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Renormalized Periods on GL(3)

Jennifer Beineke and Daniel Bump

Abstract. A theory of renormalization of divergent integrals over torus periods on GL(3) is given,
based on a relative truncation. It is shown that the renormalized periods of Eisenstein series have
unexpected functional equations.

Let F be a global field with adele ring A. Let G be a reductive algebraic group
defined over F, and let (7, V) be an automorphic representation of Gy. Let H be a
subgroup of G and x a character of Hy which is trivial on Hr. We may consider the
period

(1) / S@x(g)dg, SeV.
Hp\Ha

We wish to consider cases where the integral (1) may be divergent, in which case an
issue of renormalization arises. If the integral is divergent but has a natural renor-
malization, we will denote the renormalized period by

RN / P(g)x(g)dg, ¢eV.
HF\H,\

For example consider the case where G is PGL(2), H is the diagonal torus, and

JORER

Y2 V2

If 7 is cuspidal then the integral (1) is convergent. In this case (1) is an Euler product,

which agrees at all unramified places with L(s + %, m). If on the other hand ¢ is

an Eisenstein series with parameter w (i.e. E,,_,, in the notation of Section 1), the

integral (1) can still be interpreted by means of a renormalization process, which we

review in Section 1. Again the renormalized integral gives L(s + 1,7), which in this
case equals ((s + w)((1 + s — w), where ( is the Dedekind zeta function of F.

This construction shows the appearance of unexpected symmetries or hidden
functional equations. The “expected” functional equations are of course those as-
sociated with the functional equation of the Eisenstein series, namely w — 1 — w,
and those of the Mellin transform of an automorphic form, that is s — —s. Beyond
these, there is an unexpected functional equation because ((s + w){(1 + s — w) is

symmetric under s — w — % and w — % +s.
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It is well known that there is a strong tendency for the period (1) to be a value
of an L-function when (G, H, x) are Gelfand data, by which we mean that the rep-
resentation of G induced from x is multiplicity free. Because of their tendency to
give Eulerian integrals, most of the period integrals which have been applied in num-
ber theory have been over Gelfand data. But we will argue that non-Gelfand peri-
ods are still interesting, because they can have unexpected functional equations. In
the PGL(2) example, (G, H, x) are Gelfand data. But cases where (G, H, x) are not
Gelfand data can also show hidden functional equations.

For example, in Bump and Beineke [BB] it is shown that a renormalized integral
of four SL(2,7) Eisenstein series has unexpected functional equations. This can be
thought of as an instance of (1), in which H = GL(2) is embedded diagonally in G =
GL(2) x GL(2) x GL(2) x GL(2), and  is trivial. This H is not a Gelfand subgroup,
and this integral is not Eulerian. It is a function of four complex variables having
384 = 16 - 24 “expected” functional equations corresponding to the 16 functional
equations of the Eisenstein series and the 24 permutations of them. In addition to
these it has “hidden” functional equations for it was proved in [BB] that the actual
group of functional equations has order 1152.

The hidden functional equations can be proved by relating this renormalized inte-
gral to a torus integral of a PGL(3) Eisenstein series, which is itself a further example
of a renormalized period (1). Specifically, we may take G = PGL(3) and H = A/Z
where A is the diagonal torus of GL(3) and Z the center. Then if ¢ is an Eisenstein
series, we again obtain a function of four complex variables, since there are two com-
plex variables parametrizing the PGL(3) Eisenstein series and two parametrizing the
character x of H. This renormalized integral has as evident symmetries the six func-
tional equations of the Eisenstein series, together with the action of the normalizer of
H on x by conjugation. Thus its group of overt symmetries has order 36.

Once one knows that these two functions of four complex variables are equal, one
obtains the full group of functional equations, for the two subgroups of orders 384
and 36 together generate a group of order 1152, which is the group of symmetries of
the polar divisor. The coincidence of these two functions of four complex variables is
predicted by the “see-saw” formalism, indeed by a variant of the last example in Kudla
[K], which was offered to explain the previous example of Bump and Goldfeld [BG].
The relevant see-saw is shown in Figure 1, where the vertical lines are inclusions, and
the diagonal lines are theta liftings. The ambient group is GSp(12).

Although this strategy of proof underlies [BB] this is in fact not what was done
there. When [BB] was written there was not available any proper theory of renor-
malization in this context. Thus [BB] were forced to replaced the integral (1) by a
non-invariant one.

A proper theory of renormalization should attach an invariant meaning to (1). By
this we mean one in which it is manifest from the definitions that the period inherits
functional equations from the conjugations of x by elements of the Weyl group, as
well as the functional equations corresponding to those of the Eisenstein series. (We
caution the reader that the term invariant could also be used to mean an integral
that is unchanged by right translation by an arbitrary element of the group. The
renormalized integral is not an invariant functional in the latter sense.) Only after
such an invariant definition is given can one ask whether the renormalized integral

https://doi.org/10.4153/CJM-2003-038-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-038-1

Renormalized Periods on GL(3) 935

PGL(2) x PGL(2) x PGL(2) PGL(3)

PGL(2) A)Z

Figure I: The See-Saw.

has further “hidden” functional equations.
In this paper we give such an invariant definition of torus periods of GL(#) Eisen-
stein series when n = 3. The strategy is to define a truncation A”¢ such that

/ ATo(g)x(g) dg
A(P\AR)

is convergent, then to add other terms which make the result independent of T. The
truncation A7 is not the well-known truncation of Arthur [A] but it is closely related.
It is rather a relative truncation similar to the “mixed truncation” of Jacquet, Lapid
and Rogawski [JLR]. (Our G and H are different from theirs, but the idea is the
same.)

The key feature of the relative truncation is that (quoting Jacquet, Lapid and Ro-
gawski) one takes constant terms over G yet does the truncation over H. Strictly speak-
ing, to make sense of this description, in our example H is not A itself, but its normal-
izer. The truncation involves a summation over the Weyl group, with the subtraction
and addition of constant terms along the various parabolic subgroups.

We expect but have not proved that the definition that we give applies to other
automorphic forms on GL(3). (The principal fact to be generalized is Proposition 9.)
More importantly we expect that it will be clear how to generalize this definition to
GL(n). Naturally the combinatorics will be more complicated on GL(n).

The invariant renormalization of the period integral (1) will allow us to determine
the polar divisor of this period. It is a 24-cell, a regular polytope in 4 dimensions,
whose symmetries include the 36 manifest functional equations, but others as well.

We may now state a theorem about this period. Let 1, p, and 3 be complex
numbers satisfying p; + pp + g3 = 0, and let s, s,, 53 satisfy s; + 5, + 53 = 0. We
define an Eisenstein series G, ,,, ., on GL(3,A) in (21) below, and a character of the
diagonal torus A(A) by

(2) X51,52753(y) :Y?V?J’?

https://doi.org/10.4153/CJM-2003-038-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-038-1

936 Jennifer Beineke and Daniel Bump

We will define a renormalized integral

(3) RN Gllwlrz,ua (y)XShSZﬁS? ()/) d><y
Z(MA(QN\AN)

below in (25) by the method we have already described. Since there are relations
between the parameters, it is really a function of four complex variables. It has 36
evident functional equations, corresponding to the 6 functional equations of the
Eisenstein series, and the 6 evident symmetries coming from conjugations of A by
its normalizer. Surprisingly, it has other functional equations.

Theorem 1 The integral (3) is invariant under
1 1
py — g(z,ul_ﬂ3+51)7 51— 5(—4/@—51)7
1 1
Mo — 5(#2 —251), s — g(zﬂz + 251 + 353),

1 1
M3 — 5(—#1 +2u3 +s1), 53— 5(2#2 — 51— 3s7).

Its full group of symmetries has order 1152.

What is most important in this paper is the “correct” definition of the renormal-
ized GL(3) period. Our principal application is the occurrence of unexpected func-
tional equations. Since the renormalized integral is over a non-Gelfand subgroup, it
is not Eulerian and so we are outside the domain of number theory as it is usually
understood. It is our view that the hidden functional equations are evidence that this
new territory may contain interesting surprises. The work of Woodson [W] gives
some indication of what we could expect on GL(n).

This work was supported in part by an AWM-NSF Mentoring Travel Grant and by
NSF grants DMS-9970841 and DMS-0203353.

1 Renormalization on GL(1) and Mellin Transforms on GL(2)

Let 2 be a locally compact abelian group, written multiplicatively. We assume that
there is a surjective homomorphism w: {2 — R whose kernel is compact. For exam-
pleif Q = A*/Q* we can take w(a) = log|al.

By a finite function on {2 we mean a function p whose translates f, defined by
pa(x) = p(ax) span a finite dimensional vector space. Let F(€2) be the space of finite
functions. We would like to be able to integrate functions on €2 which are asymptotic
to (possibly different) finite functions of x € €2 as w(x) tends to —oo and oo.

The integration theory we are seeking should define an additive functional A(p)
on a space C of functions on 2. The space C should contain the Haar integrable
functions and the restriction of A to these should be Haar integrable. The space
C and the functional A should be invariant under translation. Moreover if p € C
then the truncation p(y)#(w(y)) should also be in €, where #: R — {0, 1} is the
characteristic function of the positive real numbers.
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The space € cannot contain the constant function. We may see this as follows.
If 1 € Cthen p(y) = #(w(y)) and any translate p, would be in €. The difference
p—pa> where ais chosenso thatw(a) = lis{x € Q| 0 < w(x) < 1}. IfA(p) = A(pa)
then the Haar volume of this set would vanish, which it does not.

The finite functions are finite linear combinations of functions of the form

(4) pla) = x(a)w(a)"

where 0 < r € Z, u € R and x is a quasicharacter of ). Note that while y(ab) =
x(a)x(b) we have w(ab) = w(a) +w(b). Let Fy(2) be the subspace of finite functions
whose translates do not contain 1. These are the functions (4) where the quasichar-
acter x is nontrivial.

Proposition 2 Let p € Fy(12).

(i)  There exists a unique R € Fy(R) such that
(5) [ eda=rw) - rD).
T<w(a)<U

(ii) IffTOo |p(a)| da < oo then R(T) = — fTOO p(a) da.
i) If [1__ |p(a)| da < oo then R(T) = [ __ p(a) da.

Proof We need only define R for p € Fj as in (4). If x is nontrivial on ker(w)
the integral (5) vanishes since w is constant on the cosets of ker(w) so we must take
R=0.

Assume that y is trivial on ker(w). Then x(a) = ¢*“? for some complex number
u # 0. The function p(a) = po(w(a)) where

po(x) = €e“x",  po € Fo(R).

Normalizing the Haar integrals appropriately, the left side of (5) equals

U
/ po(x) dx.
T

Thus we are reduced to the special case where {2 = IR. It is easy to see that the deriva-
tive D: Fy(R) — Fy(R) is bijective, so by the Fundamental Theorem of Calculus we
must choose R to be the unique antiderivative of py in F,(R).

Parts (ii) and (iii) follow from the uniqueness in (i) since it is easily checked that
the integrals lie in J. ]

Let C denote the space of functions f such that there exist functions p_ . and po
in Fy(Q) such that %(w(y)) (p — pPoo)(y) and such that %(—w(y)) (p— P—co)(¥)
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are integrable. Let R_,, and R, be the functions corresponding to p_ ., and p.. by
Proposition 2. Given T and T’ such that T’ < T, define

p(y) = poo(y)  ifw(y) > T,
prr(y) = 4 p(y) ifT>w(y) >T,
p(y) = p-ooly) ifT" > w(y).

This function is integrable. Define

(6) RN/Op(y)dy:/Qpr,r/(y)dwR—oo(T’)—Roo(T)-

Although p~ and p_ ., are not unique, Proposition 2(ii) and (iii) imply that (6) does
not depend on their choice. Note that by Proposition 2(i) this is independent of
the choice of T, T’, and it follows that the renormalized integral is invariant under
translation.

In this section let K = [] K, be a standard maximal compact subgroup of
GL(2,A), where

_J0@2) if v =00,
" | GL(2,Z,) ifv= pis finite.

Let A\ be a complex number and let A(GL(Z7 @) \ GL(2,A)/K, )\) be the space of
automorphic forms with central character | - |*. Thus an element ¢ of A( GL(2,Q) \
GL(2,A)/K, )\) is a smooth function of moderate growth which is finite with respect
to the Laplace-Beltrami operator in GL(2, R), and which satisfies

¢< (Z Z) g) = |2"9(s).

We assume that the constant term

1 x
= d = i Ji s
?0(g) /A/Q¢<( 1)g> x § cifi(g)

1

ﬁ((” )k) — Iyl
V2

when k € K, where ¢; and ~; are suitable constants. Let T and T’ be real numbers
such that — T’ < T. We normalize the measure on A* /Q* so that

where

1 1
S AX, _ s 1% _ 2
(7) /A\X/QX ly|*d”y = 5 (s <0), a0 ly|*d*y o (s>0).

ly[>1 lyl<1
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Define:
-1
n _ Y _ Y A s gX
(8) I(¢7S,T7T)—/A\X/@X <¢( 1) ¢o( 1) Iyl )yl d”y
log [y|<~T"
y s g
+/ A% 0 X ¢( 1)Iyldy
—T'<log|y|<T
y _ y s g
+/A\X/QX ((b( 1) ¢o< 1)) yFd”y.
T<log |y|

The integral is convergent for all s.

Proposition 3 Let

eT(its) el (i—A—s)

I =] T.T — i — .

(9) (6,5 = 19,5, T, T") Zc{%ﬂ _w“s}
Then I.(¢, s) is independent of T and T'.

Proof Let U, U’ be given. Assume that U > Tand U’ > T’. We have

no_ N . sty X
165U UN =16, TT) =3 6 | o I dy
! T<log |y|<U
SHA—y;i X
/\\X/(OZX ‘yl d y

—U'<log|y|<—T'
This equals
U (7i+s)

T(7i+s) U’ (yi—A—s) el (i=A—s)

ZC‘ e _e _e "
"Lyits vits —vitA+s -yt A+s]

This implies the independence of I,(¢, s) from T and T'. [ |

Proposition 3 makes explicit a special case of Proposition 2. So by (6), the renor-
malized integral

RN/ ® (y 1) ly[f dy = L(d,s).
A\X/QX

We will denote (*(s) = ﬂ_s/zf(%)C(s). Let B, be the Borel subgroup of upper
triangular matrices. Define a function fy, 9, on GL(2,Q) by

(10) fe],92<<yl ;2)k> =1y, keK.
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Define the normalized spherical Eisenstein series by Ej, 0 (g) = ¢ (01 — 0,)Ep, 5,(2),
where

Ep,0,(8) = Yo fne0g)

YEB,(@)\GL(2,Q)

The sum is absolutely convergent if re(8; — 6,) > 1, and Ej 0, (g) has analytic con-
tinuation to all %(01 — 6,) # 0, 1 with a functional equation

(11) Ep, 4,(8) = Ep,11,0,1(8)-

We will use (11) frequently and without comment.

Proposition 4 Let 6, and 0, € C. Then
I(Eg, g,,5) = (s + 01)C" (s + 1 + 6,).

We will give two proofs of this. The zeta functions in the two proofs come out
differently, so comparing the two proofs gives a proof of the functional equation of
the zeta function.

First Proof We restrict 01, 6, to a compact set and choose s so that its real part is
large. Then the exponential terms in (9) decay as T — —oo and T’ — oo. Taking
these limits we see that the integral equals

/A\X/QX<¢(y )=’ 1))y|§d*y

and we recognize it as the Mellin transform of the Eisenstein series minus its constant
term. Of course, this is just the L-function of the Eisenstein series evaluated at s + 1.
The general case follows by analytic continuation. ]

Second Proof This time we take s restricted to a compact set and 6}, —6, such that
re(6; +s) > 1andre(—6, —s) > 1. We will show

(12) IT(E;Lﬂz’S) = / <E;1.,92 (y 1) - C*(el - 92)(|y|€] + |y|€2)> |)/|st)/
A% JQX

The subtracted terms are not the constant term of the Eisenstein series. To prove (12)
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take T = T’ = 0 in the definition to see
LB 009 = [ (Egl,oz (7 ) - g ntc - nlyl"
A% JQX
+ (0 — 0, — V)|y|"] — #(—log y)[C* (61 — 0,)]y|™
+(" (01 — 0, — 1)|y|“("]> lyl*d”y

G0 —0,) (0 —0))

$+91 S+92
(O —0,—1) (01 —0,—-1)
- + .
s+60,+1 s+60;—1

Now two applications each of the identities (7) give (12).

We recall a definition of the Eisenstein series from Godement and Jacquet [G]].
Let U be the Gaussian element of the Schwartz space S(A?), ¥(x, y) = »(x)¥(y)
where ¥(x) = [],4y(x,), the product being over the places of (), and where 1),

is the characteristic function of Z, when v is finite, while ¥ (x) = ¢~™ . Then
re(6; —6,) > 1so

13) 0 — 0 foan(g) = | det(g)[" / ((0,00g) 1" d*%.
/\\X

Substituting this into the definition of the Eisenstein series and parametrizing a coset
v € Bg \ GL(2,Q) by its bottom row (¢c,d) € Q> \ (Q* — 0) we have

(7 = Y | W (tye, td)|t|" % d*¢.
1 A%
Q*\(Q2-0) " "
The contributions of the terms when ¢ = 0 and d = 0 are easily computed. They are,

respectively (*(6) — 6,)|y|” and (*(0, — 6,)|y|%. Subtracting them,

(14)  Ej, (y 1) — ¢ (0 — 0)(ly" + [y|™)

= > /|y|91\11(tyc,td)|t|6‘_92dxt
\(@x)2 A

Qx

:/ ST (eye, nfe =0 .
AX

ce@x

Therefore (12) equals

//‘J’|91‘I’(f)’,f)|f|01_02|y\sdxtdxy.
AX JAX

After substituting y — y/t the variables now separate into a product of two unram-
ified Tate integrals giving (*(s + 6,)(*(—s — 6,). [ |
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2 Renormalization of GL(3) Torus Integrals

Now we will consider the same problem for GL(3). We take F = Q) and as before A
is its adele ring. Let A be the maximal torus of diagonal matrices in GL(3), and let
log: A(A) — a = R, be the map sending

Y1
log(y) = (log|y1l,log|y.[,log|ys]), y = V2
V3

while
logy: A(A) — ay = {(al,az,a3) e R ‘ S a= o}

is the composition of log with the Euclidean orthogonal projection onto ay.
The positive Weyl chamber in a is the region

a" = {(ar,az,a3) | a1 > ay > as}.

It is a fundamental domain for the Weyl group W 2= S;. Also let af = agNa*. We will

denote the fundamental dominant weights w; = (%, —%, —%) and w, = (%, %, —%),
and the simple roots o; = 2w; —w, = (1, —1,0), ap = 2w, —w; = (0,1, —1).

Let P and Q be the standard parabolics with Levi factors Mp = GL(2) x GL(1)
and Mg = GL(1) x GL(2), respectively, and let B = PN Q be the standard Borel. Its
Levi factor M = A. We will denote by Up, Uq and Uy the unipotent radicals of P, Q
and B respectively.

Define the functions 7p: ag — R to be the characteristic functions of the regions:

a;+a; >0 lfi]):P7
a >0 ifP = Q,
ay,a; +a 20 if P =B.

We extend these functions to a by composing them with the orthogonal projection
a — Qg.
Let ¢ be a spherical automorphic form on P GL(3,A). Thus ¢ is a function on

Z»nGL(3,F) \ GL(3,A)/K,
where now Z is the center of GL(3) and K = O(3) Hp GL(3,Z,). Define

M@:/ $(ug) du
U,\/Up

when P is a parabolic and U is its unipotent radical. Let T € af. Define, for y € A(A)

(15) Ao(y)=o(y) = Y #(loglwy) — T) ép(wy)
weWp\W
— Y Fo(log(wy) = T) go(wy)
weEWQ\W
+ Z %B(log(wy) — T) op(wy).
wew

https://doi.org/10.4153/CJM-2003-038-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-038-1

Renormalized Periods on GL(3) 943

Here Wp = (07) 2 S, is the Weyl group of Pand Wq = (0;) = S, is the Weyl group
of Q. Here 0, and o, are the two simple reflections. This is well defined because
#p(log(y) — T) = #p(log(o1y) — T) and 7o (log(y) — T) = 7o (log(ozy) — T).

Proposition5 AT ¢(y) is of rapid decay.

Proof What we will actually prove is that the integral of this function against any
polynomial in |y1|, | ¥2|, |y3| is absolutely convergent on the torus.

To prove this we may assume log(y) € af, since AT¢ is invariant under W. For
such y, we have

(16) AT¢(y) = ¢(y) — #p(logy — T)¢p()
— Tqllogy — T)éq(y) + 75(log y — T)ps(y)
—fo(log(a1y) — T) (éa(01y) — ¢s(01y))
— 7p(log(oay) — T) (¢p(02y) — ¢p(02)) -

Indeed, we have %B(log(aly) - T) = %Q(log(aly) - T) and %B(log(ozy) - T) =
%p(log(azy) — T) for y € af, so terms in (16) all appear, while the supports of the
remaining characteristic functions in (15) all vanish for such y. The Figure 2 shows
the regions in (16). Particularly, the support of 7p(log y — T) restricted to af is the
union of (i), (ii), (iii) and (v); the support of 7(log y — T) is the union of (i), (ii),
(iv) and (v); the support of 75(log y — T') is the union of (i), (ii) and (v), the support
off'Q(log(Uly) - T) is (i) and the support off'p(log(azy) - T) is (v).

The sum of the first four terms is of rapid decay by Moeglin and Waldspurger
[MW] Corollary 1.2.12. We will show that

to(log(o1y) — T) (¢qlo1y) — ¢(o1y))

and
p(log(aay) — T) (pp(o2y) — ¢p(02y))

are of rapid decay on log™ "' a. These are similar so we will just do the first. We will
actually show that ¢q(o1y) — ¢p(o1y) is of rapid decay on logfl(aar). This may be

written
y2 1 2
/ bq b3 — ¢q 1 x3 »1 dx;.
A/F V3 1 Vs

Now ¢q is in the space A (MQ((Ol)UQ (A)Z(A) \ GL(3, A\)/K) of automorphic forms
on GL(3,A)/K with respect to Q (see Moeglin and Waldspurger [MW] 1.2.17). Sub-
tracting its constant term therefore gives a function of rapid decay as y;/y; — oo.
Within log ™" af the absolute value of y;/ys is large off a compact set, so this is of
rapid decay. ]

https://doi.org/10.4153/CJM-2003-038-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-038-1

944 Jennifer Beineke and Daniel Bump

(65X

Figure 2: Regions of integration in ag.

Let @ be an element of A( Mp(Q)Up(A)Z(A) \ GL(3,A)/K) . Let
1 x
Do(g) = / o 1 g | dx.
AJF
We define
Ap®(y) = tp(log y — T)®(y) — 75(logy — T)@o(y) — F5(logory — T)Po(o1y).

This type of truncation is closely related to the truncations that appeared in Propo-
sition 3. The integral of AL®(y) over all of A(A) will be divergent, but the integral
over the line Ra; will be convergent. Similarly, let

AL®(y) = #ology — T)®(y) — #5(logy — T)®o(y) — #(logory — T)Po(02).

Proposition 6  Suppose that U — T is a positive multiple of ;. Then

AT¢ = A0 () == D Apdplwp)+ > Afee(wy).

weEWp\W weWp\W
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Proof If U — T is a multiple of o, then 7g(logy — T) — 7o(logy — U) = 0, so
AT¢p — AV ¢ equals

Z (%p(logwy —U) — 7p(logwy — T)) op(wy)

weEWp\W

- Z (#5(logwy — U) — #5(logwy — T)) p(wy).

wew

The proposition follows from grouping the six terms in the second sum in pairs with
the three terms of the first sum. ]

IfU — T is a multiple of v, then 7p(log y — T) — 7p(log y — U) and 7g(logy — T) —
7p(log y — U) are also the characteristic functions of uncomplicated sets. Referring
to Figure 3, 7p(log y — T) — 7p(log y — U) is the characteristic function of the entire
shaded strip, while 75(log y — T) — 75(log y — U) is the characteristic function of the
rightmost lighter-shaded piece.

U]U U
O’lT w) T

du

Figure 3: Domain of integration in Proposition 7(i).

Let & € A(MP(Q)UP(A\)Z(A\) \ GL(S,A\)/K). Define a character x(y) =
Xsi.5.55(¥) of A(A) by (2), where > s; = 0. Associate with these data a value
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Bp(®, x, T') which is to be linear in ®. If ® is cuspidal, then Bp(®, x, T) = 0. On the
other hand suppose that & = fbf}’gz’% where

a b * 0 b
(17) oy | ¢ d « |k|=E, (C d) ¥y, (keKk)
V3
where Y 6; = 0. Denoting yr, 1, (4, v) = en:j}v, we define

BP((I); X5 T) = B%((I)a X5 T)+ B}’((ba X T)v

where
263(93+53)T3/2 . 1 . 1
BY(® X, T) = e C (50— Ot 51 =) (5001~ 02 =5+ )
and
By(®, x, T)

=6¢"(0h — 02)vr, 1,(01 — O + 51 — 52, =02 + 03 + 55 — 57)
+6C7 (01 — 0)yr, 1,01 — 0y —s1 + 55, =6, + 03 — 51 +53)
+6C*01 — 0, — Dy 2—601+0+s51 — 55,1 — 0, + 05 — 5, + 53)
+6C*01 — 0, — Dyr, 2 =601+ 60, —s1 +52,1 — 01 + 03 — 51 +53).

Similarlyif ® € A (MQ(Q)UQ (A)Z(A)\GL(3,A)/K ) we define an analogous factor

Bq. Particularly if & = @8’92’63 where

N1

* *

(18)  @p"" a b |k|=E, (“ Z)y‘i’% (k € K),
’ C

c d

let
Bo(®, x, T) = By(®, X, T) + By(®, x, T),

BL(®, y, T) = Mc*(l(a 0y + s 5))(*(1(9 0 s+s))
Q' Xy 1) = 0 + 5, W2 m =S 2T nTs) ),
BY(®,x, T)

=6C"(0, — 03)yr, 1,00 — 02+ 51 — 53, =02 + 03 + 55 — 53)
+6C" (0 — 03)yr, 1, (01 — 02+ 51 — 52, —6h + 05 — 55+ 53)
+6C"(0; — 03 — Dy, iy (=1 + 6y — 03 +51 —s3, =240, — O3+ 5, — 53)
+6C7 (0 — 05 — D)ypy 1y (=14 01 — 03+ 51 — 5, =2+ 6, — 03 — 5, + 53).
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Proposition 7

(i) Ifde A(Mp((Ol)Up(A\)Z(A\) \ GL(3,A\)/K) and U — T is a multiple of v, then

a [ (AF® — AY®)(»)x(y) dy = Bo(®, x,T) — Bo(®, x, U).
ZMA@\AR)

(i) If® € .A(MQ((OZ)UQ(A\)Z(A\) \ GL(3,A\)/K) and U — T is a multiple of ov; then

(AH® — AG®)(y)x(y) dy = Bo(®, x, T) — Bo(®, x, U).

/Z (AA@\AR)

We have not yet specified the Haar measure on Z(A)A(Q)\ A(A). We do that now,
for there is a particular normalization implicit in the proposition.

Proof To prove (i), we may assume that U — T is a positive multiple of a,. Write
2log,(y) = uw, + vay, so that the domain of integration is —oo < v < oo and u lies
in an interval to be described. See Figure 3.

If T = (Ty, T,, T5) then our assumption that U — T is a multiple of o, implies
that U = (T, U,,U;s) where U, + Us = T, + T5 = —T;. We have

1 1 2 _
2logy(y) = (guw gu—v,—gu), u=log|yiyay; |, v=1loglyi/»l.

The constraint on u is )
—U3 > gu > —T3 > 0.

The term 7z (log(y) — T) is nonzero if and only if v > 2T, — %u Using this, we may
fix u and integrate with respect to v with log |y, y,y; ?| = u fixed. The integrand is
invariant under Z(A) so we may fix y, = 1 and integrate with respect to y; and y;.
Without loss of generality we may take ®p in the form (17). The integrand is

—u(@3+s3)/2 J1 105+ 155+
o U0 s3)/ E(jlﬂz ( 1) |}/1‘2 stysste

With notation as in (8) the inner integral is

_ | 1 u u
e (u/2)(93+$3)I(E01’927 593 + 553 + 5172T1 — 5,2T1 — 5) .

Thus the integral is

U e (L 1 u u
e ? 3I(E91.€2,—93+—53 +51,2T1——,2T1——) du
_3T, ) 2 3 3

We apply Proposition 3 with:

(= C* (0 — 0y)e 02 =g
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0 =C" 0 — 0, — De "2~y =140,
and A = 6; + 6,. We get

30 1 1
3T3 ) 2 2

Q2Ti— %) (01 +105+1s5+5)
e 3 2 2
+ C*(Ql — 92)6 (s 53)/2

91 + %93 + %53 + 51

—(2T1—4)(02+3103+153+5)

_ C*(el _ 92)671/.(63“3)/26

92 + %93 + %Sg, + 51

QTI=$)(1+02+ 305+ 3 s3+51)

+ * 9 _9 -1 e—u(93+53)/2
C(l 2 ) 1+92+%93+%53+51

; o~ QT1=5)(=1+01+3 05+ 5 55+51)
— (0 — 0, — 1)esF)2 — du.
—1+6;+ 5934‘ §S3+51

Using the value of It (Ej 5, s) from Proposition 4, together with 6; + 6, + 65 = 0 and
51+ 52 + 53 = 0, this equals Bp(®, x, T) — Bp(®, x, U). The proof of (ii) is similar.
|

Proposition 8

/ Ao dy+ 3 Bl . T)
ZAA0)\A(A) wEWW
is convergent for any x and is unchanged if a real multiple of «v; is added to T. Moreover
/ Ao dy+ 3 Boléo,"x. T)
ZAA(Q)\A(A)

wEWQ\W

is convergent for any x and is unchanged if a real multiple of oy is added to T.

Proof The convergence of the integral follows from Proposition 5. The invariance
follows from Proposition 6 and Proposition 7. ]

If > p; = 0, define

}’1 * *
(20) fﬂl#z#s Y2 * k| = |)’1 ‘m ‘y2|ﬂz ‘y3|/i37 ke K7
V3

and

(21) G(g) = Gul,uz,,u,g (g)
=" = ) (2 = ) = s =1 D> fugn (19

Br\GLG3,F)
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where K is the standard maximal compact subgroup and B the Borel subgroup of
GL(3,A). This is convergent if re(p; — p2), re(pz — p3) > 1 and has meromorphic
continuation to all ;. With this notation the functional equations of G, ,, ., (g)
consist of the six permutations of y1; — 1, pp and p3 + 1.

The constant terms:

J1
(22) Gp V2 =" (2 — p3)C (1 — p3 — 1)|)’3‘“'35;1,uz (yl J’z)
V3

+ = 2 = D (i = s = 2)|}’3|”172E:z+1,m+1 (yl }’2>

+ ¢ — )¢ (2 — ps = Dy 'ES 0 (y1 y2> ;

Y1
(23) Gq b2 =" — )¢y — p3 — DI [ E;, L, (yz y3>
V3

FC (i — i)C (i — iz — Dyt (” y3)

+ (= s = 2 (o — ps = DIy [ E; (}/2 )’3) ;
and

Y1
G ¥2 =" (1 — ) (i — ps — DC (pa — pa) | [y ys "
V3

+ (= p2)C (i — s — DC (2 — ps — Dy [y s
+ (= 2 — DCH (= s — 2)C (a2 — p3) |y |12 [y s
+ ¢ — 2 — D — s — DC (o — p3) [y [ |y~ s
+ (i — )G (1 — 3 — 2)C (a2 — ps — D]y 27 [y s |2

+ (= 2 — D — pis — 2)CH (2 — ps — Dy [ 2] s 2

Proposition 9

(24) > OBYGH"X,T) = Y By(Go,"x,T).

weWp\W WwEWQ\W

Proof This follows from the definitions of B} and BY, together with (22) and (23).
|
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In view of Proposition 9 we will denote (24) unbiasedly as B’(G, x, T). It clearly
satisfies
B'(G,x, T) = B*(G,"x, T)

foranyw € W.

Theorem 10 The expression:

s ATGOIX() dy + BY(G.x, T)
Z(MA)\AM)
+ > BNG"x, D)+ Y. BYG"X.T)
wEWp\W weEWQ\W
is independent of T.

Proof It is sufficient to show that (25) is unchanged when T is shifted by an element
of either a; or a,. In view of Proposition 9, we may express B’(G, x, T) in terms of
either the B% or B%. In either case, the invariance follows from Proposition 8, together
with the obvious fact that BL(Gp, x, T) is unchanged if T is changed by a multiple of
a1, and that Bé(GQ, X, T) is unchanged if T' is changed by a multiple of «;. ]

Define the renormalized integral RN fZ(A)A((OZ)\A(/\\) G(y)x(y) d*y to equal (25).
Theorem 11 The poles of RN [, ., a@an) GIx () d*y are the 24 hyperplanes:

pr—p2=0,2 po—p3 =02, p—ps=13
pr+si=0,2, py+si=-1,1, ps+s =-2,2.

Proof There appear to be other poles but these cancel. For example, let us show that
there is no pole along the hyperplane

91—92+51—52:0.
Let

1
A= —(91 _92+51 _52)7

2
1
B = 5(91_92_51-"52)7
C:$3+03

Four terms are polar when A = 0. Two of these have sum

—2CT 1PN A)CT(B) + 2471 (C + 24/3) @B (A + B) A CTHTY),
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Since (*(A) — A™! is holomorphic at A = 0 this differs by an analytic function from

[—2C712C*(B) + 2(C +24/3) 7 €T (A + B) T

| =

The expression in brackets vanishes when A = 0, so there is no pole along this line.
The other two terms cancel similarly so there is no pole along this line.

We leave it to the reader to show that all poles except the ones described cancel
like this. ]

It is clear from the definitions that this renormalized integral has as functional
equations the 6 functional equations of the Eisenstein series, which transform the p;
and leave the s; unchanged, as well as the 6 permutations of the s;, corresponding to
x — "x for w € W. Thus it has at least 36 symmetries or functional equations.
However the polytope spanned by these 24 hyperplanes has other symmetries not
among these 36, for example that in Theorem 1.

3 A Generalization

We now generalize Theorem 10. In the generalization we specify for each w € W
a T". The special case where the T" are all equal to a fixed T coincides with our
previous truncation. The purpose of this generalization is that the parameters 7" can
be moved around independently, as for example in the first proof of Proposition 4 we
specialized T and T’ differently. We will not make use of this result in this paper.

We ask that 01T — T € Ray and 0,7 — T??" € Ra,. This implies that if
wITY and w'~'T* are in adjacent Weyl chambers then their difference is a root.
The six w— 1 T" are thus the vertices of a hexagon with parallel opposite sides. Let

AT o) = d(y) — Z #p(log(wy) — T") ¢p(wy)

wEWp\W
— Z %Q(log(wy) — TW) po(wy)
weWQ\W
+ Z %B(log(wy) — TW) op(wy).
wew

The analog of Proposition 5 is true, namely this function is of rapid decay.

If T and T’ are arbitrary and ® € A(Mp((Ol)Up(A\)Z(A\) \ GL(3, A\)/K) , let
BY(®,x, T, T") = 6¢*(0) — 02)yr, 1,01 — 02+ 51 — 55, =02 + 05 + 55 — 52)
+6¢7 (00 — 62)vry 1 (01 — 02 — 51+ 52, =0 + 05 — 51+ 53)
+6C"(01 — 0 — Dy, s2—61+ 0 +s51 — 55,1 — 01 + 603 — s, +53)
+6C" (01 — 0y — Dyry 1y (2 =01 + 65 — 51 +52,1 = 01 + 65 — 51 +53),
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while if & € A(Mq(Q)Uq(A)Z(A) \ GL(3,A)/K), let

BOQ(‘I), X T, T") = 6C* (0, — 03)yr, 1,(61 — 02+ 51 — 53, =02 + 03 — 53+ 57)
+6C" (02 — 03)yr,17(01 — 01 + 51 — 55, =05 + 05 + 53 — 53)+
+6C"(0; — 03 — Dyr, (=1 + 6 —03+51 —s3,—24+0, — 03 — 53+ )
+6¢" (0, — 05 — Dy (=1+61 =03 +51 — 55, =2+ 0, — 03+ 53 — 5).

The analog of Proposition 9 is true for the Eisenstein series

(26) > BYGH M, TV, ™) = Y By(Go,"x, T", T7").

weWp\W WEWQ\W
We will denote (26) as B%(G, x, {T"}).

Theorem 12 With these notations, RN fZ(A\)A(Q)\A(A\) G(y)x(y) dy equals

(27) / ATIG()x () d*y + B(G, v, {T"})
Z(A\)A(Q)\A(A\)

+ Y BpGp"x.T")+ > By(Go,"x, T").
weWp\W WwEWQ\W

Proof Let ® be an element of A (Mp((Ol)Up(A\)Z(A\) \ GL(3, A\)/K) ,and let ®, be as
before. Let T’ be such that T — T is a multiple of o and define

AT ®(y) = #p(logy — T)®(y) — #5(log y — T)®o(y) — #5(logory — T')Po(o 7).

We let T and U be such that T — U™ is a multiple of o, for all w. Then as in
Proposition 6 we have

AT — A == D AT T g+ D A de(wy).

WEWR\W wEWp\W
Note that this is well defined modulo Wp because
AET'®(y) = AL Td(0y y).
Assuming that T — T is a multiple of oy so that T§ = T3, define
Bp(®,x, T, T') = Bp(®, x, T, T') + Bp(®, x, T),
where BL(®, x, T) = Bh(®, x, T') is as before. We have

BY®,x, T, T') = By(®,”x, T, T).
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Similarly, if T — T’ is a multiple of v, then T{ = T) and in this case we let
BQ(q)7 X5 T7 T/) = B(())((I)7 X T7 T/) + Bé}(q)7 X5 T)a

Assume that T—U = o(T’ —U’) isa multiple of a5, and that U —U’ and T — T’
are (different) multiples of o;. Then the analog of Proposition 7 is the formula

/ (AT ® — AYY @) (y)x(y) dy = Bo(®, x, T, T') — Bp(®, x, U, U").
Z(MA(Q)\A(A)

We see that (27) is unchanged if {T™} are all changed by multiples of a;, and it
is similarly unchanged if they are all changed by multiples of ;. Combining both
cases, it is independent of the choices of {T"}. In particular, taking the T" all equal
to T, it is equal to the expression in Theorem 10. ]

4 Renormalization on GL(2)

The theory in this section is modeled on the results of Zagier [Z]. The principal
difference is that we work on the adele group.

In this section K will denote the maximal compact subgroup [, K, where Ko, =
O(2) and K, = GL(2,Z,) when v = p isa finite place. We will alsolet K¢ = [],_ K,
denote the maximal compact subgroup of the finite adeles. Also Z, will denote the
center of GL(2) consisting of scalar matrices.

Let ¢ be a function on GL(2,A) left invariant by GL(2, Q) and Z,(A). We do not
assume that ¢ is an automorphic form since we wish to include products of Eisenstein
series. However we assume that there exist finite functions py, . . ., p, on A* /Q* and

smooth functions &1, . . ., & on K such that

|y|1¢< <y ’f) k) = p(y, k)

is of rapid decay as |y| — oo, uniformly in x and k, where
! -1
08) =2 a0 | G0, A xen keK.
i=1 2

We assume that the p; are (in the notation of Section 1) in F(A* /Q ). This restric-
tion prohibits ¢ from being the constant function. If e € ] » 7, then

6_1
Zij pi(y)Ei(k) = Z pilye)é ( < 1) k) :

SO

(29) Snt) [ awak=Y p00 [ s
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Let R;: R — C be related to p; as in Proposition 2, so that

. Xy — R. —_R.
Jeax jox P A7y = Ri(U) = Ri(T).
T<log |y|<U

Since the narrow class number of Q) is one, we may identify A* /Q* = R [, Z;,
$0

v
¢ d

(30) / / pilye) d¢ L = Ry(U) — R(T),

el » 7y Y
where y is taken from R} embedded into A* at the infinite place. Define

R = S RA(T) [ GWdk
i=1 K

Using (29) and (30) we have

EU d
(31) /,Mw/MM%%:MW—MH
el K

Let B, be the Borel subgroup of GL(2). Then GL(2,A) = B,(A)K. We define a
height function h: GL(2,A) — R, by h(g) = |y1/y2| when we write

1o %
= k
e=(" )k

with k € K. This is well-defined. The function h(g) plays an analogous role in the
reduction theory to the imaginary part y of a point z = x+1iy in the upper half plane.

Lemma 13 Letg € GL(2,A), v € GL(2,Q). Ifh(g), h(yg) > 1 then vy € B,(Q)).
yioox o
= I(7 = k 5
§ ( yz) e ( yé)
_fa b n-1_ (A B
= (20 v (8 p):

then cy;/y, = Cyj,/y{. Thus |c|h(g)h(vg) = |C|. Since kK'k™! € K, |C| < 1 s0
lc| < 1. Since ¢ € Q) this implies that ¢ = 0 so v € B,(Q). [ |

Proof Let

with k, k' € K. If

We also define
H(g) = sup{h(7g) | v € GL(2,@)}.

The lemma implies that this supremum exists.
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Let T > 0. Let GL(2,A)r = {g € GL(2,A) | H(g) < T}. Now we define

br(g) = o(g) ifg € GL(2,A)r;
T8 o(g) — p(g") ifg =~g', wherelogh(g’) > T

7(g) = ¢(g) ifg e GL2,A)r;
0 if g = ~g', wherelogh(g’) > T.

It follows from the Lemma that if ¢ ¢ GL(2,A)r then g’ is unique modulo B,(Q)),
so h(g’) is uniquely determined. We define

(32) RN / 6() dg = / or(g) dg — R(T).
GL(2,0)Z:(A)\GL(2,A) GL(2,0)Z,(A)\GL(2,A)

Proposition 14 The expression (32) is independent of T.

Proof Supposethat U > T. We have

(pu — ¢1)(g) dg = p(g) dg

/GL (2,0)Z,(M\(GL(2,A\)y —GL(2,A)1)

=[S oo ey

T<log |y|<U

/Guz,(oz)zz (M\GLEZM)

Using (28) and (31) this is R(U) — R(T). [ |

Let L7 = {g € GL(2,A) | h(g) < T}, andlet Ur = {g € GL(2,A) | h(g) > T}
be its complement. Let 87 be a fundamental domain for the action of B,(F) on Ur. It
is a “Siegel set” in the sense of reduction theory. The lemma implies that the inclusion
of Ur into GL(2, A) induces a homeomorphism

(33) 81 = By(@)Z(A) \ Ur = GL(2,@)Z(A) \ (GL(2,A) — GL(2,A)r).

Moreover, if Fr is a fundamental domain for Z,(A) GL(2,Q) \ GL(2,A)r, then the
lemma also implies that

(34) L7 = GL(2,A)r U U 77187 (disjoint).
YEGL(2,Q))—B2(Q)

is a fundamental domain for Z,(A) GL(2,Q) \ GL(2,A).
Let E*(g, s) = E;_(g) in the notation of Section 1. Also let fi(g) = f; —s(g) in the
notation (10). The constant term

B - [ E((l ') g,s> (g + ¢ 2 29fg.1
A/Q
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Let 1)1 A/Q — C be the additive character whose conductor is Z,, for every finite
place p, and whose infinite component is ¢ (x) = ¢*™*. The Whittaker function

* 1 X B B
/A\/QE ( ( 1) g S) P(x)dx = W(g,s) = HWV(g’ 5)

where
Woo((y 1) 55> = \/}_/K5_1/2(27T)/)
and
_n (s—1/2)(n+1)/2 _ —(s—1/2)(n+1)/2 .

(35) W, (}’ > _ p 2L psfl/z,ff(sflm ifn = Ordp(y) >0,

1 0 otherwise,
when v = p is a finite place. See Bump [B], (7.33) on p. 358. We have the Fourier
expansion

* _ ¥ «
(36) E*(g,s) = E;(g,s) + Z W(( 1>g,s>.

aeQ>

Up to this point we have not assumed that ¢ is right K-invariant. Now, however,
we assume this. Let

. y . 1 x
w)=an ("), %(g)—/[qu(( 1)g>dx

be the constant term of ¢. Since p(y, k) is now independent of k € K we denote it as
simply p.

Theorem 15 We have

(37) RN / E*(g. 9)6(g) dg = C*(25) RN / ao()y d%y.
GL(2,0)Z>(A)\GL(2,A) AX /Qx

This is an adelic version of the Theorem in Zagier [Z].

Proof Both sides are meromorphic in s, so it is sufficient to prove this when re(s) is
large.
Following Zagier, the first step is to prove that if re(s) is sufficiently large

(38)

/ E*(¢, 9)6(g) dg
GL(2,0)Z,(A)\GL(2,A)r

+ | [E*(g,9) = ¢T(29) fi(8) — ¢7(2 — 29) fis(g)]d(g) dg

St
=009 [ e @ Y =@ =29 [ al]
log |y|<T log [y|>T
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We can unfold

E*(g,5)p(g) dg = / E*(g,5)¢" (g) dg

/GL(z,@z)z2 (A\GL@2A)r GL(2,0)Z>(A)\GL(2,A)

=("(2s) £(8)0" (9) dg.

B (Q)Z(A)\GL(2,A)

Using (34) this equals

¢ (2s) f(&)o(g) dg

By (Q)Z,(AM\ L1

=" (2s) S f(@)o(g) dg

By (@Z(ANU 5 eqrom -y ¥

The first term is evaluated using the Iwasawa decomposition and equals

/ ao(y)ytd*y.
log |y|<T

The second is evaluated by interchanging the summation and the integration and
changing ¢ — vg. It equals

¢*(29) > / f(vg)o(g) dg = / (E*(g,9)— (" (29) ()] #(g) dg.
)=By() 57 St

YEB(\(GL(2,

Noting that

/ (2 —29) fis(g)p(g) dg = / ao(y)|y| = d*y
St log |y|>T

we obtain (38).

Note that in the integration over St in the second term on the left hand side of

(38) we may replace f;(g)¢(g) and fi_(g)p(g) by fi(g)¢o(g) and fi—.(g)¢o(g) re-
spectively. Thus if we add

/ (a0(y) = p(1) (C @Y™+ 7@ = 29)|y[7) @y
T

—s gX
axjgx PO A%y

_(* s—1 g% * _
@) [ D Y r =29
log |y|<T log |y|<T
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to both sides of (38) we get

/ E*(g, 9)0(g) dg
GL(2,0)Z,(A)\GL2,A)r

+/8 (E*(g,9)0(g) — C*Q2s)|y[ T ply) — C*(2 — 29)|y|*p(y)] dg

@) [ DT Py @29 [ oy
log |y|<T log |y|<T

= (*(2s) (ao(y) — p») Iy~ d™y.
AX /Q*

Assuming that re(s) is sufficiently large, then using Proposition 2(ii) and (iii), the left
hand side is the renormalized Rankin-Selberg integral on the left side of (37). The
right hand side is the renormalized Mellin transform on the right side of (37), and
we are done. [ |

The theorem implies the functional equation under s — 1 — s of the right hand
side. It also allows computation of its polar divisor as in Zagier [Z]. We will omit
this, however.

5 The Comparison

In this section we prove the identity of two renormalized integrals, one on GL(2) and
one on GL(3), leading to the proof of Theorem 1.

We apply Theorem 15 now in the case of the product of three Eisenstein series. Let

(39) ¢(g) :E*(ga VI)E*(gaVZ)E*(gaV.’))

We choose the parameters s and v; so that

1
= — —_ —_ ]_
s= 7 (1 —p3— 1)

and

1
Vi:5(5i+,uz+1); (1<i<3).
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Define
)1 i3

(40) H V2 =G %)
V3 V3

— (1 — p2)C (2 — p3)C (p — ps — 1)

x l|y3|u3E/L17/42 (yl }/2) + |y2|ﬂ3E/ll,/l,2 (yl y3>
+ |y1‘#3Eﬂ1,uz <}’2 J’3> + |y3|M1E/42,/L3 (}’1 }/2>

1y Y1 Y2
+ |)’2‘l Epy s ( }/3) + |J’1|H1Euz,u3 ( y3>
= Iyl lya "yl = Il yal [ys " = Il 2l |5l

= Il yal™ys " = [y [yl s — |y1|”3yz|’““|ysl”2]

— (1 — p — D (2 — p3)C (o — 3 — 1)

1, 1 V2
g l|y3|/z+1E‘“_1’”ﬁ ( )’2) + 7B, 1, < )’3)

P B (M) = Pl

— [l gl s = [ g s )

p—1

— [yl [yl | ys — [y ol ys 2!

- |}’1“3|J’2“‘1)’3|”2H] .

Proposition 16 ~ With re(v;) > 1 and re(s) sufficiently large (depending on the v;)

(4) RN / S(9)E(g, s) dg = / HO)x() dy.
Z,(A) GL(2,0)\GL(2,A) ZyA(Q)\A(A)

The integral on the right hand side is convergent.

Compare Proposition 1 in [BB].

Proof If re(s) is sufficiently large then re(p; — p12), re(pa — p3) > 1, and this implies
that the GL(2) Eisenstein series appearing in (40) are given by convergent series.
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Using (36), we have

f(y) :Eg(g? Vl)E;(ga VZ)Eg(gaV3)7 8= (y 1)

and the constant term ay(y) satisfies

(42)
ao(y) — f(y)

+E<wzw<< M (-
e (7)o
e S (7)o )or((7 ) )

We have chosen re(s) large, so in (8) we may let T, — T’ — —o0 in the renormalized
Mellin transform of ag in Theorem 15, so

w

«
3y 1) ,V3>

1 y U1

)
1>’”3>
) )
ay )

(43) RN / H()E(g,5) dg = / (a(y) — FO) Iyl .
Z,(A\) GL(2 \GL 2,A) /\\X/(Q><

We will show that the right hand side of (41) produces the same terms as substituting
(42) into this Mellin transform.

The convergence of the right hand side of (41) will emerge from the proof. Using
the Pliicker parametrization of B\ GL(3), we will break G into pieces, some of which
will be paired with some of the remaining terms in H. The sum of all terms agrees
with the result of substituting (42) into (43).

Define an involutory automorphism of GL(3) by:

g=TJ'¢), J= 1
1

Let U, and ¥, be Schwartz functions on A3. Define

(44)
¢ — p2)C (2 — w3) f(g)

= |det(g)|’“/ / W ((0,0,)g) W2 ((0,0,u)'g) [£]>~H [ul"—#> d*t d*u.
ax Jax
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This integral is convergent and satisfies

*
f y2 x| g = Inl"yal"ysl" fg).
Y3

Let us take W1 = W, = WU to be the Gaussian element of the Schwartz space,
W(x1,%2,%3) = P(x1)(x2)1(x3) where ¢ is defined in Section 1. In this case f is
K-invariant and f(1) = 1,0 f = f,, , s, defined in (20).

We now recall the Pliicker parametrization of B(Q)) \ GL(3, Q). Lety € GL(3, Q).
Let (81, 02, 03) and (a3, oy, 1) be the bottom rows of v and “7. Then 3;a; + Gra; +
Bsas = 0. The vectors (01, 82, #5) and (as, oz, ) only change by a constant multi-
ple if y is changed on the left by an element of B(Q)). Thus the coset B(Q)) \ GL(3,Q)
is parametrized uniquely by a pair of triples (0, 55, 85) and (a3, ap, 1) in Q™ \
(@ — {0}) satisfying the Pliicker relation >_ B;c; = 0.

We now let G4, o4} (g) denote the contribution of the terms with Pliicker invari-
ants (;, a; all nonzero in the Eisenstein series (21). We prove

(45) G a0y (V)x(y) dy

= ()

~/Z(A\)A(Q) \AA)
aeQ™

¢ |
AX /QX
at+az+az=0

(o Joo(( ) o)

with x as in Section 2. This is

C(pr —pz — 1) / /
Z(MVAQ\AA) Jax /ax Jax jqx

Z 1/)(51)’11?)1/1(@1)/1_1M)¢(/32y2t)¢(@2Y2_1M)Z/J(ﬁa}’at)w(@sy;lu)
0#£8,€Q

olnen N R T [ P e P L P L R L L
Bran+fr00+03a3=0

In (44) we integrated ¢ and u over A*, and here we are integrating over A* /Q*.
This is because we have summed over all nonzero rows (a1, ay, a3) and (51, 52, 53)
subject to the Pliicker relation, instead of dividing by the action of Q * in the Pliicker
parametrization. Now we may drop the integration over ¢ and the summation over
the G; if we integrate over A(A) instead of the quotient. The integral thus becomes

¢ — ps — 1)/ / / /
ax Jax Jax Jax jax

S wvlonyr Wy (eayy W (ys)plasys u)
a;€Q*

ATOTOTO e [ul IRy [ |y, [ e Py Xy, dy, ds.
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We have

AX

— v— v— u
(46) Sy P~ d%y = [ul 1W<< 1>,V>.
Indeed, the integral factorizes. At the archimedean place this equals
e 2, 2 —2 _ d v—
| e e,
0

and the nonarchimedean integrals are also easily compared with (35). Recalling that
51+ s, + s3 = 0, we obtain (45).
Next we have

(47) / G{al:07(12-,(¥3~ﬂ17ﬂ2~ﬂ37£0} ()’)X(}’) d)’ = 4* (2s) ‘u|s_l
ZMA@NAM) AX JOX
. o au au
x C*2vp — 1D)|ul! Z W<( 1) ,V2>W(< 1>,V3> du.
ae*

Indeed, this is proved like (45), making use of

(48) /A Wy =)

Next we prove that

(49) / lG{gl =0,0,03,,,05 740} ()/)
Z(A)A(Q)\AA)

— (= p = D (o — p3)C (e — ps — 1)
1 Vs
X yil" By -1 ( 2 )/3)

+ [y e T s+ |}’1|”2+1|)’2|“3J’3|‘“_1] x(y)dy

— * 2 s—1 % 2 vy
“S)/AX/QXZ'” ¢l

acO)

o ))( ()

We note that by Poisson summation

D dlaayrtw) = [yt D wlenyu).

a€Q) o €Q
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So we get

(50) <*<u1—u3—1>/ /
Ax jax Jax jox

o> Wl Y(Bayat)plaay; W (Bsyst)lasys u)lyu|

a1 €EQ 0#£3,,6:€Q
iﬁ?ji;fgo S| [ gy gy [ g | 3% A%,

We consider first the contribution when «; = 0. Collapse the integrations with the
sum over a3, (3. Thus a; + 33 = 0. Denoting o = a; = —[35, making the variable
change u — y,y;u and noting that v is even we get

Con =0 [ wianaymitanian
AX JAX

acX

X |t|#rus|u|#rurl|yl‘sl+uz+l|y2‘Sz+url|y3‘53+url A*ud*t.
Using (13) and noting

fo,+07.0,+0; (&) = fo,0,(8) fo: 0;(8),

we argue in the proof of (14) to obtain

C*(6; = 6:)¢"(6) — 6,) [E91+91’,92+9£ ()/2 y3> — [y 4|3 |2
_ |}’3|91+61 ‘)’2|02+02 ]

= |yays|" Z/

ax A%

/ Wty iEys )y (uysa)
AX

x|t =02 || 0 A%t du.

Applying this with 8; = —pus3, 6, = —pp, 0] = —py — 1 and 6, = —p; shows that
the contribution with o; = 0 exactly cancels the last three terms in brackets on the
left side of (49).

If oy # 0 then, integrating y over Z(A)A(Q) \ A(A), we may collapse the summa-
tion over a1, 35, 35 and the integration over ¢, replacing the integral over Z(A)A(Q))\
A(A) by an integral over all of A. Using (46) and (48) and letting o = v, = —av3 we
get the right hand side of (49).

Taking (45), (47), (49) and four other identities obtained by permuting the indices
cyclically in the (47), (49) accounts for most of G in (40), and all of the terms in the
second set of square brackets. The remaining terms of G in (40) correspond to the
terms in the first set of square brackets. Indeed, the terms in G still not accounted
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for consist of the contributions where all 13, = a6, = @333 = 0. Recall that
at least one of the a; and at least one of the 3; must be nonzero. Grouping these
terms as ay = ap = (33 = 0 etc. produces six Eisenstein series. However there
will be overlap in the six terms such as a1 = a, = §, = 3 = 0, and subtracting
these overcounted terms produces the first expression in brackets. This completes the
proof of Proposition 16. u

Proposition 17  Assume that re(u,) > 0 and that re(puy — po) is sufficiently large
(depending on ;). Then

RN / Gy)x(y) dy = / HO)x(y) dy.
ZA@\AR) ZA@\AN)

Proof We take T' = 0 in the definition of the renormalized integral. We find some
cancellation in H — A°G. Of course the Eisenstein series G cancels and for each
remaining term where there is cancellation. However the cancellation is only partial
because the term appears in A° with a coefficient of 7p(cy), Fo(oy) or 75(ay) with
o € W, while in H it appears with no such coefficient. We therefore use the identities
1 —7p(y) = Tolo102y), 1 = 1o(y) = Tp(0201y), 1 = 18(y) = T8(0102)) +Ta(0102Y).
This results in an expression containing 18 Eisenstein series, half with + and half with
—, and 48 monomials, half with + and half with —. We may group these as

(51)

[*P(J’)C*(Hl — 2 = D¢ (1 — ps = Dys" EN 4 <y1 yz)
— F3(P)C (= pa — 1)C (1 — s — 2)C (o — p3) |y [2 a2 |y 122

— 15(o1 ) (= p2 — DC (= pz — 2)C (2 — )|y [ a2 s 2

+ [ (¢ (1 — 1) (o — s — Dlys| 7 'ES L (yl y2>

— () (i — p2)C (i — 3 — DC (g — a3 — D[y [ 2]+ s )12

— 2p(o1y)C (1 — p2)C (pr — s — DC (a — ps — Dy [y Iysl"’z’l} +

+ [ 7 (1 — ps — 2 (o — ps — DIyt FES (yz y3>

— ()¢ (1 — ) (i — s — 2)C (2 — 3 — Dy [ |y ys o™

— ()¢ (1 — pa — 1)C* (r — 3 — 2)C (g — a3 — D]y 22|y 2| ys |12

pni—1

— () (1 — )G (= i3 — 2)CH (o — ps — Dy [ |y ys]
— (2 y)C (g — pp — 1) (g — s — 2)

(g — 3 — 1)\)’1|”3+2|)’2|m_2|y3‘m} '
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together with the results of cyclically permuting the y;, as well as

(52)

a [%P(y)c('“l — )¢ (1 — ps — Dys|"E,, ., <y1 )’2)

— 1a(NC (1 — 1) (2 — pa)CF (pa — ps — Dy [ [y s ™

— 15(01y)C (1 — p2)C (2 — p13)C" (i — ps — l)lyll”’3|yz|’”|y3\’“}

- [%P(}’)C*(m — 2 = D¢ (2 — pa)lys " E} (yl yz)

— (1) (1 — p2 — DC (2 — p3)C (un — ps — Dya [yl [ys )"

— #5(a)C (= 2 — D (2 — p3)C (= ps — Dy [y \ysl”z“}

B {%Q(y)C*(M = 13)C (1 — ps — Dy |Ey, ) <y2 )’3)

— (2 y)C (1 — p2)C (g — p3)C (1 — s — Dy [yl |ys |
— 73(02y)C* (1 — 2 — DC (o — p3)C (n — s — Dy [ [y |~y 2!
— tp(NC (1 — )¢ (2 — pa)CH(pa — s — Dy [ [y [y

— T3(P)C" (y — pr2 — D¢ (2 — p13)C™ (1 — s — 1)|}’1|”3|J’2|”2+1|)’3|“]71}

and the terms resulting from cyclically permuting the y;. Grouped this way, the inte-
gral of each term in brackets in (51) or (52) against x is convergent, and in fact may
be evaluated by adapting Proposition 7 and moving U to infinity. Thus (51) produces

(53) C*(m — p2 — D¢ (1 — s — 2)Bp(@p 1172y )
N 6C" (2 — p3)C™ (puy — pa — 1) (g — pz — 2)
(2 — pz + 51 —s2)(p1 — ps — 3 +53 — 52)
N 6C" (2 — p3) (" (py — pa — 1) (g — pz — 2)
(2 — p3 — sy +52)(py — ps — 3 — 51 +53)
+ ¢ (1 — 112)C (2 — s — D)BR(@G 17y 0)
6C* (pa — p3 — 1)C* (1 — p2)C*(pn — p3 — 1)
(1 —ps —L+s1 =) (o — 3 — 2+ 53 — 52)
6¢* (pa — p3 — 1)C* (1 — p2)C*(pr — p3 — 1)
(1 —ps — L —=s1+5) (2 — 3 — 2 — 51 +53)
+ ¢ — ps — 2)¢" (12 — ps — DBy 0)
6¢* (pa — p3 — 1)C* (1 — p2)C* (pr — p3 — 2)
(3 — p1 +3+ 51— 52) (o — o1 — 52 +53)

+

+

+
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+ 6¢" (2 — ps — DC* (1 — p2)C (pr — ps — 2)
(3 — pyr + 3+ 51 —53)(p2 — pi1 + 52 — 53)

L 66" (k2 — s = DE (p — p2 = DE (= s — 2)
(3 — p2+ 2451 — ) (py — pa — 2 — 55+ 53)

L 66 (k2 — s = DE (= p2 = DE (i — 15 — 2)
(3 — p2 + 2450 —53)(py — pa — 2+ 52 — 53)

while (52) yields

(54) —C* (1 — p2)C* (i — ps — DBR(@RM X, 0)
~6C" (o — p13)C (1 — p2) G (pa — pis — 1)
(2 — ps + 51— ) (1 — i3 + 53 — 52)
_6C" (o — p3) ¢ (1 — p2) G (pa — pis — 1)
(2 — ps — sy +52) (1 — i3 — 51+ 53)
— ("(p1 — 2 — 1)C* (2 — p3)Bp(@F " 5 0)
6C (pa — p3) Gy — o — 1)C (i — pis — 1)
(= ps —1+s1 =)o — ps + 1453 —5,)
6C" (pa — p3) Gy — o — 1)C (i — pis — 1)
(1 —ps — 1 —=s1+5)(p2 — pzs +1 =51 +53)
— " (2 = 13)C* (1 — p3 — DBu(@G™ ™, x,0)
_6C" (p2 — p3) G (1 — p2)C (1 — ps — 1)
(3 — p1 + 51— 52)(p — 11 — $2 + 53)
60" (p2 — p3) G (1 — p2)C (1 — ps — 1)
(3 — p1 + 51— s3) (o — p11 + 55 — 3)
6C (2 — p3) G (1 — pa — DG (1 — s — 1)
(3 —p2 — 1 +s1 =) (1 — oy — 2 — 55+ 53)
6C (2 — p3) G (1 — pa — DG (p1 — 3 — 1)
(3 —p2 — 1 +s1 —s3) (1 — o — 2+ 5, — 53)

In addition to (53) and (54) we have the terms gotten by cyclically permuting the s;,
as one may see from a change of variables.
These remaining terms must equal the terms

B(Gx.T)+ > BHG"\,T)+ Y  ByG"x,T)

weWp\W WwEWQ\W

to obtain cancellation when these are taken into account in the definition (25). To
see that the B! terms match, it is necessary to make use of the identity

BH(@P " x,0) = —BL (@5 ", 77, 0).
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To see that the By terms match, we note that these mostly match but we have 48 such
terms where we should only have 36. The discrepancy is accounted for by identities

such as
1 1
(o — p3 + 51 —52)(py — p3 +53 —52) (g — p3 +53 — ) (o — p1 — 53 +51)
_ 1
(2 — 1 — 53 +s) (2 — pi3 +51 — $2)
This completes the proof of Proposition 17. ]

Theorem 18  With ¢ as in (39), choose v; and s so that re(v;) > % and re(s) is
sufficiently large. Then

Ry [ o)E(g. 9 dg = RN GO dy,
Z,(A) GL(2,0)\GL(2,A) ZyA(Q)\AA)

the integral on the right side being absolutely convergent.

Proof This follows from Proposition 16 and Proposition 17. ]

This implies Theorem 1. Indeed, using the functional equation
E*(g7 S) = E*(g7 1-— 5)7

a special case of (11), the functional equation in Theorem 1 corresponds to v; —
1 — vy, with s, v, and v3 unchanged. Other functional equations may be obtained
by permuting s, vy, 1, and v3 and combining these with the symmetries of the GL(3)
integral gives the full group of symmetries of the polar divisor, a group of order 1152.
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