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PERFECTLY HOMOGENEOUS BASES
IN BANACH SPACES

BY
P. G. CASAZZA AND BOR-LUH LIN

A bounded basis {x,} of a Banach space X is called perfectly homogeneous if
every bounded block basic sequence {y,} of {x,} is equivalent to {x,}. By a result
of M. Zippin [4], a basis in a Banach space is perfectly homogeneous if and only
if it is equivalent to the unit vector basis of ¢, or /,,, 1<p<+o0. A basis {x,,} of a
Banach space X is called symmetric, if every permutation {x,.,} of {x,} is a
basis of X, equivalent to the basis {x,}. It is clear that every perfectly homogeneous
basis is symmetric.

DEFINITION. A basis {x,} in a Banach space X is called lower (resp., upper)
semi-homogeneous if it is bounded and every bounded block basic sequence
{yn} of {x,} dominates (resp., is dominated by) {x,}.

So a basis is perfectly homogeneous if and only if it is both lower and upper
semi-homogeneous. In this note we shall construct Banach spaces with symmetric
lower (resp., upper) semi-homogeneous bases which are not perfectly homogeneous.

We follow the notations and terminology of I. Singer’s book [3]. If {x,} and
{y,} are bases of Banach spaces X and Y, respectively, we say that {y,} dominates
{x,} if for every sequence of scalars {«,}, > ®,), is convergent implies that
> 1 a,X, is convergent. We shall assume that every Banach space with symmetric
basis is equipped with the equivalent symmetric norm [see e.g. p. 574; 3]. We shall
also let O be the set of all strictly increasing subsequences of the natural numbers
N.

It is easy to see that every lower (resp., upper) semi-homogeneous basis {x,}
is unconditional and if >,° ; «,x, is convergent and
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converges for all {p,} € 0. Then for any normalized block basic sequence y,=
it ex, n=1,2,...,of {x,}, 371 B,y, converges implies

S 1Buvall 50 = 3 180l %,

converges. Hence {x,} is lower semi-homogeneous. Using a similar argument for
upper semi-homogeneous bases, we have the following proposition:

PROPOSITION 1. Let {x,} be a basis in a Banach space X. Then

(i) {x,} is lower semi-homogeneous if and only if {x,} is unconditional and
S l|zf;*;; 11 %Xl X, is convergent in X for every >, a,x, €X and all
{pa} €0.

(ii) {x,} is upper semi-homogeneous if and only if {x,} is unconditional and
for any sequence of scalars {a,}, > 5_ ]|zf;;: 1 %:%]| converges in X for
some {p,} € O implies that 3 ;> «,x,, is convergent in X.

ReMARK. If {x,} is symmetric, then Proposition 1 holds when we replace
f;;; 41 0%; by D, X, where {u,} is a sequence of subsets (finite or infinite)

of N such that N=J,_, s, and u,, A u,,= @ for all ns#£m.

PROPOSITION 2. Let {x,} be a symmetric basis in a Banach space X and let {f,}
be the sequence of biorthogonal functionals of {x,} in X*. Then {x,} is upper semi-
homogeneous if and only if {f,} is a lower semi-homogeneous basis of the closed
linear subspace [f,] spanned by {f,}.

Proof. Suppose {x,} is upper semi-homogeneous. Let gn=2f;;; a1 @fs
lg.ll=1,n=1,2,... be a block basic sequence of {f,}. Since {x,} is symmetric,
there exist y,= f;;,; 1 b:x, lyall=1 such that g, (y,)=1, n=1, 2, .... Suppose
that >, «,g, is convergent, then >, ; o, f, is convergent if (3,2, «,f,)(x) is
convergent for all x=>7_, #,x, € X. Since {x,} is upper semi-homogeneous, we
know that >, 8,, converges in X. Thus

( élangn) ( élﬂnyn) = ( éocnfn)(X)

is convergent. This completes the proof that {f,} is lower semi-homogeneous.
The proof of the converse is analogous. Q.E.D.

For any a=(ay, a5, ...) €co\h, &;2>a,>++->0 and 1<p<+o0 let d(a, p)=
{x=(0tg, X3, - . .) € C:SUP ey Dmry |%gimy|? @, <+ 00} Where 7 is the set of all
permutations of N. Then d(a, p) with the norm [x||=sup,.,(3m_y |%em|® @,)*'?
for x e d(a, p) is a Banach space and the sequence {x,} of the unit vectors is a
symmetric basis of the Lorentz sequence space d(a, p). For x=>1_, a,x, € d(a, p),
it is easy to see that ||x||=(_, &5a,)"/? where {&,} is a rearrangement of {|«,|}
in decreasing order. It is known [Theorem 4; 2] that [f,] has exactly two non-

equivalent symmetric basic sequences if SUP; ¢y Dic1 dif D1 @<+ 00 Where
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{d,} is the rearrangement of the sequence {a,4;}; ;_; ,. .. in decreasing order. For
example, if a,=a,=1, a,=l1/logn, n=3,4,... then it can be proved that
SUP:1 i yoo Dimt dif 2im1 @;<~+ 00 [Corollary 8; 2]. It is also known that every
Lorentz sequence space has a unique symmetric basis up to equivalence and no
d(a, p) is isomorphic to ¢, or [, 1< p< + 0. For the properties concerning Lorentz
sequence spaces, we refer the reader to [1] and [2].

THEOREM. Let {x,,f,} be the unit vector basis of d(a,p). Then {x,} is lower
semi-homogeneous if and only if SUP; <y« yo Dic1 dil iy @<+ o0 where {d,} is
the rearrangement of {a,a;}; ;_1.»,... in decreasing order.

Proof. Suppose that {x,} is lower semi-homogeneous. Then there exists a con-
stant K>0 such that |37, a,x,[|<K |21 @Y.l for all normalized block
basic sequences {y,} of {x,} and all scalars {e,} such that > , «,y, is convergent
[see e.g. Proposition 24.2; 3]. Let {d, } be the rearrangement of {a,a,} in decreasing
order. For a fixed n e N, let n,>n,- - - >n, be such that n=n;+4n,+- - -+n, and

radi=>F ~14;8, where s, =31, a;, m=1,2,....Let
1 n1tectng
Vi =7 Xj
Si,/'.p j=ny1++ni-1+1

and o,=s,’[s;”, i=1,2,...,k Then for each i=1,2,...,k, [yl=I,
”zz—l “z)’fl'—l and !IE 1“7‘" = ,-1d/2_1a Hence

sup zd Ea <K< 4+
1<n<+owi=1 i=

Conversely, let K>0 be a constant such that 37, d,<K >  a;, n=1,2,....
Then > 5y 0nd, <K > 5 ana, for all a;>a,>- - ->0. To show that {x,} is lower
semi-homogeneous, by Proposition 1, it suffices to show that if > ; «,x, € d(a, p)
then 37, 113, o« x, is convergent for all {u,} such that N=Ug &y,
P A =2 if n#Em. Let u,={(n,1)}i1s,.. and let c,=[3,, axl, n=1,
2,.... Since {x,} is symmetric, to show that >, c,x, is convergent we may as-
sume that ¢;>¢,>- - - >0. Now
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where {&,,,} (resp., {&,}) is the rearrangement of {|x(, |}, 1,2... (resp.,
{lee,l}) in decreasing order. Thus > ; ”2"6#,. o.x;|| x, is convergent. This com-
pletes the proof that {x,} is lower semi-homogeneous. Q.E.D.

COROLLARY. Let {x,, f,} be the unit vector basis of d(a, p). If

sup zd Ea<+oo

1<n<+ow0i=l
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where {d,} is the rearrangement of {a,a;};;_1.,... in decreasing order then {f,}
is a symmetric upper semi-homogeneous basis of [f,] which is not perfectly homo-
geneous.

ReMARK. Using the theorem, it is also easy to construct symmetric bases which
are not lower (resp., upper) semi-homogeneous.
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