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ESTIMATES FOR SOLUTIONS OF

ELLIPTIC EQUATIONS IN A LIMIT CASE

ESTER GIARRUSSO AND GUIDO TROMBETTI

Let u be a weak solution of the homogeneous Dirichlet problem

for a second order elliptic equation of divergence form, in a

bounded open subset of if . We prove, that if the right hand

side of the equation is an element of H ' (il) , then u belongs

to the Orlicz space L where $(t) = exp(|t|*' ) - 1 . We

employ the properties of the Schwartz syxranetrization thus obtain-

ing the "best" constant of the estimate.

1. Introduction

Denote by ft a bounded open subset of M (n t 2) and consider the

Dirichlet problem

• -(a.Ax)u ) = -(f ) in «
VQ X. X. J X .

(1.1) • * 3 3

u = 0 on 3ft .
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Here the coefficients a., are bounded and measurable, the f. are
I'd 0

in iPCQ), p £ 2 , and

Here and below the summation convention is employed. Put

i=l v

It is very well known ([ 161) that

and that

I L
( 1 . 3 ) \\u\\n * K<p,n)\a\n P H / l l p " P > n .

Actually, this is the Sobolev imbedding theorem if we replace f by

\DU\ .

For the limit case p = n 3 Stampacchia [7 7] showed that the solution

U of (1.1) is in the Orlicz space L defined by the function

$(t) = e - 1 . (See [7] and [7 7] for the exact definition and the

properties of Orlicz spaces). On the other hand, Trudinger proved later that

w * (il) is continuously imbedded in the Orlicz space L defined by

Q(t) = expC|t|"/ J - 1 , ([20], Theorem 2, p.478) . Hence one can expect

that Stampacchia's result can be sharpened and that the solution u of

(1.1) is in the same Orlicz space as that found by Trudinger (that is

with 9(t) = eXp(\t\
n/(n-V) - 1) .

The aim of this paper is to prove the following estimate

where

(1.5) ||M|L = inf{k>0 ; f $ (%) dx

and

= expf |t| ) - 1 .
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We actually get a slightly better result. We show that

(1-6) iull-l/n S ( n C n r l / n H^lln '
where

C = the measure of the unit ball of if1 . Put

fi* = the ball of It centred at the origin and with the same measure as Si,

r = i\n\/Cn)
1//n = the radius of $/ ,

U (x) = the spherically decreasing symmetric rearrangement of w (see

Section 2).

Moreover, the value of the constant on the right-hand side of (1.6) is the

best possible. The quantity

1-1/n
(1.7)

has been introduced in [2], where a "sharp" version of Trudinger's imbedd-

ing theorem is given. A paper also related to this topic is [73].

In [2] it is proved that Y u e ft 'n(Sl)

(1.8) [M], ,, <

and the constant is the best one. The connection between (1.5) and (1.7)

is given by the following inequality ([2])

We finally point out that more generally our result applies to

elliptic operators of degenerate type like those in [74] and in [27]. For

this kind of operator the estimate (1.4) has already been obtained by

Trudinger for the case n = 2 , ([27, Theorem 4.1]).

2. Hypotheses and preliminaries

Throughout this paper we assume

p

ix) |s|

mix) S 0 in

(i) a. .(x)E,.E.. * mix) |s| a.e. in fl , % e M
1*3 i' 3

(ii) mix) e L8(a) , m~1(x) e Lq(il) , - + - <. -
S Q 71

a. m'1 e L° , f jn~1/l? e Lpiil) , p > 2 .
T-3 3
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We also use the following notation.

Given a measurable real valued function / in ft , the distribution

function of f is

\i(t) = meas{x e fl : |/| > *} ;

the decreasing rearrangement of f is

f*(s) = inf{* S 0 : v(t) < s} ;

and the spherically symmetric rearrangement of / is

f*(x) = f*(Cn\x\
n) .

Finally, for / e IT (SI) we denote by

K(f) = {F e lP(Ot\Q\) for which S{/&} c ]f(at\a\) :

f* = f* and fk*F in lP(0,\a\)} .

Now we state a lemma of weak approximation, which is one of the main

tools for the proof of Theorem 3.1.

Consider the distribution function \x(t) of the solution u(x) of

(1.1) and for any s e CO,|n|] a subset D(s) of fi such that

meas DCs) = s

D(s) = {x e 0 : \u\ > t} if e = \x(t) .

Hence, given a function f e If (il) j there exists a function Fit)

such that

(2.1) J f(x)dx = ] F(t)dt .

D(B) 0

LEMMA 2.1. The function Fit) given by (2.1) belongs to K(f) .

See the proof in [4]. See also [12] and [J5] for a similar topic.

3. The estimate for the limit case

To get our result we use a symmetrization technique ([4], [5]. [JO],

[7S]). First we prove the following comparison lemma.

LEMMA 3.1. Let (i) - (ii) be satisfied and let u be the solution

of (1.1). Then

ift (x) < v(x)
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where v(x) is a solution of the -problem

-(m(C \x\n)v ) = (FCC \x\n)m1/2(C \x\n) x./\x\) in Q*
n x* x • n n t- x •x*

v = 0 on

e Ktf/m) and rrT2(s) e K(m~2) .

Proof. Since u eR(m) where H (m) is (see [14]) the completion of
O ( O

with respect to the norm

(\ m(x)\Du\(\ m(x)\Du\2dx)1/2

J
o

is a weak solution of (1.1), then

\. . u \\>

Now choose in the above

r(\u\-t) sgn u if \u\ >t

0 if |M| <.t

to obtain

a. .u u = f.udx. t > 0

| | * i J | | * J

Recall (i) and perform some standard calculations ([4], [/£]) to get

at(3.1) -4L\ m(x)\Du\2dx S -4Tat \ • ' at

Now, with the same technique as that used in [4], [7S], by the

De Giorgi isoperimetric inequality ([6]) and a Fleming-Rishel formula

([ 7]) , we have

(3.2) nC^^it)1-1^ *-&\ \Du\dx .

Use Holder's inequality on the right-hand side of (3.2) and recall

(3.1) to get

2(3.3) (nCnv(t)2~1/n )

, 4&7k\
\u\>t \u\>t
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According to Lemma 2.1 consider a function F (s) and a function

1/mCs) such that

mix)
\u\>t

dx = I F (s)ds
0

and

rvit)I j r\UVJ j
I —7—r dx — 1 —-—rds •
*\u\>tmX '" ~S

Then use (3.3) to see tha t

nC 1/n rn
n —

Integrate the above between 0 and t and recall the definition of

u*(s) to obtain

1 f1

_ 1/n InC '
0

THEOREM 3 . 1 . Let (i), (U) be satisfied, q>n and

p = n(q-l)/(q-n) , then

have

(3.4)

Proof. By definition of (see (1.7)) and by Lemma 3.1 we

lu -l/n

On the other hand

(3.5) \Dv\ by (1.8)

f1
= (nCn)~ \\F(C | x | J A L ( C j x | M j | | ^ bV def in i t ion of Ufa;;

= (nCv-31 F2(s)
m(s)

Now because of Lemma 2.1 there exists a sequence {\ji,(s)} of

functions equidistributed with and such that

F2(s)
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in £af03|fl|j , with

J__ 2_ + 1 p-2
a ~ P R P

Hence
Aa\ „ c |n | „

(3.6) \F(s)\a ds & lim \^(s)\ads
' n If ' r\

by using the well known result (see [5], [70], LI SI)

u(x)dx = u*(s)ds .

a o

Analogously by Lemma 2.1 there exists a sequence {t,.(s)}

equidistributed with m (x) and such that

hk"" m(s)

Lq(0}\n\) .

(3.7)
f1^1 f 7

lim I Ic^fs^l ds =
k K K >omq(x)

0 1

Now, -r~ + — = 1 since p = n(q-l)/(q-n) , and hence by Holder's

inequality and by (3.6) and (3.7)

1 mis)
0

a -I n/2a ( ( j \ n/2q

U Q
 m(x) I

-l)/p

(again by Holder's inequal i ty since — + — '—— = 1 ) .

Now the above inequali ty with (3.4) and (3.5) gives the required

estimate. D
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Remarks. (1) At least for the uniformly elliptic case (m = l) ,

the constant in Theorem 3.1 is the best possible.

(2) An obvious consequence of Theorem 3.1 and (1.9) is that

Hull , (i±Mi!n-1)/n ||m-i||
2/n

with *(t) = exp(\t\n/(n-V) - 1 .

(3) Theorem 3.1 improves the estimate (b) of Theorem 7.2 in [74] and the

estimate obtained in Theorem 4.1 of [21] for case II.

(4) Using the Comparison Lemma 3.1 we can derive the numerical value of

the constants in "sharp" estimates for a solution u of (1.1) by known

methods ([4], 11 SI, LSI).

For example we have for m = 1 and p >n :

L L

where

1-1/p

This constant is the best one as already known (see [22]).

For m = l and 2s,p<,n , via the Bliss inequality (see

|
r

|
Or

B(C
q > p

where

B =

we get:

where

T(q/(q-p))

||u|| „ < K2(n,p)

-n/p)>

1/n

Ttt+n-n/p)

n(p-l)
1-1/p

K n-p '

Also this constant is the best possible one ([19]) .
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