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CYCLOTOMIC SPLITTING FIELDS

BY
R. A. MOLLIN

ABSTRACT. Let D be a division algebra whose class [D] is in
B(K), the Brauer group of an algebraic number field K. If [D®y L]
is the trivial class in B(L), then we say that L is a splitting field for
D or L splits D. The splitting fields in D of smallest dimension are
the maximal subfields of D. Although there are infinitely many
maximal subfields of D which are cyclic extensions of K; from the
perspective of the Schur Subgroup S(K) of B(K) the natural splitting
fields are the cyclotomic ones. In (Cyclotomic Splitting Fields, Proc.
Amer. Math. Soc. 25 (1970), 630-633) there are errors which have
led to the main result of this paper, namely to provide necessary and
sufficient conditions for (D) in S(K) to have a maximal subfield
which is a cyclic cyclotomic extension of K, a finite abelian extension

of Q. A similar result is provided for quaternion division algebras in
B(K).

Introduction. In this paper we are interested in cyclic cyclotomic splitting
fields for division algebras. In [6, Th. 4.7, p. 757], [7, Th. 4.2, p. 207], [8, Th.
4, p. 113] and [9] we demonstrated the importance of obtaining such maximal
subfields from the point of view of explicit construction of crossed product
division algebras. In [11] M. Schacher gave examples of division algebras D of
exponent p for each prime p with [D]e B(K) such that D does not have a
maximal subfield which is imbedded in a cyclotomic extension of K. However
there are errors in the main results of [11] which have led us to formulate the
following.

In this paper we present necessary and sufficient conditions for a division
algebra D with [D]e S(K) to have a maximal subfield which is a cyclic
cyclotomic extension of K where K is a finite abelian extension of the field Q
of rational numbers.

Moreover, for [D]e B(K) with K a finite non-real abelian extension of Q
where D is a quaternion division algebra we provide necessary and sufficient
conditions for D to have a maximal subfield which is a cyclic cyclotomic
extension of K.

1. Notation and preliminaries. Let K be a field of characteristic zero. The
Schur group S(K) may be described as consisting of those equivalence classes
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in B(K) which contain a simple component of the group algebra KG for some
finite group G. For basic results concerning S(K) the reader is referred to [14].

When K is an algebraic number field the elements [A]e B(K) are uniquely
characterized by their Hasse invariants. A certain subgroup of B(K) has a
particularly nice relationship between these invariants. We describe it as
follows:

Let K be a finite abelian extension of Q. U(K), called the absolute uniform
distribution group for K, denotes the subgroup of B(K) consisting of those
equivalence classes [A] such that:

(i) If the index of A is n then g, is in K, where &, denotes a primitive nth
root of unity, and

(ii) If P is a K-prime above the rational prime p and o € G(K/Q), the Galois
group of K over Q, with =g’ then the Hasse P-invariant of A satisfies:

invp A=binvp- A (mod 1).

If [A]Je U(K) and P and P’ are K-primes above the rational prime p then
A Qy Kp and A @k Kp' have the same index, where Kp denotes the completion
of K at p. The common values of the indicies A ®gK, for all K-primes P
above p is called the p-local index of A, denoted indp A.

We studied the relationship between S(K) and U(K) of which it is a
subgroup in [4]-{9].

If [Ale B(K) and invp A >0 for aK —prime P then we say that P is ramified
in A, (see [10, p. 272]). Since we shall be concerned with K/Q finite abelian
then we may say that p is ramified in A where p is the rational prime below P,
whenever invp A >0 for some K-prime P.

The norm-residue symbol at P is denoted (*, *)p and the Legendre symbol is
denoted (/).

Throughout the remainder of the paper we shall be concerned with finite
abelian extensions K of Q. A field extension K of F shall be denoted K/F.
Since the decomposition of an F-prime in K essentially depends on the rational
prime q which sits below it then we shall write F, to denote the completion of
K at an F-prime above q. Similarly K, shall denote the completion of a
K-prime above the given F-prime.

If G is a group and p is a prime then G, shall denote the Sylow p-subgroup
of G. If m=p® where p and t are relatively prime then |m|, =p*®, i.e. |m|,
denotes the highest power of p dividing the integer m.

A crossed product algebra is denoted by (L/K, B). This is the central simple
K-algebra having L-basis u, with re G(L/K)= G subject to:

Ul = B(1, Uy, T, 0€G
and
ux=x"u, for xelL*
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Moreover a crossed product of the form (K(g)/K, B) where ¢ is a root of
unity and the values of B are roots of unity in K(e) are called cyclotomic
algebras. These are the algebras which characterize S(K), (see [14]).

When G is cyclic then (L/K, B) denotes the cross product in which:

i

. _{u, if 1=i<|L:K|

B if i=|L:K|.

For further information on crossed products the reader is referred to [10].
Finally equivalence in B(K) will be denoted by ~.

2, Splitting fields for quaternion division algebras. Let K/Q be finite abelian
and let D be a division algebra with [D]e B(K). We note that to ask whether
D has a maximal subfield which can be imbedded in a cyclotomic extension of
K is rendered, by the Kronecker-Weber theorem, to be equivalent to asking
whether D has a maximal subfield which is abelian over Q. We commence by
asking whether a quaternion division algebra D has a maximal subfield abelian
over Q. The answer is negative in general as the following counterexample
illustrates.

Let K = Q(J/—1,+/3) and let [D]e B(K) (in fact [D]e U(K)), with ind, D =
2=ind; D, and ind, D =1 for all primes p# 2, 3. If a maximal subfield L of D
exists such that L/Q is abelian then either:

1) GL/IQ)=Z,82,6Z, or,

(2) G(L/Q) = Zz@ Z,.

If (1) then G(L;/Q5)=2Z,D Z,P Z,. However, by [13, 6-5-4] this is not
possible since Q; has only three quadratic extensions. Thus (2) holds and so
one of Q(v/—1), Q(/3) or Q(/—3) is imbedded in a cyclic extension of degree
4. By [1, Th. 6, p. 106], —1 must be a norm from one of these three fields.
However, —1 cannot be a norm from an imaginary quadratic field. Therefore
—1 must be a norm from Q(/3). Thus, by the Hasse norm theorem —1 must be
a norm everywhere locally. However, (3, —1);=(—%)=—1;i.e. —1 is not a norm
from Qs(+/3), a contradiction which establishes the counterexample.

The above example is similar to [11, p. 632]. However the example therein is
incorrect. We shall come back to this once we have the first result at our
disposal. The following theorem provides necessary and sufficient conditions
for a quaternion division algebra to have a maximal subfield abelian over Q. In
what follows we shall use the term maximal cyclic p-extension of F in K to
mean a proper subfield M of K such that G(M/F), is cyclic, and if FEM <
N c K with G(N/F), cyclic then |[N: M|, =1.

Taeorem 2.1. Let K/Q be finite non-real abelian, and let D be a quaternion
division algebra with [D]e B(K). D has a maximal subfield which is abelian
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over Q if and only if for each odd prime q which ramifies in D with G(K,/Q,),
non-cyclic, there exists a maximal cyclic 2-extension F of Q in K such that:
(a) —1 is a norm in F/Q and,
(b) q is not completely split in F/Q.

Proof. First we prove the necessity of (a) and (b). Suppose there exists a
maximal subfield L of D such that L/Q is abelian. If q is an odd prime which
ramifies in D with G(K,/Q,) non-cyclic then by [13, 6-5-4], G(L,/Q,), must be
of the form Z,»o® Z,mo where m(1) and m(2) are positive integers. Thus
there exist maximal cyclic 2-extension M; of Q in L with |M;: Q|,=2"® for
i=1,2. One of M, or M, is not contained in K, say M = M,. Therefore, if
M N K =F then |M:F|=2 and F is a maximal cyclic 2-extension of Q in K. By
[1, Th. 6, p. 106] —1 is a norm in F/Q. Moreover since G(K,/Q, ), is non-cyclic
then q is not completely split in F.

Conversely suppose (a) and (b) hold. Let q(i) for i=1,2,..., m be all
rational primes which ramify in D but do not ramify in K/Q. Set a(i) = q(i) for
i=1,2,...,m. Since q(i) is ramified in K(/a()a(2)- - a(m))/K then
K(/a(1)a(2) - - - a(m)) splits D at each q(i) for i=1,2,..., m.

Now consider T={q(m+1),q(m+2),...,q(n)} where q(i) is odd, ramified
in D and, G(K,;)/Q,)- is not cyclic for i=m+1, m+2,...,n. We note that
q(i) splits in K(va(D)a(2) - -+ a(m))/K for i=m+1, m+2,...,n since other-
wise we would have a degree 8 extension of Q, with Galois group of the form
Z,® Z,® Z, which would contradict [13, 6-5-4]. Now, by hypothesis, for each
q(i)e T there exists a maximal cyclic 2-extension F® of Q in K satisfying (a)
and (b). Not all such F® are necessarily distinct, so we let F® for j=
m+1,...,rwith m+1=r=n be all distinct such fields. Now we rearrange the
elements of T as follows. Let

R(H)={q(i,)eT:i=m(—-1)+1,...,m(j) with m(m)=m and m(r) = n}

where j=m+1,...,r, be the set of all elements of T which are not completely
split in F® and which do not already appear in R(k) for m +1=<k <j. Since
G (K, )/ Qqey)2 is not cyclic for i=m+1, ..., n then it is possible to ensure as
well that q(i, j) is completely split in F® for all h# j. Now, by hypothesis —1 is
a norm from F® for j=m+1,...,r. By [1, Th. 6, p. 106] F? is contained in
M® where |M®:F?|=2 and M® is cyclic over Q. Since F¥ is a maximal
cyclic 2-extension Q in K then |M?PK: K|=2 and by Kummer theory MVK =
KJB;) for some B; € K*. We note that since K/Q is abelian and M?/Q is cyclic
then M®K/Q is abelian. Therefore by Kronecker-Weber K(y/B;) is contained
in a cyclotomic extension of K. Now we choose a(m(j—1)+1=p; and
am(-1D)+2)=:-=a(m(j))=1 for j=m+1,...,r, and set a(r+1)=
a(r+2)=---=a(n)=1.
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Finally we consider those remaining q(i) for i=n+1, ..., s which ramify in
D. First we consider those q(i) which are either odd or for which
G (K, 5/ Qqa)2 1s cyclic. If q(i) does not split in K(J/a(1) - - - a(i—1))/K then
set a(i)=1. Otherwise choose a prime p(i) which is relatively prime to the
discriminant of K(Ja(1) - a(i—1)) and such that q(i) is inert in Q(/p(i))
while q(j) splits in Q(/p(i)) for all j <i. Such p(i) exist by Chinese remainder
theorem considerations.

The only possible remaining case is q(s) =2 where G(K,/Q,), is not cyclic. If
2 does not split in K(Ja(l):-:a(s—1))/K then set a(s)=1. Let y=
a(l) - als—1).

Otherwise if /—1¢ K set a(s) =+v—1 or a(s)=/2 according as 2 is nonsplit
in K(v/—1v)/K or K(y2v)/K. We note that 2 cannot be split in K(y)/K,
K(J—1v)/K and K(y2v)/K since in that case 2 could be split in K(e;)/K
contradicting /—1¢ K. If V—1€ K and ¢,. for a>1 is the largest 2-power root
of unity in K then 2 does not split in K(g,.+1y)/K. In this case set a(s) = &5..

By construction L = K(Va(1) - - - a(s)) splits D at all primes which ramify in
D, and L is abelian over Q. It follows that L is a maximal subfield of D which
secures the theorem. Q.E.D.

We isolate a special case of Theorem 2.1 since it has a bearing on [11].

COROLLARY 2.2. Let K be a biquadratic extension of Q. Then every quaternion
division algebra in U(K) has a maximal subfield which can be imbedded in a
cyclotomic extension of Q if and only if either:

(a) |K,:Q,|=4 for at most one prime g, or

(b) —1 is a norm from one of the quadratic subfields of K.

For example, for K =Q(/—1,+/7) then only prime q with |K,:Q,|=4 is
q=17. Therefore by Corollary 2.2 every quaternion division algebra in U(K)
has a maximal subfield which is abelian over Q. This shows that the example
[11, p. 632] is false, and that no such algebra [D]e U(K) can be found. The
error stems from Schacher’s claim that . .. one easily checks that G(K,/Q,) =
G(K;/Q,)=2Z,PZ,.” In fact one checks that G(K,/Q,)=Z, since 2 splits
in Q(W-17).

That K is restricted to being non-real in Theorem 2.1 is a result of problems
which occur at 2 and the infinite rational primes. Similar problems were
encountered in [8, Th. 1, p. 108] but resolved by a suitable restriction [8, Th. 2,
p- 112]. In §3 we shall overcome the problem by considering a special
subgroup S(K) of B(K).

3. Splitting fields and S(K). In this section we restrict our attention to
division algebras D with [D]e S(K) where K/Q is finite abelian.
In [8] we considered the following situation. Let x be a complex irreducible
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character of a finite group G of exponent n. Let A(x, Q) denote the simple
component of QG corresponding to x. We note that [A(x, Q)]e S(Q(x)). R.
Brauer’s well known theorem which states that Q(e,) is a splitting field for y,
inspired the following demanding question: Does the division algebra underly-
ing A(x, Q) have a maximal subfield L contained in Q(e,)? In general the
answer is negative, and in [8] we provided sufficient conditions for such an L to
exist. However, for each result which we obtained we were able to find
counterexamples to the necessity of such conditions. In this paper we relax the
demands on L. We merely require that L/Q be abelian, i.e. L may be
imbedded in any cyclotomic extension of Q. In [2] B. Fein found counterexam-
ples to the existence of such an L for each prime p. We now present for the
first time necessary and sufficient conditions for such an L to exist.

THeorREM 3.1. Let K/Q be finite abelian and let D be a division algebra of
index m with [D]e S(K). D has a maximal subfield cyclic over K and abelian
over Q if and only if for each odd prime q which ramifies in D and for each
prime p dividing m with G(K,/Q,), non-cyclic there exists a maximal cyclic
p-extension F of Q(g,) in K where |ind, D|, = p° such that

(a) &, is a norm in F/Q(g,:) and

(b) q is not completely split in F/Q(g,c).

Proof. We note that if m =p$p52- - - p? where the p,’s are distinct primes
then D~D; Q- -QD, in S(K) where the index of D, is pifori=1,2,...,r.
Thus it follows that we may assume without loss of generality that m = p°®.

First we prove the necessity of (a) and (b). Suppose G(K,/Q,), is non-cyclic
for odd q with ind, D = p° where ¢ <b. By [5, Th. 1.1, p. 273] g=1 (mod p°).
If D has a maximal subfield abelian over Q and cyclic over K then by
[13, 6-5-4] G(L,/Q,), is forced to be of the form Z,~»® Z,~» where one of
m(1) or m(2) is greater than c, say m = m(1)> ¢ and m(2)>0. Therefore there
exists a maximal cyclic p-extension M of Q(g,) in L with [M: Q|, >p°. Thus
M NK = F is a maximal cyclic p-extension of Q(e,) in K with |M: F|, = p°. By
[1, Th. 6, p. 106] &, is a norm in F/Q(g,) and since m>c then q is not
completely split in F/Q(g,:). This establishes the necessity.

Suppose ind, g D =p°® with q(i) unramified in K/Q for i=1,2,...,m.
That there exists a subfield L; of K(g,) with |L:K|=p°® can be verified by
exactly the same argument as in [8, Th. 1, p. 109]. By [14, Prop. 6.2, p. 89] we
have g, is in K and so L; = K(y(i)) where y(i)>*“eK for i=1,2,...,m.
Since q(i) ramifies in L,/K then L; splits D at q(i) for i=1,2,...,m.

Now consider those primes q(i) with ind,q) D =p® for i=m+1,...,n
such that q(i) is odd, and G(K,/Q,w), is non-cyclic. Using (a) and (b) of the
hypothesis we can use exactly the same kind of argument as in Theorem 2.1 to
obtain fields L; abelian over Q and cyclic over K such that L; splits D at q(i)
fori=m+1,...,n. Set L, =K(y(i)).
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Now we consider the remaining odd primes q(i) for i=n+1,...,s with
ind,;, D =p°®. If q(i) does not split in K(y(1) - - - y(i—1)) then set y(i)=1.
Otherwise by [3, Prop. 5.2, p. 275] we may choose a prime p; =1 (mod p) such
that q(i) is not a pth power modulo p; but q(1), q(2), ..., q(i—1) are p®-th
powers modulo p,. Thus there exists a field M, contained in K(g,) such that
|M; : K| =p°® with q(i) inert in M;/K and q(j) completely split in M;/K for all
j<i. By Kummer theory M, = K(y;,) where yZ5" € K*. Set y'=vy(1) - - - y(s).
Hence K(y(1) - - - y(s)) splits D at q(i) for i=1,...,s.

If ind, D =2 and ind,, D = 1 then set v’ = « if 2 does not split in K(y')/K and
set «/—1v' = a otherwise. We note that by [14, Th. 5.11(II), p. 81] 2 is ramified
in K(~/—1)/K. Hence if 2 splits in K(y")/K then 2 ramifies in K(/-1v)/K.

If ind, D=2 and ind, D=1 then set y'=« if K(y') is non-real, and set
J—19"=a otherwise. Clearly K(a) splits D at o,

Suppose ind,, D =2 =ind, D. If 2 is not split in K(y')/K and K(v') is not real
then set v’ = a. If 2 splits in K(y')/K then 2 ramifies in K(vV—1v')/K, (ibid.). In
this case set v—1y'=a. We note that by the choice of ' it is not possible to
have the case where K(v') is non-real but K(/—1v") is real. Hence K(«) splits
D at 2, and .

We are left with the case where ind, D =ind., D =2 and 2 does not split in
K(vy")/K, where K(v') is real. Then we consider 2 cases:

(a) 2 does not split in K(/—2v')/K. In this case set /—27' =a.

(b) 2 splits in K(¥—2v')/K. Therefore 2 splits in K(v2)K. Since K is real
then K contains a quadratic subfield Q(Vd) where d is an even square-free
integer. Suppose Q(g,) is the smallest root of unity field containing K, with
lrl,=2'; t>2. In this case choose v—1(g1+e541)y = a. By [14, Prop. 7.5, p.
103] K(a) is not real and 2 ramifies in K(a)/K. Thus K(a) splits D at 2 and <.

Since m = p® then ind,, D = p® for some i. Thus |L; : K| = p® for some i which
implies |K(a):K|=p®. By construction L =K(a) splits D at each q(i) for
i=0,1,...,s, L/K is cyclic, and L/Q is abelian. It follows that L is the
required maximal subfield of D. Q.E.D.

Now that we have necessary and sufficient conditions for the existence of a
maximal subfield L of D to be abelian over Q and cyclic over K we ask: Once
we have L, is it possible to find a suitable factor set « such that D ~(L/K, «) in
S(K)? The answer is yes in general, see [10]. If, however, we require the more
demanding restriction that a be a root of unity in K then the answer is
negative in general. Although Yamada [14, p. 33] has shown that every
element A with [A]e S(K) is equivalent to a cyclotomic algebra it is not
necessarily the case that the division algebra underlying A is also cyclotomic.
This is in fact what we are requiring by our more demanding restriction on a.
In Mollin [9] we have provided necessary and sufficient conditions for a
division algebra to be cyclotomic.

It is natural to ask whether Theorem 3.1 holds for a larger class of elements
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than those in S(K). M. Schacher [11, Th. 1, p. 630] provides a counter-
example of exponent p, one for every prime p. However, there is an error in his
proof. The following is a counter-example to [11, Th. 1, p. 630].

Let q be an odd prime such that 2 is a primitive root modulo g, and let p be
an odd prime such that g=1 (mod p?). Let K be the unique subfield of Q(e,)
which has degree p over Q. We define [D]e U(K) as follows:

ind D=1/p and ind,D=1/p and ind, D=1 forall r#2,q.

Since q=1 (mod p?) then K is contained in a subfield L of Q(e,) such that
|L:K|=p. Since 2 is a primitive root modulo q then |L,: K,|=p and clearly
|L, : K,|=p. Thus L is a maximal subfield of D, cyclic over K and abelian over
Q, contradicting [11, Th. 1, p. 630].

The error in Schacher’s proof arises essentially from one of his references,
viz. Serre’s [12, Prop. 5, p. 92] in which there is a misprint. Serre’s result
should read “...Ny(¢)=¢"...” which translates in Schacher’s notation to:
No(&€)=¢&°. We see therefore, that if q# 1 (mod p?) then his proof fails. We
note however that if g# 1 (mod p?) then, with the correct interpretation of [12,
Prop. 5, p. 92] his proof would hold. Dr. Serre has informed me in a recent
letter that the aforementioned misprint has been corrected in the English
edition.
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