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ESTIMATES FOR SOLUTIONS OF
ELLIPTIC EQUATIONS IN A LIMIT CASE

EsTER GIARRUSSO AND GUIDO TROMBETTI

Let u be a weak solution of the homogeneous Dirichlet problem

for a second order elliptic equation of divergence form, in a
bounded open subset of .Eﬂ . We prove, that if the right hand
side of the equation is an element of H-l’n(ﬂ) , then u belongs
to the Orlicz space L, where o(t) = exp(ltln/(n-l))-l . We

employ the properties of the Schwartz symmetrization thus obtain-

ing the "best" constant of the estimate.
1. Introduction

Denote by & a bounded open subset of F'(m 2 2) and consider the

Dirichlet problem

.

-(aij(x)ux') = -(f})x. in Q
(1.1) v J

u=2490 on an .
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Here the coefficients aij are bounded and measurable, the f3 are
in IP(a), p22, and

2
aij(x)gigj 2 |g] xeq, EeR.

Here and below the summation convention is employed. Put

n
2.,1/2
NSRS

1=1
It is very well known ([ 16]) that
(1.2) Hu"p,i < K(p,n) ”f"p p* = %, if 2sp=<n,
and that

1_1

(1.3) lull, < kp,n)|a|™ P Hf”p if p>n.

Actually, this is the Sobolev imbedding theorem if we replace f by
[Dul .
For the limit case p = n , Stampacchia [17] showed that the solution

u of (l.1) is in the Orlicz space L¢ defined by the function

o(t) = eltl - 1. (see [1] and [11] for the exact definition and the

properties of Orlicz spaces). On the other hand, Trudinger proved later that

Wl’n(ﬂ) is continuously imbedded in the Orlicz space L(1> defined by

o(t) = exp(ltln/(n_l)

that Stampacchia's result can be sharpened and that the solution u of

) -1, ([20], Theorem 2, p.478). Hence one can expect

(1.1) is in the same Orlicz space as that found by Trudinger (that is

with o(t) = exp(ltln/(n_l)) - 1) .

The aim of this paper is to prove the following estimate

(1.4) lully s ctny lal) lIfll,
where
(1.5) lull, = inftk>0 : J % (%)dx < 1}
f
and
e(t) = exp(|t|n/(n-1)) -1.
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We actually get a slightly better result. We show that
~1/n
(1.6) (ul;_;,, s (nC) ”f”n s

where

Ch = the measure of the unit ball of K’ . Put

af = the ball of R’ centred at the origin and with the same measure as §,
r = (|Q|/Z%)1/h = the radius of & .

ut(z) = the spherically decreasing symmetric rearrangement of u (see
Section 2).
Moreover, the value of the constant on the right-hand side of (1.6) is the
best possible. The quantity

1-1/n

= # r_
;\#p U (:c)/(log| ] )

has been introduced in [2], where a “sharp" version of Trudinger's imbedd-

(1.7) Cud; g,
ing theorem is given. A paper also related to this topic is [13].
In {2] it is proved that ¥ u € p 17 g
| ou|
n

and the constant is the best one. The connection between (1.5) and (1.7)

(1.8) [“]z-l/n < (nC )

is given by the following inequality ([Z])

(1.9) lull < (lin'“—')l o A
We finally point out that more generally our result applies to
elliptic operators of degenerate type like those in [74] and in [21]. For

this kind of operator the estimate (1.4) has already been obtained by

Trudinger for the case n=2 , ([2], Theorem 4.1]).
2. Hypotheses and preliminaries

Throughout this paper we assume

. 2 .
(1) a; (2)E €, 2 m(x)|g]° a.e. in @, E ¢ R"
m(x) 20 in @
(ii) m(z) e I8(0) , m iz erd(a) , L+1<2
s q n
aig’"-l e L”, me’l/p eP), p22.
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We also use the following notation.
Given a measurable real valued function f in @ , the distribution
function of f is
u(t) = meas{z ¢ 2 : |f| > t} ;
the decreasing rearrangement of f is
f*(s) = inf{t 2 0 ; u(t) < 8} ;

and the spherically symmetric rearrangement of f is
n
) = fre =) .
Finally, for f ¢ Lp(Q) we denote by

K(f) = (F e 1°(0,]2]) for wnich (£} < P(o,|a])

fi=f* and f, ~F in IP(0,]0])} .

Now we state a lemma of weak approximation, which is one of the main
tools for the proof of Theorem 3.1.
Consider the distribution function u(¢) of the solution u(x) of
(1.1) and for any & ¢ [0,]|92|] a subset D(g) of Q such that
meas D(s) = &

8, <8y = D(sl) c D(sz)
D(s) = {x e 0 : |u] > ¢t} if 8 =u(t) .

Hence, given a function f € P() , there exists a function F(t)

such that

s
(2.1) I flx)dz = J F(t)dt .
D(s) 0

LEMMA 2.1. The function F(t) given by (2.1) belongs to K(f) .
See the proof in [4]. sSee also [1Z] and []5] for a similar topic.
3. The estimate for the limit case

To get our result we use a symmetrization technique ([41, [51. [10],

[18]). First we prove the following comparison lemma.

LEMMA 3.1. Let (i) - (ii) be satisfied and let u be the golution
of (1.1). Then
& (z) < v(z)
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where v(x) 1is a solution of the problem

~tncc, |zl ) = (rec e Mm R |2 (™) 2, /)al) in ot
171 %3 ’

v=0 on 30,
F(s) e K(fo/m) and ml(s) € k(L) .
Proof. Since ZLEHi(m) [where Hi(m) is (see [14]) the completion of

CZ(Q) with respect to the norm

[lu = Jm(x)lDu 24)1/2 J
||H1m l

is a weak solution of (1.1), then

_ 1
[Q i U, wadx-I . .d:c VweHo(m) .

Now choose in the above
(lu|-t) sgn u if |ul >t
Y(x) = {
0 if  |ul <t
to obtain
J A it My =I fuyde 5 t>0 .
|u]|>t K luj>¢ Y

Recall (i) and perform some standard calculations ([4], [181) to get

(3.1) -d#‘ij m(x)lnulzdxs-a‘%f %)—dx.
fu]>¢ lu]>

Now, with the same technique as that used in [4], [718], by the
De Giorgi isoperimetric inequality ([6]) and a Fleming-Rishel formula
(L7)), we have

(3.2) ne 1My o if |Du|dx .
n dat
lul>¢
Use Holder's inequality on the right-hand side of (3.2) and recall

(3.1) to get

(3.3) (nCnu(t)l-l/n )2

da (x) d 1
sz J miz) &) (- EJ m(zy &) -
lul>t |u]>t
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. , . 2 .
hccording to Lemma 2.1 consider a function F (s) and a function

1/m(s) such that

u(t)
J %a:f PP (s)ds
Jul>¢ 0
and

1 u(t) 1
f m(zx) dx:J m(s)™" °
|ul>t [/

Then use (3.3) to see that
1< 1 F(u(t)) u(t)l/n—l(-u’(t)) )

nc, 2% w12 (uct))
Integrate the above between 0 and ¢ and recall the definition of
u*(s) to obtain

el
n 1 F(r) -1+1/n, _
u*(Cnle ) s————l/nJ ——5——rr dr = v(z) . a

1/2
nc, ¢ |z" 0 (r)
n
THEOREM 3.1. Let (Z), (ii) be satisfied, q>n and

p = n(q-1)/(q-n) , then

-1/ny -1 1-1 -1
(wl;_;,, s (nC) / ||m ”q /p || fm /p”p .

Proof. By definition of [u].l-l/n (see (1.7)) and by Lemma 3.1 we
have
(3.4) [ujl-l/n < [vjl—l/n .

On the other hand

n ) n

(3.5) w1 ;. s (nC)) llovll), by (1.8)

tnc, )71 ||ECc, |2™) /2 (c |=|™) |7 by definition of v(x)

n/2

]

-1 ol F2(s)
(nCn) J |_ﬂ(8)

Now because of Lemma 2.1 there exists a sequence {wi(s)} of
functions equidistributed with fz/m and such that

\pi(s) — F(s)
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in 1%0,|2]) , with

+

2 fk
Q[

p=2
=2

3 oo

Hence

(3.6) J’Q, |F(s)|® ds < 1lim JIQ

0 k7o

g

_ IQI 2 %,0
= J ( (wk(s)) )ds = L2(M(x)

|v2(e) | %ds

(x)

by using the well known result (see [5]1, [10], [1§1)

lal |
Ju(x)dx =J u'(slds .

Y] 0

Analogously by Lemma 2.1 there exists a sequence {ck(s)}

equidistributed with m—l (x) and such that

)%z ,

431

1
2y (s m(s)
in 9(0,|2]) . Thus
ol |2l
(3.7) J 14 < lim J I;k(s)lqu = J
o mis) k7,
Now, -2% + 2—';- =1 since p = n(q-1)/(q-n) , and hence by Holder's

inequality and by (3.6) and (3.7)
o] L2 n/2
J' (F (s))

m(s)

(x) . ® n/8a
S{Jﬂ(m(x)’ =

-1 -1
S E i L

n(p-1)/p

2 -
(again by Holder's inequality since -Ea— + 2 p=2 _ g ) .

q p

1 n/2q
)
Q mq (z)

Now the above inequality with (3.4) and (3.5) gives the required

estimate.
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Remarks. (1) At least for the uniformly elliptic case (m=1) ,
the constant in Theorem 3.1 is the best possible.
(2) An obvious consequence of Theorem 3.1 and (1.9) is that
(n-
1+18 -11-1/ -1/
lall, ——J-J— N PN

J/n
n

with @(t) = exp(|tln/(n_1)) - 1.

(3) Theorem 3.1 improves the estimate (b) of Theorem 7.2 in [14] and th
estimate obtained in Theorem 4.1 of [21] for case II.

(4) Using the Comparison Lemma 3.1 we can derive the numerical value of
the constants in “sharp" estimates for a solution u of (1.1) by known
methods ([4], (181, [§1).

For example we have for m=1 and p>n
1 1

lull, < & (n,p) |o|" P =1l
where

_ 1 n(p-1)
Kl(n,p) = W [_L_

1-1/p
=]

This constant is the best one as already known (see [22]).

For m=1 and 2s<ps<n , via the Bliss inequality (see [1§])

J (I y(e)ds)Tdr < B(J WP It/ )P o s 5 s g

0 'r 0
where
-1
__B Npq/(g-p)). farp) 1 p) A~ (0/D)H1
B 7o) (q(1-1/p))
a'p T(q/(q-p)) T(p(q-1)/(q-p)
we get:
el e s Kytmp) N1
where .
K (n,p) = { T(n) } I/n {n(g—l)} 1-1/p
2 nci/" I(n/p) T(1+n-n/p) n-p

Also this constant is the best possible one ([19]) .
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