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Abstract

In this paper we generalize some of the classical results of Rényi and Sulanke (1963),
(1964) in the context of spindle convexity. A planar convex disc S is spindle convex if
it is the intersection of congruent closed circular discs. The intersection of finitely many
congruent closed circular discs is called a disc polygon. We prove asymptotic formulae
for the expectation of the number of vertices, missed area, and perimeter difference of
uniform random disc polygons contained in a sufficiently smooth spindle convex disc.
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1. Introduction and results

In their classical papers, Rényi and Sulanke [23]-[25] investigated the geometric properties
of approximations of convex discs by random convex polygons. In particular, they considered
the following probability model.

Let K be a convex disc (a compact convex set with nonempty interior) in the Euclidean
plane R2, and let y, y2, ... be independent random points chosen from K according to the
uniform probability distribution. Let K,, denote the convex hull of Y;, = {y1, ..., y»}. The set
K, is called a uniform random convex polygon in K. We use [E(-) to denote the expectation of
arandom variable in this probability model.

Rényi and Sulanke [23], [24] proved asymptotic formulae for the expectation of the number
of vertices of K,, and the expectation of the missed area of K, under the assumption that the
boundary dK of K is three times continuously differentiable. They also proved an asymptotic
formula for the expectation of the perimeter difference of K and K, under stronger differentia-
bility assumptions on d K and assuming that the curvature x(x) > 0 for all x € 0K . For later
comparison, we state their results below in a slightly modified form.

Let fo(K,) denote the number of vertices of K, let A(K) be the area of K, and let I'(-) be
Euler’s gamma function. Then (cf. Satz 3 of [23, p. 83])

2 5
. -1/3 _ 3 2 1/3
nh_{rgoE(fo(Kn))n = 3A(K)F(3> /BKK(X) dx, (1.1)
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where integration is with respect to the one-dimensional Hausdorff measure on d K. We note
that, with the help of Efron’s identity [9], (1.1) directly implies the following statement:

2
lim E(A(K \ K,))n*/? = f/wrc)/ k(x)'3 dx. (1.2)
n—00 3 3 9K

Rényi and Sulanke derived (1.2) by direct computation; cf. Formula (48) in Satz 1 of [24,
p. 144].

Assuming that the boundary of X is sufficiently smooth and « (x) > O forall x € 0K, Rényi
and Sulanke proved the asymptotic formula

lim E(Per(K) — Per(K,))n*? = i1"(2)(12,4(10)2/3/ k()3 dx (1.3)
n— 00 12 3 K
for the perimeter difference of K and K,,; cf. formula (47) in Satz 1 of [24, p. 144].

For more information about approximations of convex bodies by random polytopes, we refer
the reader to the recent book by Schneider and Weil [29], and the survey articles by Barany [2],
Schneider [28], and Weil and Wieacker [30].

In this article we investigate the R-spindle convex analogue of the above probability model.
Let R > 0. R-spindle convex discs are those convex discs that are intersections of (not
necessarily finitely many) closed circular discs of radius R. For a precise definition of spindle
convexity; see Section 2. The intersection of finitely many closed circular discs of radius R
is a closed convex R-disc polygon. Let X be a compact set which is contained in a closed
circular disc of radius R. The intersection of all R-spindle convex discs containing X is called
the R-spindle convex hull of X, and it is denoted by conv, g (X).

Now we are ready to define our probability model. Let S be an R-spindle convex disc in R2.
Let x1, x2, ... be independent random points in S chosen according to the uniform probability
distribution (the Lebesgue measure in S normalized by the area of S). The R-spindle convex

hull S,If = convy g (X,), where X,, = {x1, ..., x,}, is called a uniform random R-disc polygon
in S. We prove the R-spindle convex analogues of (1.1), (1.2), and (1.3) in this probability
model.

The concept of spindle convexity was first introduced probably by Mayer [19] as a gener-
alization of linear convexity in the wider context of Minkowski geometry. In the Euclidean
plane R?, a closed convex set can be represented as an intersection of closed half-planes. In the
definition of an R-spindle convex set, the radius R closed circular discs play the role of closed
half-planes. Thus, formally, the R = oo case corresponds to linear convexity.

Early investigations of spindle convex sets were carried out in the first half of the 20th century.
For a short survey of the early history of the subject and references; see the paper by Danzer
et al. [8]. Fejes Téth proved packing and covering theorems for R-spindle convex discs in [12]
and [13] in the 1980s. More recently, Bezdek et al. [5] and Kupitz et al. [17], [18] investigated
spindle convex sets and proved numerous results about them, many of which are analogous
to those of linearly convex sets. They also considered higher-dimensional R-spindle convex
sets. Intersections of a finite number of radius R closed balls in R? are called ball polyhedra
(cf. [5]). Such objects played important roles in the proofs of various results in the last 50 years;
for a list; see [5]. Fodor and Vigh [14] proved asymptotic formulae for best approximations
of R-spindle convex discs by R-disc polygons, generalizing some of the corresponding results
of Fejes Toth [11] and McClure and Vitale [20] about best approximations of linearly convex
discs by convex polygons. There is a wealth of new information about properties of spindle
convex bodies and ball polyhedra in the recent monographs by Bezdek [3], [4].
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The notion of spindle convexity is related to diametrical completeness of convex bodies
through the so-called spherical intersection property. A convex body K is diametrically
complete if, for any point x ¢ K, the diameter of conv (K U {x}) is strictly larger than that of
K. It was proved by Eggleston [10] that in a Banach space the diametrically complete convex
bodies are exactly those which have the so-called spherical intersection property, that is, they
are equal to the intersection of all closed balls whose centre is contained in K and whose radius
is equal to the diameter of K. In Euclidean spaces diametrically complete convex bodies are
exactly those of constant width; however, in Minkowski spaces this is not the case. Recently,
much effort has been devoted to investigating the properties of diametrically complete sets in
Minkowski spaces where sets that are intersections of congruent closed balls play a fundamental
role (see, for example, [22] and the references therein), and to investigating various properties
of the ball hull; see, for example, [21] for more information.

Random approximations of R-spindle convex sets by R-disc polygons naturally appear, for
example, in the so-called diminishing process of Balint Téth; see [1]. Let Dy = By be the radius
R closed circular disc in R? centred at the origin. Define the random process (D;,, p,) forn > 1
as follows. Let p, 41 be auniform random pointin D, and let D,,+1 = D,,N(Bgr+ pn+1)- Then
each D, is a (nonuniform random) R-disc polygon, and the process converges (in the Hausdorff
metric of compact sets) to a set of constant width R with probability 1. This process can be
readily generalized for a general convex body K C R¥, in place of By, that contains the origin.
If the body K is symmetric with respect to the origin then it determines a Minkowski metric
and the sets K,, are all (random) spindle convex bodies with respect to K in this Minkowski
space.

Finally, we remark that there are various terms used for R-spindle convex sets in the
literature. Mayer introduced the word ‘Uberkonvexitit’ in [19]. Authors of early articles used
the translation of Mayer’s term. Fejes Téth [12], [13] named such sets ‘R-convex’. Bezdek
etal. [5] and Kupitz et al. [17], [18] used the expression ‘spindle convex’. The notion of spindle
convexity arose naturally and was investigated from different points of view, which explains
the various names used for these sets and it also indicates their importance.

The main results of this article are described in the following theorems.

Theorem 1.1. Let R > 0, and let S be an R-spindle convex disc with C* smooth boundary
and with the property that k (x) > 1/R for all x € 3S. Then

lim E(fo(S®)n~13 = 3 Lr(é)/ <K(x) - 1)1/3 dx (1.4)
n—o0 n 3A(S) 3 S R '

2 1/3
lim E(A(S \ §F)n?3 = ,‘7wr<§>/ </<(x) - l) dx. (1.5)
n—oo 3 3 FEY R

We note that the two statements are connected with an Efron-type relation [9]; see (5.10) in
Section 5.

and
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Theorem 1.2. Let R > 0, and let S be an R-spindle convex disc with C° smooth boundary
and with the property that k (x) > 1/R forall x € 3S. Then

lim E(Per(S) — Per(SR))n?/3
n—oo

_(12A(8)*3 (2 1\!/3 1
= TF<§> /;S<K()C) - E) <3K(x) + E) dx. (1.6)

Theorem 1.3. Let R > 0, and let S = By be a circular disc of radius R. Then

2
. R s
lim E(fo(S,)) = —-,
n— 00 2
1.7
R27T3
lim E(A(Bg \ S¥)n = ,
n—o00 2
and
) R Rr3
lim E(Per(Bg) — Per(S,))n = —. (1.8)
n— 00 2

It is somewhat surprising that the expectation of the number of vertices of uniform random
spindle convex polygons in circular discs tends to a (very small) constant. Roughly speaking,
this means that after choosing many random points from a circle, the spindle convex hull will
have about five vertices. Note that this phenomenon has no analogue in linear convexity.

Furthermore, for a (linearly) convex disc K with C? smooth boundary and strictly positive
curvature, the asymptotic formulae (1.1) and (1.2) of Rényi and Sulanke follow from (1.4) and
(1.5), respectively. Similarly, for a convex disc with C> smooth boundary and strictly positive
curvature, the asymptotic formula (1.3) of Rényi and Sulanke follows from (1.6). Thus, the
results of Theorems 1.1 and 1.2 are generalizations of the corresponding results of Rényi and
Sulanke.

The rest of the paper is organized as follows. In Section 2 we introduce the necessary
notation. In Section 3 we prove how the asymptotic formulae of Rényi and Sulanke follow
from our results. In Section 4 we investigate some properties of disc caps of spindle convex discs
that are used in the subsequent arguments. We give the proofs of Theorem 1.1 and Theorem 1.2
in Section 5. Finally, in Section 6 we provide an outline of the proof of Theorem 1.3.

2. Definitions and notation

In this paper we work in the Euclidean plane R?. We denote points of R? by lowercase
letters and sets of points by capitals, unless otherwise noted. For a point set X C R?, we write
¢l X for the closure of X, int X for the interior of X, X€ for the complement set of X, and
dX for the boundary of X. We use the notation A(-) and Per(-) for the area and perimeter of
compact sets in R?, respectively, while (-, -) denotes the usual Euclidean inner product in R
The symbol Bg denotes the closed circular disc of radius R centred at the origin. We use S ,1?
to denote 3 Bg. We tacitly assume that the plane is embedded in R3, and write x x y for the
cross product of the vectors x and y. For two functions f(n) and g(n), we write f(n) ~ g(n)
if lim, o f(n)/g(n) = 1. We also use the O (-) and o(-) notation throughout the article.

We say that the boundary of a convex disc K is CX smooth if it is a k-times continuously
differentiable simple closed curve in RZ. We use the notation « (x) for the curvature of 9K at
x. If the boundary of K is C? smooth then at every x € 9K there exists a unique outer unit
normal vector u, € S! to K.
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For a convex disc K, integration on the boundary of K with respect to the one-dimensional
Hausdorff measure (the arc length of 8 K ) is denoted by | sk -+ dx. Inthe case that the boundary
of K is C? smooth and f («) is a measurable function on S', fsl fu)du = faK fuy)x(x)dx
(cf. formula 2.5.30 of [27]).

Letx, y € R? be such that their distance does not exceed 2R. We define the closed R-spindle
[x, y]s.r of x and y as the intersection of all closed circular discs of radius R that contain both
x and y. The closed R-spindle of two points whose distance is greater than 2R is defined to
be the whole plane R2. A set S C R? is called R-spindle convex if, from x, y € S, it follows
that [x, y]s,g € S. Spindle convex sets are also convex in the usual linear sense. In this paper
we restrict our attention to compact spindle convex sets. We call a compact set S C R? with
nonempty interior an R-spindle convex disc if it has the R-spindle convex property.

Below we list those properties of spindle convex discs that will be used in our arguments.
For more detailed information about spindle convexity, we refer the reader to [5].

A compact convex set S is R-spindle convex if and only if it is the intersection of (not
necessarily finitely many) congruent closed circular discs of radius R (cf. Corollary 3.4 of [5,
p- 205]). If the closed circular disc Br + p contains an R-spindle convex disc S and there is a
point x € S such that also x € d Bg + p, then we say that Bgr + p supports S at x. Let P be
a convex R-disc polygon, and let Br + p be a circle supporting P at H = d P N (dBr + p).
Then H either consists of only one point, called a vertex, or it consists of the points of a closed
circular arc, called a side (or edge) of P. The number of edges of P equals the number of
vertices of P (except in the case that P is a circle of radius R); we denote this number by
Jo(P).

If S is an R-spindle convex disc with C* smooth boundary then « (x) > 1/R forall x € 35,
and, for every unit vector u € S, there exists a unique point x € 95 such that u = u,; we
denote this point by x,,. We also note that if x € 9 then Bg + x — Ru, supports S at x.

3. The limiting case

In this section we show how Theorems 1.1 and 1.2 imply the asymptotic formulae (1.1),
(1.2), and (1.3) of Rényi and Sulanke.

Let K be a (linearly) convex disc with C 2 smooth boundary, andletx (x) > Oforallx € K.
Let kmin = mingg « (x) > 0. It follows from Mayer’s results (cf. (U4) and (U5) of [19, p. 521],
or, for a more recent and more general reference; see also Theorem 2.5.4 of [27]) that K is
R-spindle convex for all R > Ry = 1/kmin- For R > Ry and sufficiently large n, we introduce
the notation

88 n) = E(A(K \ SFyn?/3,
8(n) = E(A(K \ K)n?*/?,

242 (5 1\!/3
R=J=r —/ ——) dx,
S=V73 (3) ax(K(x) R) g
2A2
=2 r é / K1/3(x)dx,
3 3) Lk
with A = A(K).

We claim that (1.5) implies the asymptotic formula (1.2) of Rényi and Sulanke.
Let & > 0 be fixed. Then it follows from limg_, oo 1 § = I that there exists Rj(g) > Rg such
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that
IR
1—s<75<1+s (3.1
for all R > R (e).
Elementary calculations show that there exists Ry(¢) > Ry, depending only on K and ¢

such that, for all R > R;(¢g),

A ’
([p, qls,r) . (32)
A(lp, qls.ry) — AP, qls.R)
for any points p, g € K.

Let DR denote an R-disc polygon in K with vertices py, . .., p, indexed in the cyclic order,
and let P, denote the (linear) convex hull of py,..., p,. Note that this is a polygon with
vertices pi, ..., pm- If R > Ra(¢) then (3.2) yields

b E(A(SE) — A(K A(DRY — A(P,
<R(n)=1 (A(S,) (I;)) 1+ sup (l,?,,) (m)<1+8_ (.3)
58 (n) E(A(K) — A(SF)) pEck A(DRY) — A(DR)
2<m=<n

Now assume that R > max{R;(¢g), R2(¢)}. It is clear that, for any such R, it follows from
the convergence lim;,_, o § § (n)/1 § = 1 that there exists n(R) such that

8§ (n)

R
IS

for all n > n(R). Thus, from (3.1), (3.3), (3.4), and
8(n)  8(n) 8§(m) I§

I 88wy 18 1

1—¢<

<l+e (34

’

we obtain

é(n)
1—38<T<1+78

for all R > max{R(¢), R>(¢)} and n > n(R), which proves that
d(n)

lim — =1.
n—oo [
A similar argument shows that (1.6) implies the asymptotic formula (1.3) of Rényi and

Sulanke. Finally, (1.1) for the number of vertices follows by Efron’s equality (5.10) below.

4. Caps of spindle convex discs

From now on we restrict our attention to the case in which R = 1 and we omit R from the
notation. We use the simpler terms spindle convex and disc polygon in place of 1-spindle convex
and 1-disc polygon, respectively. In particular, B = B denotes the unit disc. The R-spindle
convex analogues of the following lemmas can be obtained by simple scaling.

Let S be a spindle convex disc with C? smooth boundary, and assume that « (x) > 1 for all
x € 8S. A subset D of S is a disc cap of S if D = ¢l (S N (B + p)©) for some point p € R?.
Note that in this case d B + p intersects 9§ in at most two points. (This follows, for example,
from Theorem 2.5.4 of [27].) Thus, the boundary of a nonempty disc cap D consists of at most
two connected arcs: one arc is a subset of 9.5, and the other arc is a subset of d B + p. In order
to define the vertex and the outer normal of a disc cap, we need the following claim.
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Lemma 4.1. Let S be a spindle convex disc with C* smooth boundary, and assume that k (x) >
1 forall x € 3S. Let D = cl(S N (B + p)©) be a nonempty disc cap of S (as above). Then
there exists a unique point xo € 08 N 3D such that there exists at > 0 with B+ p =
B +x0 — (1 4 t)uy,. We refer to xo as the vertex of D and to t as the height of D.

Proof. Pickany x € dSNaD, and consider the vectors ]T))C and the outer unit normal u,. We
claim that there is a unique x for which pxisa positive multiple of u,. The existence follows
from a simple continuity argument since the angles formed by the two vectors have different
orientations at the endpoints of 3§ N d D. Uniqueness is proved as follows. Suppose that both
x1 # xo fulfil the requirements. Let ¢ be the (positive) angle between uy, and uy,, and denote
by I the arc of 3§ between x| and x» (according to the positive orientation), and by As the
length of /. By the spindle convexity of S, x| and x, can be joined by a unit circular arc in S.
The length of this circular arc is clearly smaller than As; on the other hand, it is larger than ¢,
and, thus, As > ¢. Using the assumption that the curvature of 9 is strictly larger than 1, we

obtain
¢=fx(s)ds>fds=As><p,
I I

a contradiction.

Let D(u, t) denote the disc cap with vertex x, € 9§ and height . Note that, for each
u € S, there exists a maximal positive constant #*(x) such that (B +x, — (1 +0)u) NS # @
for all t € [0,7*(u)]. Let V(u,t) = A(D(u,t)), and let £(u, t) denote the arc length of
oD, t) N (0B + x, — (1 + tHu).

Lemma 4.2. Let S be a spindle convex disc with C? boundary such that k(x) > 1 for all
x € 3S. Then, for a fixed x € 3S, the following assertions hold:

2
lim C(uy, ) V2 =2 [ —— |
zirg+ (1, 1) Kk(x)—1
4 2
lim V(u, )3 == [————. 4.1
ti%lr (. 1) 3Vk(x)—1 @1

Proof. Assume that x = (0,0) and u, = (0, —1). Then, in a sufficiently small open
neighbourhood of the origin, 35 is the graph of a C? smooth function f (¢'). Taylor’s theorem
yields

flo) = %0’2 +0(62) aso — 0.

In the same open neighbourhood of the origin, the boundary of B + x — (1 4 #)u, is the graph
of the function g;(c) =t + 1 — /1 — o2, Simple calculation yields the following positive
solution of the equation g;(0) = f(0):

2
oy = | ————1'?2 4 0t"?) ast — 0F.
Kk(x)—1

Clearly, £(uy,t) ~ 204 ast — 07 by the fact that the ratio of the lengths of an arc and the
corresponding chord tends to 1 as the length of the arc tends to O.
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Let o_ denote the negative solution of the equation g;(c) = f (o). Then
o+
Viuy, 1) = / (8:(0) — f(0))do
o_

o4 2
:2/ |:t+a_—K(MX)02+0(02)i| do
0 2 2

This completes the proof.

Let x1,x2 € S be two distinct points. Then there are exactly two disc caps of S, say
D_(x1,x2) =cl(SN(B+ p_)%) and D (x1, x2) = cl (SN (B + p4)) with the property that
X1,X2 € 0B+ p_and xy,x2 € 0B+ p4+. Let V_(x1, x2) = A(D—-(x1,x2)) and Vi (x1, x2) =
A(D4(x1, x2)), and assume that V_(x1, x3) < Vi(x1, x2).

Lemma 4.3. Let S be a spindle convex disc with C* boundary, and assume that k (x) > 1 for
all x € 0S. Then there exists a constant § > 0, depending only on S, such that V4 (x1,x2) > 6
for any two distinct points x1, x3 € S.

Proof. We note that [x, x2]s cannot cover S because of the C? smoothness of 8 and the
assumption that « (x) > 1 for all x € 9S. Thus, by compactness, there exists a constant § > 0,
depending only on S, such that A(S\[x1, x2]5) > 26 for any two distinct points x1, x3 € S. Now
the statement of the lemma readily follows from the fact that S = D_(x1, x2) U Dy (x1, x2) U
[x1, x2]s-

Let K be a convex disc with C? boundary and with the property that x(x) > 0 for all
x € 0K. Let kg > 0 denote the minimum of the curvature of 0 K. Then there exists an gg > 0,
depending only on K, with the property that, for any x € 0K, the (unique) circle of radius 1/«
that is tangent to d K at x supports K in a neighbourhood of radius &g of x. Moreover, Mayer
proved (see statement (U5) of [19, p. 521], or, for a more recent and more general reference;
see also Theorem 2.5.4 of [27]) that in this case the tangent circles of radius 1/ky of dK not
only locally support K but also contain K and, thus, they globally support K.

Let S be a spindle convex disc with CZ smooth boundary and with the property that « (x) > 1
for all x € dK. Then, by the above, there exists 0 < ¢ < 1, depending only on §, such that
S has a supporting circular disc of radius ¢ at each x € 9S. Thus, it follows from Lemma 4.2
that there exists a 0 < o < ¢ with the property that, for any u € S,

~

2
O, 1) < 4 1QA11/2 for 7 € [0, 10]. (4.2)

A convex disc K has a rolling ball if there exists a real number o > 0 with the property
that any x € 0K lies in some closed circular disc of radius o contained in K. Hug [16] proved
that the existence of a rolling ball is equivalent to the exterior unit normal being a Lipschitz
function on d K. This implies that if the boundary of K is C? smooth then K has a rolling ball.
We note that this last fact has already been observed by Blaschke [6].

It follows from the assumption that the boundary of S is C* smooth that there exists a rolling
ball for S with radius 0 < o < 1. The existence of the rolling ball and (4.1) reveal that there
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exists 0 < 7 < o such that, for any u € S',

1/4 [ 2
V)=~ = | -22)32 tort e o, 7. 423)
23V 1=0

Note that although the statements in Lemma 4.2 are not uniform in u, both (4.2) and (4.3)
are uniform in u.

5. Proofs of Theorem 1.1 and Theorem 1.2

Proof of Theorem 1.1. We essentially use the method invented by Rényi and Sulanke [23].
Note that it is enough to prove the theorem for R = 1, from which the statement follows by a
scaling argument. Thus, from now on we assume that R = 1, and omit R in the notation.

Let A = A(S). First observe that the pair of random points x1, x; determine an edge of S,, if
and only if at least one of the disc caps D_(x1, x2) and D4 (x1, x2) does not contain any other
points from X,,. Thus,

E(fo(Sn)) = (’;) W,

n—2
//K V_(x1, X2)) n <1_ W) }dxl dx;. 3.1

Note that if all points of X, fall into the closed spindle spanned by x; and x>, then x; and x»
contribute two edges to S, (since in this case convg X, = [x], x2]s), and accordingly this event
is counted in both terms in the integrand of (5.1).

Lemma 4.3 yields

V.
lim n 1/3< ) 2//( 2SR x2)> dxq dx;
n—o00 A
< 1im 3" —/fe*“"*”//‘ dx; dx;
n— 00 2] A2 sJs

— lim n—'/3 (’;) e—8(n=2)/A

n—o0

where

=0.

Thus, the contribution of the second term of (5.1) is negligible; hence, in what follows, we will
consider only the first term. Note that, by a similar argument, it is enough to integrate the first
term of (5.1) over pairs of random points x1, x» such that V_(x1, x2) < §. Let 1(-) denote the
indicator function of an event. Then

Jim E(fo(S))n~""

n—2
:nli)nolon_l/3< >A2//( V- ()“’xz)) L(V_(x1. x2) < 8)dx; dxa.  (5.2)

Now, we re-parametrize the pair (x1, x3) as follows. Let

(x1,x2) = ®(u, t,uy, uz), (5.3)
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where u, uj,ur € St and 0 <t < to(u) are chosen such that
D(u,t) = D_(x1, x2)

and
(x1,x) =0y — A +HDu+ur,x, — (1 4+ Hu + uy).

Note that © and u; are the unique outer unit normal vectors of d B + x,, — (1 4 f)u at x| and
x3, respectively. Thus, for fixed u and 7, both 1| and u; are in the same arc of length £(u, ) in
S!. We denote this unit circular arc by L(u,t).

Note that, since V_(x1, x2) < §, D_(x1, x2) is uniquely determined by Lemma 4.3. The
uniqueness of the vertex and height of a disc cap guarantees that ® is well defined, bijective,
and differentiable (see Appendix A) on a suitable domain of (u, ¢, u1, u3). To continue the
estimate of W,,, we need the Jacobian of the transformation ®. This calculation can be found
in [26], but, for the sake of completeness, we give a sketch in Appendix A.

The Jacobian of @ satisfies

[J®| = (1+t— )|u1 X Uz|. 5.4)

K (xy)

We note that |u] X us| equals the sine of the length of the unit circular arc between x1 and x; on
the boundary of D(u, t). Also, note that there exists #; > 0 with the property that V (u, 1) < é
forall0 <t <f andallu € S'.

Equations (5.2) and (5.4) yield

lim E(fo(S,))n~'

n—2 1
= ) [ Lo Lo (750 ()
noo! A? [ L(u,t) JL(u,1) ! K (xy)

X |uy X up| duy duy dr du. (5.5)

Integration by u; and u, yields

V(u H\' 2 1
_ 13 _
(5.5) = nlgr;on < )A2 /31/ ( > (l—i—t /c(xu)>

x (L(u, t) —sinf(u, t))dt du.

We will split the domain of integration with respect to ¢ into two parts. Let h(n) =
(clnn/ n)2/ 3 where ¢ is a positive (absolute) constant to be specified later. From (4.3), it
follows that there exists ngp € N and y; > 0, depending only on S, such that if n > ng then
h(n) < t1,and V(u, 1) > y1h(n)>?* forall h(n) <t <ty andallu € S'.

Lemma 5.1. Let h(n) be defined as above. Then

. V(u Hn\"? 1
1/3 —
nlggon < >A2 /;1 /;:(”)( > (1 i K(xu)>

x (£(u, 1) — sin £(u, 1)) df du = 0.
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Proof. Note that 1 < 27, and there exists a universal constant y» > 0 such that £(u, ) —
sinf(u,t) <yrforall0 <t <t;andu € S!1. Hence, for any fixed u € S!and any n > no, it

holds that
1 \%4 , 1 n—2 1
/ (1 G )> (1 4 )(z(u, 1) — sin €(u, 1)) dr
h(n) A Kk (xy)
f h 3/2\"n—2
< 37/2/ (1 _ &) dt
h(n) A

f 1 n—2
Smf <1_ mc(nn/n)) “
0 A

< 6)/2”_071/14.

Now, let ¢ > 5A/(3y1). Then

. V(u H\"2 1
1/3 _
nln;on < )AZ /gl Al(n)( ) (1 A K(xu))

X (L(u,t) —sin€(u,t)) dt du

224_77 lim n~1/3 " n—n/A
A2 2

n—oo

=0.

Now, for n > ng, we define

h(n) n—2
_ _iafn B V(u,t)) < B 1 )
0,(u) =n <2> /0 (1 2 1+t )

x (C(u,t) —sinf(u,t))dt

and so )
lim E(fo(Sn))n = hm —/ 6, (u) du.
n—0oo A

Equation (11) of [7] states that, for any 8 > 0, w > 0, and o > 0, we have

g " 1 B+1
B1 — opt® ~ —(B+D/a
/0 t <1 wt ) dt ota)(ﬂ“‘l)/o‘r( " )n (5.6)

as n — 00, assuming that

D1 1/a
(M) < g(n) < o
aown

for sufficiently large n.

Formula (4.2) implies that there exists y3 > 0 such that £(u, t) —sin £(u, t) < y3t3/2 for all
0<t<tyandu € S!. We recall that 1 + 1 — 1/k(xy) <3 forallu € Sland0 <7 < 1.
From (4.3) and (5.6) witha = 8 = % and o = (2/(3A))/2p/(1 — p) it follows that there
exists y4 > 0, depending only on S, such that 6, (u) < y4 for all u € S' and sufficiently large
n. Thus, Lebesgue’s dominated convergence theorem implies that

2
lim E(fo(S,))n~ /3 = —/ lim 6, () du.
n—00 A2

Sl n—oo

https://doi.org/10.1239/aap/1418396236 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1418396236

910 ¢ SGSA F. FODOR ET AL.

Letu € S' and ¢ € (0, 1). It follows from Lemma 4.2 that there exists 0 < 7, < #; such
that

—e)2 2 3/23/2<z in ¢ <(+o)2 2 " 5.7
( —8)§<m> t <Ll(u,t) —sinl(u,t) <( +8)§<m> t 5.7

_ i #3/2 f #3/2
(1 8)3/K(xu)_1t §V(u,z)§(l+e)3 K(xu)—lt (5.8)

for any r € (0, t,).
From (5.7) and (5.8) we obtain

42 1 3/2
nli)ngoe,,(u) - Tf<x(x ) — 1)

-2
8 K(xy) —1 lim n5/3/h(") l—i ;ts/z " 324
k(x,) n—oo 0 3AV k(xy) — 1
h(n) 4 7 n—2
+ lim n5/3/ 1— — [———%%) Pdt|. (5.9)
n— 00 0 3AV k(xy) — 1

Note that (5.6) with o = % and 8 = % implies that the second term of (5.9) is 0. Equation

(5.6) yields
h(n) n—2
lim n5/3/ ’ A2 pn) png
n— 00 0 3AV k(xy) — 1
2[4 2\
T 3\34V k(x,) — 1 3)

T _8ﬁ< 1 () —1/( 4 2 75/31“ 5
A On ) = == e =1 k) \3AV k() — 1 3)

Therefore,

and

Thus,

2
lim E(fo(S)n~1? = = / lim 6, () du
n—00 A2 g1 =00

3 2 5 1 1/3
V 3A <3) /sl ke (xy) (v = DT du
= 3/i § _ 13
3 I (3) /as(/c(x) 1)/7 dx.

To compute the expectation of the missed area by S, we use the identity

nE(A(S\ Su-1))

E(fo(Sn) = 1

(5.10)
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Equation (5.10) is the spindle convex analogue of Efron’s identity [9], and is proved as follows:

n

E(fo(Sp)) = Z P(x; is a vertex of S,,)
1

= nP(x; is a vertex of S,)

= nP(x; ¢ convg (x2, ..., Xx,))
_ A\ S0)
= I .

Combining (1.4) and (5.10) yields (1.5), thus completing the proof of Theorem 1.1.

We now turn to the proof of Theorem 1.2. The argument is based on ideas developed by
Rényi and Sulanke [24], and it is similar to the argument used in the proof of Theorem 1.1.

We start with a refinement of Lemma 4.2 under the hypothesis that the boundary of S is C3
smooth and that k (x) > 1 forall x € 9S.

Lemma 5.2. Let S be a spindle convex disc with C° smooth boundary and assume that k (x) > 1
forall x € 8S. Then, uniformly inu € S,

Cu,t) =Lt'"? + L2+ 0% ast — 0t
and V(u,t) = i3+ 4 O(t7/2) ast — 0T

h=hu)=2 _z
l_lu_ K(_xu)—l’

232(15b(xu)? — (ke (xu) — D(1 + 6(c(x,) — 1/8) — K<xu)))
b =hu)=

3k (xy,) — 1)7/2
4 | 2
vy =v1(u) = 3 m

25/2(5b(xy)* — 2(c(xu) — 1/8) (ke (xy) — 1))
5(k (x,) — 1)7/2

with

vy = v2(u) =

where b(x) and c(x) are functions depending only on S and x.

Proof. With the same notation and choice of coordinate system as in the proof of Lemma 4.2,
it follows from Taylor’s theorem and the C> smoothness of the boundary that in a sufficiently
small neighbourhood of the origin

flo) = —0 24 bod +co —1—0(05) aso — 0,

uniformly in u € S'. For brevity, we suppress the dependence of the coefficients on u. Let
g:1(0) =t +1—+/1— 02, From the equation f(c) = g;(c’) we obtain

-1 1
t=%02+b03+<c—§>04+0(05) aso — 0,
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and routine calculations reveal that the positive and negative solutions of the equation f (o) =
g:(o) are
oy =0 () =dit"? + dot + d3°* + 0(t?) ast — 07,

o_=o0_(t) = —(dit"* —dot + d3t>*) + O(t?) ast — 0T,
where

2 2b V2(5b% = 2(c — 1/8)(k — 1))

di = . dh=——— . &3 =
: 2T k-1 } — D772

Kk —1

Using the facts that £(u, t) = arcsin o + arcsin |o_| and V (u, t) = f;f [g:(0) — f(o)]do,a
short calculation completes the proof.

Proof of Theorem 1.2. Let L = Per(S) for brevity. Let x1, xo € S, and let i (x1, x3) denote
the length of the shorter unit circular arc joining x; and x,. We define U, as

E(Per(S) — Per(S,)) = L — (;)]E(l(xl, X7 is an edge of S;,)i (x1, x2))

== (3)un

Using the same notation as in the proof of Theorem 1.1, similar arguments show that

n—2 n—2
//[( V_(x1, xz)) + (1 - W) }i(m,m)dxl s
nli)rréon2/3< >A2 / f( V+(x1,xz)> i(x1, x2)dx; dxa = 0,

and also that

lim 72/ s (X1 )\ .
nl)rréon A2 1(V_(x1, x2) > 8)i(x1, x2)dxq dxp

and

Now the integral transformation @ in (5.3) yields

//( V_(x1, xz)) 1(V_(x1, x2) < 8)i(x1, x2) dx; dxo

L L L (55 ()
41—
sl LGut) J L) K (xy)

X |uy X up|arccos{uy, up)duy duy dr du,

where arccos(u1, uy) is the length of the arc of § 1 spanned by u and u;. Routine calculations

show that
/ / |uy X up|arccos{uy, up) duy dus
L(u,t) J L(u,t)

=22 —2cosl(u,t) — €(u,t)sinl(u,tr)).
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Let ¢ > 0 be arbitrary. According to Lemma 5.2 we may choose 7, > 0 such that, for all
t€(0,n)andallu € S,

leu, 1) — (112 + L3/ < %t”, V(u, 1) — 2 + 02D < e7/2. (5.11)

For any ¢ > 0 and sufficiently small x, it holds that

. x* x®
22 —-2cosx —xsinx) — | — — —
6 90

which, together with (5.11), implies that there exists #3 > 0 with the property that, for any
t€(0,13)andall u € S',

_ B - g 3, fii 3
2(2 —2cosl(u,t) — £(u,t)sin(u,t)) 5 e+ 4571 G t

€3
< -t 5.12
G (5.12)

The second-order Taylor expansion of the function log(l — y) at y = 0 implies that there
exists t4 > 0 such that forO <y < nmin, g vl(u)t4 /A any ¢ € [—aj, a1], with a; =
A3 max, g1 [va(u)/v)" (u)], and all u € S,

5/3qn
n n
and
5/3n
e+ < [1 2 c<X> } < e (-o)y, (5.14)
n n

Let § = §(e) be small enough such that, for all |y| < §,
eV <1-(»0-29)y, (5.15)

and let ng be large enough such that

A2/3
% <nl%. (5.16)
ues' 23 w)
Finally, let ¢’ := min{t, 3, 4}. By a similar argument to that used in the proof of Lemma 5.1,

we obtain

n—2
lim n2/3<> 2/ / ( v, ”) 2(2 —2cos £(u, 1) — £(u, 1) sin (u, 1)]
n—o00 A st

1
X (l +1-— )dt du
K (xy)

=0.

Thus, we need to determine the limit

lim n2/3[L—< ) 2] / ( v, ”) 2[2 —2cos €(u, ) — £(u, 1) sin £(u, 1)]
n— 00 A< Jgst
1
x <t +1- K(xu)> dtdu:|.
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By Lemma 5.2, for sufficiently small 7, it holds uniformly in u € S! that

-2
1<(1- V(u,t) <14 3 max, g1 Ul(u)t3/2.
A A

Therefore, changing the exponent from n — 2 to n in the inner integral above does not affect
either the main or the first-order term.
By (5.11) and (5.12), we have

1 7 Vi, 1)\ , 1
Vel (1 - ) 2[2 —2cosl(u,t) — €(u,t)sinl(u, t)](t +1— ;) dt

L/’ Lo Viap v sp)
6A2 J, A A
4 1\, 4 1 3 l? 3
X ll 1_— t + ll+ 1_— 41][2—— +8 t dt
K K 15

To ease the notation, let

0, (1) :=

16
Dy =11 —«h), DiD5 =1} + (1 — K—‘)<4zf12 - —‘) +e,

15 (5.17)

and D = DY.

Letting 1 = (t')3/?v; /A, the substitution 3/?v /A = y/n yields
b < /. v —¢ [ Ay 5/3qn Ay 4/3
u _ry_nrmefAy Ay
= 6A2 A nvj nvy
Av\2372 A \2/3
: [l o) o) e
nvy 3 nvy
B Dl /nt” l y (U2 —8)A2/3 y 5/3 n 1+D8 Ay 2/3 d
~ a2l Jo n v15/3 n 2\ nv yey
= I + Jy,

where I, stands for the integral over the interval [0, nl/ 5], and J, stands for the integral over
the interval [r'/>, t"n]. Using (5.14), for J,,, we obtain

"

/ e—(l—s)yznt//dy < D_lze—(l—s)nl/s7
1/5 9v]

Jn <
9n2v%

which tends to 0 faster than any polynomial of n. For I, using (5.13), (5.15), and (5.16) for

n > ng, we have
B (vy — e)A2/3 5/3 Ay 2/3
(& yexp{ 5—/3 23 1+D2 " ydy
vy

5, < -2 fn
"= on2y 2 0
_ (U2 _ 8)A2/3 y5/3 Ay 2/3
y _ _ - L el L
(1 (I—¢) vf/3 TR 1+ D; o ydy

D /"
S 2
9n2vi Jo

1/5

1/5
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1/5

Dy /" |: —2/3 42/3 5/3
< e V| 1+ n 2342 (- Bie)lyd
o2 Jo 2/3 (1-02 " 7 %y ydy

D D} 8 1)2—8 11
<l (G () (1) 2]

where in the last inequality we extended the domain of the integration, and used the definition
of the I'( - ) function.

We may obtain a lower estimate for én (u) in a similar way, and, as ¢ > 0 was arbitrary,
) asymptotically equals the last upper bound with ¢ = 0. Since D;/ (181)%) =« and
fgi k71 (xy) du = L, we have

lim E(L — Per(S,))n>3 = lim n*/?3 <L _ (") / én(u)du>
n—oo 2 Sl

n—0o0
D1A*3 (D 8 11
/1——21"——&1“— du.
st 187 \p? \3 )3\ 3
Substituting Dy and D, from (5.17), and [1, I, v1, and v, from Lemma 5.2, we obtain
D1A*3 ( Dy (8 v 11
= ==l ) =r(=
18v7 \p? \3/ 23 \3

A2/3r(8/3) (3/2)2/3[60192 +k—=DGK-1D>+9*K —1)+3 — 240)]
K 10(x — 1)3/3

and, thus,
lim E(L — Per(S,))n*/?
n—oo

_ (124)2°T'(2/3) (k — 1)(24c — 5(k — 12 —9(k — 1) — 3) — 60b>
B 36 a8 (k. — 1)3/3

dx. (5.18)

To complete the proof of Theorem 1.2, we must show that the constant in (5.18) is the same as
in (1.6). Let r(s) be the arc-length parametrization of 9. It is not difficult to verify that

1 r’(s)
b — _ " , ,
(r(s)) 6<r (s) K(r(s))>
1 4
cr() = <<r<4> (8), Kr(r—((i)))> — 4 (r (N (" (s), r’(s))).
Upon substituting these formulae into (5.18), some tedious but straightforward calculations

yield (1.6).

6. The case of the unit circular disc

In this section we discuss the case in which § = Bp. Note that in the hypotheses of
Theorems 1.1 and 1.2 it is assumed that ¥ (x) > 1/R for all x € 9S. This assumption no
longer holds in the S = Bpg case, and, therefore, we may not use Lemma 4.3. However, the
arguments used in the proofs of Theorems 1.1 and 1.2 can be modified slightly to yield a proof
of Theorem 1.3. Below we provide the outline of the proof of Theorem 1.3 and leave the
technical details to the interested reader.

https://doi.org/10.1239/aap/1418396236 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1418396236

916 ¢ SGSA F. FODOR ET AL.

Proof of Theorem 1.3. As in the previous section, we may and do assume that R = 1.
First note that, by Efron’s identity (5.10), it is enough to prove (1.7) and (1.8). Also, note
that, forany u € § land0 <t <2, simple calculations yield

t2
£, 1) = £(1) = 2aresin |1 — — 6.1)

/ 12 t
Vu,t) =V@)=1t,/1-— 7 + 2 arcsin 7 (6.2)

Let W, and U, be defined as in the proofs of Theorems 1.1 and 1.2, respectively, and let
L(t) = L(u, t) be defined as in the proof of Theorem 1.1. Then

Vit n—2
W, = — / / / / ( ()> tluy X up| duy duy dt du,
s L JL@) T
V) \ 2
U, = / / / / ( ( )> t arccos{uy, up)|uy X uy|duy duy dr du.
s1 L(t) JL(1) Y4

Integrating over u1, u;, and u yields

V) 2 .
W, = —/ ( ) t(£(t) — sin £(2)) dt,

n—2
U, = —/ < VU)) t(2—2cosf(t) — £(t)sin £(t)) dr.

and

Upon substitution of (6.1), (6.2), and r = 2sin(o/2), we obtain

4 b : n—2
an—/ sina(n—o—sina)(l—m> do,
T Jo T
4 7 sin n—2
Un:—/ sina(2+20c>scr—sina(n—a))(l—O——i_o) do.
T Jo T

By similar arguments as used in the proofs of Theorems 1.1 and 1.2, we obtain

2 2

T 4 1 T
Wy, ~ — ~ 1— — 43 o),
s U (n—2)2|: n_2<4+ )]Jr (n)

which yield the statements of Theorem 1.3.

Appendix A

In this section we sketch the calculation of the Jacobian of the transformation ® defined in
(5.3). We note that J® was calculated by Santal6 [26].

Let r: [0,27) — S be a parametrization of 95 such that the outer normal u,q) =
(cosa, sin«). We introduce «, ¢, and ¢, such that u = (cos«, sina), u; = (cos ¢y, sin ¢1),
and uy = (cos ¢z, sin ¢y). Clearly, du du| duy = do dep; dgh>.
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To make the calculation more apparent, we add an extra step: let (v, w) be the centre of the
unit circle that defines D_(x1, x3) (here v, w € R). Then x; = (v + cos ¢, w + sin¢;) and
x3 = (v + cos ¢, w + sin ¢y), and by differentiation we obtain

dxj dxy = |(sin ¢1 cos ¢p — sin ¢y cos ¢p1)| Aoy dgpr dv dw.
Next observe that (v, w) = (r1(a) — (1 +¢t) cosa, rp(a) — (1 + ¢) sin); thus,
dvdw = [(—r{(a) sina + ri(a) cosa — (1 + 1))| da dt,
and, hence,
dxy dxy = |[(—r{(e) sina + ri(a) cosa — (1 4 1)) sin(¢p; — ¢2)| dg; dg dar dr.

Using the special choice of r(a), we see that —r| («) sina + 5 (a) cosa = 1/« (r(a)), and, by
assumption, ¥ > 1; thus,

|(=rj(@)sina + ry(@) cosa — (1 + 1)) sin(p1 — ¢o)| = <1 +i- ) sin(|¢1 — ¢2).

_b
(r(@))

We note that |1 X uy| equals the sine of the length of the unit circular arc between x; and
x7 on the boundary of D(u, t), that is, sin(|¢1 — ¢2|) = |u1 X uz|, which proves (5.4).
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