We will show that D(V) ' ', V777" f7if) decreases exponentially with
respect to / uniformly in n and k.

Let F=sup,c;|f(x)| and take poeN such that YF< v, where » is as in
theorem 2.
Definition 3. Fix M eN. For every meNu {0} we define:

(a) @.2um to be the set of all atoms of \/," "t/?)7'f~Is¢ whose end points and
their m —1 consecutive images do not belong to A;

(b) D, ar to be the set of all atoms of \/; ™"
atoms belonging to D, /.

Write h,(y) =(1/(f")'(y)) for neN, ye L

f~'sf which are subsets of the

LeMMA 8. The function h, is monotonic on the elements of the partition \/, i
Proof. In view of (iii) l/x/l(f")’l is convex on the elements of V;—lf'&i (see [5,
(iii), (iii')]). The square of a non-negative convex function is a convex function,

hence 1/|(f")'| is convex on the elements of \/; ' f'sf. This proves the assertion
of the lemma. O

LEMMA9. Let Ac 9°, \,. ForeveryyeA, |h,(y)| =< H(’:'VF)M, where H is the constant
of lemma 4.

Proof. Fix Ae @9, »,. By the definition of D9, ,, h,, is finite on all A. In view of lemma
8 h,,|z assumes its greatest value at one of the end points of A, denote it by z. Now
it suffices to estimate S,,(z), because |h,(z)| < S,.(z).

Let r be the smallest positive integer such that f™*"(z)e A (it is clear that
r<[M/p,]). By (2), (3) and the definition of V, f™*"~'(z) ¢ V. Therefore by lemma 4
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Sm+r—1(z) =< H. On the other hand

Smer-1(2) = Sp(2) +8,.(f"(2)

1
i(f'“’)’(f'”(Z))l

= Sn(2) a7m, FM“’

Therefore S,,(z)< H(Y F)M. O
LEMMA 10. Let A€ D, p, V', "€ A. If M is sufficiently large, then

U™y
"y

Proof Let A€ @ ps, ¥, "€ A. By definition A is contained in an atom of 29, ,,, so
we can use lemma 9 to obtain

1
YY) Y

The function |(f™)|;,,~ assumes its minimum at one of the ends points of [y’, y"]
(by (iii) and the definition of 9,, /), say at y”. Hence

Yo"
ADNCY
If |(f™)] has its minimum at y' we obtain just an analogous estimation of
LYY/ (MY ("M]1-1]. In this case, if M is sufficiently large, then the right side
of this inequality does not exceed 3 (because of theorem 2 and the choice of p, such
that "/ F < v). Now it is easy to obtain the desired inequality. d

Let m, be such that f™ satisfies (i)-(vi) and (vii), (viii). Denote by A'(f™) the
set of the points from A(f™) and the ends points of the components of U(f™).
Let &' be a partition defined by the points of A'(f™). Let W,, for sufficiently large
n €N, be the neighbourhood of B defined in the proof of theorem 3. By the definition
of W,:

(37) W, is a sum of some atoms belonging to \/¢"° ' f*(«') and of G, (which is
a finite sum of intervals).

L l <2HCTR™ () ().

,,)I <H(YF)M|y -y

1 } <HFM| ") ().

Definition 4. Fix a large M eN. For every meNuU {0} we define a family &, 5, of
good atoms of /o™~ (') as a family of all A \VJ™*™™ " £’ such that

(a) A<supp u;

(b) A is contained in an atom belonging to 9, »;

(c) the end points of A and their m —1 consecutive images do not belong to
A'(f™);

(d) (A Ufm(A)) a vV[M/ZPo"'o] =.
Let ¢ be the density of u with respect to the Lebesgue measure A. B. Szewc proved
in [7] that if f satisfies (i)-(vi), then ¢ € C? and for j=0,1,2, xe I\\B

(2] - 1 -
|‘P (x)l nzo aEA |(fvn) (f(a))ln(a) |x n+l(a)|§(a)+]

+1, (38)
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where &(a)=u,/(u,+1) (u, is the constant from condition (vi) corresponding to
the point a), n(a)=1-¢&(a).
LEMMA 11. There exist Ly> 0, &€ (0, 1) such that if xe I\ B, then for j=0,1,2

| (x)| = Lo/|x ~ b| %™,

where b is the point of B nearest to x.

Proof. It is a simple consequence of (38) and (5). 0
LEMMA 12. Thereexist Z >0, { € (0, 1) such thatif Ac o, p, meNU {0}, x, y €A, then
e(x) 1| < zem
e(y)

Proof. Fix A€ oA, . By definition A is contained in the complement of a neighbour-
hood of singularities of ¢ and in supp ¢. Hence ¢z is positive, convex ([5]), and

sup l¢'(x)| = ¢'(0)],
where v is one of the end points of A. So we have

le(x)—eMl=le(VllIx—yl  forx,yeA,
and by definition 4 and theorem 2,

le(x)—e () =dle'(w)l/v". (39)
In view of lemma 11
' LO
le’(0)| SCpe  PeB (40)
By definition 4, AN Wirr/2p,m,1 =, so using (30) we obtain
h

|U—b| Zdist (I\ “/[M/ZPO'"D]’ B)z

FM/ZPO'
From the last estimate, (40) and (39) it follows that
dL, (W F\M
1¢(x)—¢(y)|shT&(—) ,
which ends the proof because ¢ is separated from zero by a positive constant on
supp ¢. a

The next lemma is analogous to [3, lemma 12].

LEMMA 13. There exist S > 0, 0> 1 such that if M €N is sufficiently large, m e N U {0},
then:
(a) for every Ae Apm, [7(A) € Ao s
(0) w(U Sompr) > 1= (S/QM);
(¢) if A is a measurable subset of A€ oA, p then
p(S"(A) w(d) <5 r(d)
p(fm(A)) w)] QY u(@a)
Proof. (a) is a consequence of definition 4(c). For a proof of (b) let us notice that

for AeVg ™M fist’, A¢ A, if and only if it satisfies one of the following four
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conditions:

(1) An(I\supp u) #J;

(2) A is not contained in an atom in D,, 5s;

(3) there exists k, 0=k < m such that

FNB) N A(f™) # D,

4) (AufmA)n “’[M/Zpomo] # (.
There are only two atoms in V(',"JrM_l f~'sd’ with a non-zero u-measure which satisfy
the first condition. This follows from the fact that supp u is an interval (remark 5.6
and theorem 6.2(b) of {§]). Hence a suitable estimate of the sum of atoms satisfying
condition (1) is an immediate consequence of theorems 2 and 3.

A suitable estimate of the sum of atoms satisfying condition (2) or (3) can be
obtained by using theorems 2, 3 and a standard argument (see the proof in [1]).

A suitable estimate of the sum of atoms satisfying condition (4) follows from
(37), (31) and theorems 2 and 3.

For a proof of (c) take a measurable subset A of an atom Ae A, v and choose
a point xy€ A. We have

. J (") [0 o)
p(UM(A)) _Jie(fM(x)) [(F™) (x0)| o(x) #
r(fm(4)) J e(f7(x)) [(f™)(x)] ¢(x0) du (%)

a 2(fT(%0)) (ST (x0)| (x)
Now we obtain the desired estimate by using lemmas 12 and 10. If the constants
obtained in the proofs of (b) and (c) are different, we may change them to obtain
the estimates with the same constants, which we will call $§>0, Q> 1. a

Now we will quote some results of B. Szewc ([7]). For £ € [0, min,. 4 (1—£(a))/2)u

N, let
i 1
e(x)= ")(f(a))| " }+1.
pe(x) [z I G@ ™ e
Let # denote the set of all components of I\ B. B. Szewc defines for p: INB->R
le

lelle =sup sup—.
Jeg J @e

If additionally p is Lipschitz on compact subsets of I\ B, then Szewc also defines

p
|pl(0y+1 =sup essup u
Jeg 1 P

and

e l+1=max {llp|., lplo)1}-
He considers the space C{%*"' of all functions p which are Lipschitz on compact
subsets of I\ B and such that {|p |5+, <+c0.

Let ¢ be the operator on L'(A) given by the formula

¢(ll/)=f*(l/f)—(j ll/d/\) ¢ foryeL'(r);

(recall that f, is the Perron-Frobenius operator for the Lebesgue measure A).
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B. Szewc proved that C{*" is a Banach space ([7, remark 4.3(b)}) invariant with
respect to f, and ¢, and there exist constants I'> 0, p € (0, 1) such that for ¢ ¢ C(o)“
le" (=T p" ¢l (41)
Lemmala. If AeVy ' fid, then ¢M(@- xa)e C™ and YoM (¢ xall0)+1=P,
where P is a constant which does not depend on A nor on M.
Proof. The proof of this lemma follows easily from the considerations conducted
in the proof of proposition 5.4 in [7]. 0

LEMMA 15. There exists I'y> 0 such that for all M, n, leN, I= M,
M+l+n—-1 N\M
( V fid, Y r'&f)<r( ) ol
M+1
where N denotes the number of elements of o and p is the constant from (41).
Proof. Using an argument analogous to that in the proof of lemma 13 in [3] we

show that
M-1  M+l+n-t .
D( VAT f'd)sz- T e xa) ~ el
0 M+ AevY'riw

Observe thatffk(go xa)— m(A)@ = ' (¢ xa). In view of (41) and lemma 14 we have
o' (@ xa)lr=T - p"™P. O

LEmmMA 16. If =3 M then
M+l+n~1 NA7\M I
( Vs,V r'af) (-—) Pl M—,
M+ p (\s/;)

where I',> 0 does not depend on M nor on n.
Proof. By theorems 2 and 3 the atoms of \/ ' f~'of are contained in the atoms of
', up to atoms whose sum has measure not greater than 2 card &' RYd, /(\/— ™.
Hence we have

M-1 R M+1+n—-1 .
{57

M+1

sD(M\Zfi(&f’vM\Zlfjﬂ),M+l\7"—1fid)

M+

M-1 l_M—x ; M+I+n—1 i,gﬂ)+2M2 od ot R\‘/E
_D( \0/ f( \0/ fai), vV f ca ({/;)M’

M4+

but V(I;‘-’f"'(vgl_lf"'.sd)=V(2,M—2f_‘.9l, and we can use lemma 15 to estimate
DV P i, Vg " (), m
THEOREM 4. There exist constants P>0, p € (0, 1) such that for arbitrary n, k, €N
we have

n+il+k—1
p(V "V i) <pp!
Proof. We proceed in the same way as F. Hofbauer and G. Keller in the proof of
[3, theorem 4].
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Fix 8, 0<6<1} such that p(N?/p*)?<1. It suffices to prove the theorem for
sufficiently large / and n=[68I]+1.

Put M =[8l]+1, m=n— M. If | is sufficiently large, then M is so large that we
can use all the lemmas proved above. In view of lemma 13(b)

n-1 . n+il+k-—1 i n—1 . n+i+k—1 X
D(Vf'd, \% f'&f)SD( AV f“'&f)
0 n+li 0 n+l
n+l+k—1 i
sD(af,,,,M, vV f'.sd)+25/9“. (42)
n+l

Put ¢ :=V:::+k—' f'sf. Performing estimations ‘similar to those of the proof of
theorem 4 of [3] and using lemma 13(a), (c) we prove that
M-1  M+l+k-1
D( Ay, ‘g)S(S/QM)'*D( V i, V f'd)-
V] M+l

Notice, that § <}, so 3M =3[8l]+1=1 and we can use lemma 16. We obtain
S NHM T,
D(Apr, 9)=—+T (—) o'+ M .
m M QM 1 p3 (\S/;)M
But M =[8l]1+1, (N?/p?)?® p <1, so the last inequality together with (42) gives an
estimate for n=[8/]+1 and n sufficiently large. 0

6. Concluding remarks; proof of theorem 1

In § 1 we have formulated the main result of this paper, theorem 1, which implies
other important theorems like Log-log laws, integral tests, etc.... Now we are in
the position to prove theorem 1:

Let F and (S,),-, be as in theorem 1. To prove theorem 1 (ii) it suffices to know
that Fo f', i=0,1,..., can be treated as a functional of some process ({,)nn and
to check that the assumptions of theorem 7.1 of [6] are satisfied in this case.

Define, for neN, a random variable &, on ([0, 1]), %, u) by the formula

E(x)=j iff"(x)e[aj, aj+1),

where a;, i=0,..., s, are the points of A.

In view of theorem 2 the process (F e f"),-=0)1,._, can be treated as a functional
of ‘label-process’ ({,)n-01.- Now by using theorems 2, 3 and 4, we check as
in the proof of theorem 4 in [3] that the assumptions of theorem 7.1 of [6] are

satisfied. O

In § 1 we have assumed the continuity of £ This assumption is not necessary and
was made only for simplicity. It suffices to assume the continuity of f on components
of the set I\ A.
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