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Abstract

Differentiation of the well-known addition theorem for Legendre polynomials produces
results for sums over order m of products of various derivatives of associated Legendre
functions. The same method is applied to the corresponding addition theorems for vector
and tensor spherical harmonics. Results are also given for Chebyshev polynomials of the
second kind, corresponding to ‘spin-weighted’ associated Legendre functions, as used in
studies of distributions of rotations.

1. Introduction

The addition theorem for Schmidt normalized associated Legendre functions, here
denoted P (cos ) is given by Chapman and Bartels [1] as

> PI'(cos ;) Py (cos 6) cos m(¢y — ;) = P,(cos ©). (1)

m=0

Schmidt normalized associated Legendre functions are defined in (50). The symbols
6, and ¢, denote the colatitude and east longitude respectively, of a point A on a
spherical surface, whilst 8, and ¢,, are the corresponding quantities for another point
B. The symbol ® denotes angular length of the great circle arc between the two points
A6, ) and B(6;, ¢,).

The addition theorem plays an important part in potential theory and is widely
used in a number of geophysical problems, such as geophysical exploration and the
mathematical formulation of the theory of tides. Doodson [2] used the addition
theorem as the basis of his work on the representation of the tide-producing potential.
He used C as the lunar hour angle in place of (¢ — ¢;). The lunar hour angle C
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FIGURE 1. Spherical triangle showing nomenclature used.

increases at the rate of approximately 360° per mean lunar day. The expansion of
P,, P; and P, in terms of cos C, cos 2C, cos 3C and cos4C by means of the addition
theorem (1) was used to separate the so-called ‘species of tidal constituents’.

In work on the weighted least squares analysis of geomagnetic field components
X.Y, Z, Whaler and Gubbins [7] required a number of sums over the order m of the
associated Legendre functions of degree n and their derivatives. They report results
obtained using an unpublished method suggested to them by P. H. Roberts, involving
differentiation of the addition theorem (1) with respect to the parameters 8,, ¢,, 6, and
b

Vector and tensor spherical harmonics given in terms of unit normalised surface
spherical harmonics Y;" (6, ¢) have been defined in such a way as to satisfy addition
theorems in vector and tensor forms.

In studies of distributions of rotations, the associated Chebyshev functions are
the relevant orthogonal polynomials. They are very closely related to associated
Legendre functions of half-odd integer degree and order, and they also satisfy an
addition theorem. Results for multiple derivatives of this addition theorem are given.
The results include as special cases the spherical trigonometry of hyperspheres used
in dealing with combinations of rotations where a rotation about an axis through a
given angle corresponds to a point on the hypersphere.
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2. Derivatives of ©, x,, x>
Expressions for the partial derivatives of ® with respect to one of the parameters

61, ¢1, 6, or ¢, are obtained by differentiating the formula known as the cosine rule
of spherical trigonometry

cos © = cos 8, cos B, + sin O, sin 6, cos(¢; — ¢,), )

which is the n = 1 case of the addition theorem (1). By making use of the well-known
results from spherical trigonometry

sin 6, cos 8, — cos 6, sin 6, cos(¢; — ¢;) = sin O cos x;, 3)
cos 6, sin B, — sin 6, cos 6, cos(¢, — ¢,) = sin O cos x3, @)
sin 0, sin(¢p; — ¢) = sin O sin x;, 5)
sin 0; sin(¢; — ¢;) = sin O sin y;,, (6)

the following results for partial derivatives of @ are obtained:

96 _ cos = Cos @)
801 - X1, 862 - X2,

RIC) a0

99 _ ing s 99 _ _sing,si .

3%, sin 6, sin 2%, sin 6, sin x; 8)

Derivatives of x, and yx, with respect to 6, and 8, are obtained by differentiating (3)
and (4) with respect to 6, and 6,, making use of the cosine rule (2) and the result from
spherical trigonometry

sin 6, sin 6, + cos 8, cos 6, cos(¢;, — ¢,) = sin x, sin x, — cos x; COs x,cos @, (9)

in which the right-hand side is simply the polar form of the left-hand side. Thus

3X1 . 3X| sin X2

— = t @ > A T ) 1
301 S X €0 892 sin © ( 0)
dx, siny dx2 )

/= = s _— = - t®. 11
30,  sin® 30,  mXxaco (1

Derivatives of x; and x,, with respect to ¢, and ¢,, are obtained by differentiating (3)
and (4) with respect to ¢, and ¢, and making use of the results

sin ® cos 8, — cos ® sin 8, cos x; = sin b, cos x2, (12)
cos 0, sin(¢; — ¢,) = sin x; cos x> + €os x; sin y,cos @, (13)
cos 6, sin(¢; — ¢;) = cos x, sin x» + sin x; cos x,cos @, (14)
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to obtain
dx1 _ sinb,cos x; dx1 _ sin6,cos x; (15)
oy sin® d¢,  sin® ’
dx, _ sin6 cos x; dx; _ sin6 cos x, (16)
¢, sin® 3¢,  sin®@

3. Derivatives of the addition theorem

Differentiation of the addition theorem (1) with respect to the parameters 8, and
¢, and use of the expressions for the derivatives of ®, y, and yx,, given in Section 2,
gives the following addition theorems directly.

" dP™(cosf dP,(cos ©
”.Z=o —%Pf(cosez) cosm(dy — ¢y) = —% cosxi,  (17)
" dP,(cos©) .
3 2 Pr(cos8) P (cosby) sinm(gy — o) = _dF(cos®) . a8)
sm91 " do

m=1

Another group of formulae can be obtained by differentiating (17) with respect to
6., 6, ¢, and ¢,. The second derivative of the Legendre polynomials P,(cos ©) that
arises can be removed, if required, by making use of the Legendre equation

P P,
d”P,(cos ®) + cot ®d (cos ®)

102 70 + n(n + 1)P,(cos ®) =

Thus

2 pm
ISR pr cos ) cos midy — o)

=0 6,
d*P, )] dP, )]
= %——) cos? x, + —f;cf;—s-—) sin? x; cot ©, (19)
2\ dP"(cos 6,) d PI"(cos 6,)
mX:; ) o osm@ — )
d?P,(cos ©) d P,(cos ©) sin x; sin x»
T T ger XS TTg sno %O
dPr )
Z (°°S D) " pr(cos6y) sinm(gy — ¢)
ot 0, sin 6,
d?P,(cos ®) . d P,(cos ®) sin x; cos Xz
—————dGz COS ) sin y, — ) o 21
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Differentiate (18) with respect to 8, ¢, to obtain

n d m i i ‘
; _d_g:[sinel P, (Cosol)] Pl (cos &) sinm(p, — ¢)

dP,(cos ®)
167 cot G)_—d )

dazp, ]
- [____(&) ] sin x, €os xi, (22)

n m m
’; o P (cos6;) Snd 5 P (cos 8,) cos m(¢y — ¢,)

_ d?P,(cos ®) if 1 sin yy 4+ d P, (cos ®) cos x; cos x»
ST der XS 6 s§in®
Despite their simple appearance, (17)~23) are not easy to apply. One must first use

(2)~(6) to evaluate x1, x2, and @ for the given (6, ¢,) and (8,, ¢,). Such complications
do not arise in the special cases given in the following section.

(23)

4. Special cases

The sums given in Section 3 for the case n = 1 are well known formulae of
spherical trigonometry: (17) reduces to (3), (18) to (5), (19) to the addition theorem
(1), (20) to (9) and (21) reduces to (13). Equation (23) reduces to the polar form of
the cosine rule of spherical trigonometry

cos(¢, — ¢) = sin x; sin x, cos © — oS y; €OS X2. (24)

In the special case that arises when A lies on the same meridian as B and to the
north of it, then from Figure 1, the valués of ®, xi, x2, (¢ — ¢,), are given by

O =6,-6, X1 =T, x2 =0, ¢ — ¢, =0. (25)

With the substitutions indicated in (25), then (1), (17), (19), (20), (23) give the
following duplication formulae

> " PIM(cos6,)P]'(cos8y) = Py[cos(®y — 6], (26)
m=0
", dP"(cos 6 - P,
Z dP"(cos ')P;"(cosez) _ [d > (cos ®)] ’ n
e 46, d®  Jos g
£\ d’P™(cos 8,) [d’P,,(cos G))]
— PP (c0s6,) = | ——" . (28)
; de,? 2 de? |, ,
z”: dP(cos6) dP(cos6y) [dz P,(cos @)] 29)
e de dé, PSS N
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n

Z o P (cos 6)

m 1 dP,(cos®)
sin 91 sin 92

. (30
sin® 4O ]eﬁz_ol 30

Pl (cos6;) = — [

m=1

These results have been used in spherical harmonic analysis of the geomagnetic main
field as a linear inverse problem (Whaler and Gubbins [7]), and in the theory of
off-centre or eccentric geomagnetic dipoles, for example Elsasser [3]. In the further
special case ® = 0, when A and B coincide, 8, = 6, = 6, the results

1 dP,(cos®)
sin ® de
[d 2P, (cos ®)

[Pa(cos ©)]o—o = 1, ] =-lnm+1, @
0=0

dP,(cos ©)
do?

=0,
i Lo
together with (26)—(30), give the following sums

] =—nn+1), (32
©=0

n

Y [Preoso)]) =1, 33)
m=0
WW (cos8) =0, (34)
m=0
n 2 pm
Zd—%"smp:'(cose) = —ln(m+1), (35)
m=0
" [dP™(cos6) ]’
”,Z=o [T] =in(n+1), (36)
n 2
Y- [ Prtcoso)] = tntn+ 1. (37)

m=1

Equation (34) could also have been derived from (33) by differentiation.

A number of other special cases involving sums of higher derivatives are easily
obtained and are included here for completeness. In the special case that arises when
A lies on the same meridian as B and the constraints of (25) apply, differentiate (19)
twice with respect to 6, to obtain

2": d’P7(cos6,) d> P (cos6,) [ d*P,(cos ©)
do? do? B des 0t,-6,

m=0

Differentiate (22) with respect to ¢, and 6, to obtain
. d m d m
2 : = pm oy — | = pm 0
£~ dp, [sin 6, " (cos ‘)] 6, [ sin6, " (cos 2)]

| & 1 dP,(cos®)
~ |d€? |sin® 40 0s-8,
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In the further special case when @ = 0, when A and B coincide, then 6, = 6, = 0,
then the two previous equations become

2": d2P,,m(cos9)]2_ d* P, (cos ©)
de? - de* oo’

m=0
= gn(n + 1)(3n’ +3n - 2), (38)
and
fdrm . P [ d& [ 1 dP.(cos®)
o {% [_OP" (COSG)]] - {d®2 [sin@ ao ]]@:0
= Ln - Dn@n+ D(n +2). (39)

Not all such sums are independent of 6, as are the results of (33)«(39). To establish
the two sums given in (44) and (45) below, one proceeds as follows.
The derivative of (36) with respect to 6 gives

2": d’P;(cos9) dP"(cosh)

A
i~ do? de (40)
Differentiate (37) with respect to 8 to obtain
. m?> dP™(cos) cos 8
z PT )= 1 pravE 41
L6 do (cos0) = znin+ DT “h
Given the differential equation for associated Legendre functions P)"(cos8) in the
form
P 1P — " pm _, 42)
do? in2g "
multiply throughout by d*> P™ /d02 and sum over m, makmg use of (38), (40), (35), to
obtain

"\ m? d*P™(cos6)
Lasin’g  do?

Pl (cos6) = —zn(n+ 1)(n* +n +2). (43)

Differentiate (41) with respect to § and use the sum in (43) to obtain

Z[ m dP;"(cosG)]z _gn+ 1)

1 -
sind  dé g T De =@ +3). (@4

Multiply the differential equation (42) throughout by mzP,;" (cos0)/sin’ 8 and sum
over m, making use of (37), (41) and (43), to obtain

- m 2 ~n(n +
Z [S —5 P (cose)] =i o T -Dn+ D+, (49
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The derivatives required in (31), (32), (38) and (39) are obtained by expanding the
Rodrigues’s formula for Legendre polynomials in ascending powers of (1 — 1), where
u =cosé.

n 1
Pn(u)=;%ﬁ(u—1)'=2F1(—n,n+1; 1; 3(1 — w)). (46)

It follows from (46) that the r derivative of the Legendre polynomials P,(u) eval-
uated at ;« = 1 is given by

ir _ pygpy !
[(5) 7o )L.’P" W= o= “n

with special cases:
P, (1) =1, P(1) = jn(n+1), P/(1)=3(n — Dn(n+1)(n+2). (48)

Multiple derivatives of P,(cos8) with respect to § at & = 0 are obtained using the
chain rule; the odd order derivatives are found to be zero, and the first few even order
derivatives are

[Pn(cos8)]o—0 = 1,

[d?P,(cos8)]

il =—PU

| (1),

[d*P,(cos 6)]

A =3P’(1) + P/(1), 9
| d6* Je:o AR >
dsPp, ]

(LB _ _ispray - 15811 - PO,

| dos '

5. Vector spherical harmonics

The sums given in Sections 3 and 4 have a simple form because of the use of
Schmidt normalised associated Legendre functions, where

_ ' d n+m
\/ @- 52)%(1 _ e (217) W-1y, (50

Pr(W) = 5

which is valid for positive and negative values of m such that |m| < n. Since
Pm _(u) = P"(w), it is usual to assume thatn > 0.
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The result that

(n+m)Q — ,ﬁ)-'"/z(i) i -1y
du

d n+m
= (=1)"(n — m)!(1 — u>)""? (E) -1y,

is easily verified by using Leibnitz’s theorem on the multiple derivatives of a product
of two functions and rearranging the factorial terms that arise. It then follows directly
that, for Schmidt normalised functions,

P () = (=D" P (w),

and further, that the addition theorem sum
D " P(cos ;) Py (cos 8;) cos m(gy — ¢2)
=0

= ) Pun(c086)) P, p(cos B)e™ ¢ %) (51)

m=—n

= Z Y':"(91,¢1)Y,:n(929 ¢2)a

m=-n

where Y™(0, ¢) = P, .(cos0)e'™, and

_ 1 (”_—’”l . 2\m2 _d_ 2 qyn
Pn,m(/l«)—z,,n! (n+m)!(1 wo) (du)(u 1)".

The addition theorem for associated Legendre functions becomes

Y Y7, ¢0Y" (62 ¢2) = (21 + ) Py(cos ©), (52)

m=-—n

where the overline denotes a complex conjugate.

In view of the treatment of addition theorems for vector and tensor spherical
harmonics to follow, it is convenient to set down explicitly the addition theorems
obtained by differentiating (52).

~\ 9Y™ (61, ¢)) dP,(cos ®)
T PV ymeg = i ,
mz_n 2, n (62, ¢2) =(2n+1) i0 X (53)
" 1 9Y™(6,, ¢)) dP,(cos®) .
2 : n Y™ = nHn—/— 4
e Sin 91 3¢1 n (027 ¢2) (2” + ) d@ sin X1s (5 )
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~ ZY"(6), )

Y"(9,,
2 30,2 v (62, §2)
d’P,(cos®) dP,(cos®) .,
=02n+1) [d—@z cos” x, e sin” y,cot@ |, (55)
2\ Y™ (6, 1) 3Y,) (02, $2)
£ T 3p, 26,
d’P,(cos ©) d P, (cos ©) sin x; sin
=@Qn+1) [797_ €05 X1 €08 Yo = —— ) 3}@ X2l (56)
i oYr (6, ¢1) 1 3Y7 (62, ¢)
——r 301 Sin92 8¢2
d?P,(cos ®) . d P,(cos ®) sin x; cos
=—2n+1) [_—d@_z_ €os x) sin y; + ;@ :11!\@ X ,(57)
~ d 1 3Y"(6,, ¢1)
—_— = Y7 (6,
m;n dé, [sinel 3¢y ] v O $2)
d?P,(cos @) dP,(cos®) .
=2n+1) [ d(@2 ) - fj@ cot @] €os x sin i, (58)
1 1 3 (aY™6, ¢)
—_ “ Y7 (6,
m;,. sin6, 3¢, [ 36, ] n O 8
d*P,(cos ®) ) dP,(cos ®) sin? x, cot
=2n+1) [—d(ez—- cos x; sin x, + 2@ ) S)i(:l@ Xz] , (589)
i L aYr@.,¢) 1 3Y(6, ¢)
S siné, 09, sin,  d¢,
d*P,(cos ®) . . d P,(cos ®) cos x, cos
=02n+1) [_T sin x; sin x; + 40 ;:] o) X2 ,(60)
- 1 %Y (6, ¢1)
£ Y’ (6,,
Z.:,, sinkf, 07 » 62 2)
d*P,(cos®) . , d P,(cos ®) sin x; cos x;
= (2’1 + 1) [—d®2_ sin” x; — 40 Sn© cotxz2 |, (61)

where (59) and (61) are obtained by differentiating (53) and (54) with respect to ¢,.
Vector (surface) spherical harmonics YT, (6, ¢), Y (0, 9), Y7, (6, ¢), are defined
by
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Y?.(6,¢) = r2V[r7Ym©0, 9)] /v (n + D@n + 1),
Y2, 0, 8) = LY"6,¢)//n(n + 1), (62)
Y?,,0.4) =r'"V[r"Y @, )] [v/n@n + 1),
where the angular momentum operator L = —ir x V. The spherical polar components
of the vector spherical harmonics are given by

1

Yi.6.9) = CELER)

[—(n + DY@, d)e,

Y™, ¢) 1 9Y7(0,¢)
T “Tdne 9o e"]
i [ 1 aY"(@,4)  Y"(8,4) ]

€y — e¢ ]

Jan+ D |siné 3 36

Y5, (0. 9) =
YZ, .0, 9)

1 m
- T e +
These vector spherical harmonics are more commonly denoted by Y7, (6, ¢),
Y, . (6,9), Y, (6, ¢), respectively, but this notation does not give enough em-
phasis to the property that these vector spherical harmonics transform under rotation
of the reference frame with the same transformation law as for the scalar spherical
harmonics Y"(8, ¢). In the context of geomagnetism these vector spherical harmon-
ics are very well known. Y7, (0, ¢) is a component of the magnetic field originating
within the Earth evaluated on a sphere of unit radius; Y, (8, ¢) is a component of
the so-called nonpotential field being the magnetic field associated with Earth-to-air
electric currents, and Y7, (0, ¢) is a component of the magnetic field originating
outside the Earth.

Many of the properties of the vector spherical harmonics are most easily derived
when they are expressed in Cartesian components, or better still, in terms of complex
reference vectors e, €, €_;, defined by

aYr@, ¢) 1 3Y,;"(9,¢)e
3 " sind ag

¢] . (63)

1 1
e = ———(e, +iey), =6, e.=—=(& —ie), 64
1 ﬁ y) € 1 ,\/i( y) ( )
which have the orthogonality property
€,-e,=6,,, Wv=-101. (65)

A vector B say, with Cartesian components (B;, B,, B,), will have a complex
reference vector form
B = —Bje_, + Boey — B_,e_,, (66)
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where the complex reference components are givenby B, =B-e, foru = —-1,0, 1.
The complex reference components of the gradient operator V and the angular mo-
mentum operator L = —ir x V are given by

v 1 a+,a 1 Snoa c0593+ i 0
=——|—+i—)=———+¢ inf-— — — ],
T2 \ax T ay V2 ar ' r 96  rsinf 3¢

3 3 sing 9
V0_5=c059§— — 5" (67)
_ L (8 s 0N_ L el 080D i 8
V=75 <8x ay) VN (Smear t 7736 reing a¢)’
1 _ 1 3
L, —%(LJr +ilL) = ——ﬁe (36 +tcot9—az>
9
LO = Lz = _lﬁ’ (68)
1 , 1 ., (9 3
L—l = E(Lx - lLy) = ﬁe ¢ (£ —1i COteﬁ)
Expressions for the vector spherical harmonics in terms of complex reference
vectors are
m — 1 m+1
VI,6.6) = s [J(n Fm+ D +m+2)/2 Y0, de,
—Vin—m+Dn+m+1) Y0, d)e
+/n—m + D —m+2)/2 Y"1, ¢)e,] :
m = —1_ _ m+-1
¥5,6.6) = s [Vo+m+ D —m)2 1746, e,
+mY™@, peo—/n + m)n —m + 1)J2 Y™1(@, ¢)e,],
- - _ _ m-+1
Y",,6.6) = m [V =m =D —m2 vz 6. orey
+V+mn—-—m)Y" (6,P)e
AR ICETOVER e CROTY PR CO

and a single formula equivalent to (69) can be given using 3 — j coefficients to “couple”
together scalar spherical harmonics Y (0, ¢) and complex reference vectors e, €,
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e_;. Thus forv =-1,0,1,

m nem n+v 1 m—p
Y0,0.9) = (-1 "2 + ; ( Cmtp - ) Y70, p)eu (10)
The triangle rule for nonzero 3— j coefficients requires that the parameters n, n+v, 1
should be able to form a triangle, and indicates that only three vector spherical
harmonics as given in (69) are defined, corresponding tov = 1, 0, —1
Vector spherical harmonics transform like scalar surface spherical harmonics under
rotation of the reference frame and satisfy the orthogonality condition

27
/ Y7, 6.0) - Y\, (0,9)sin0do dop = 8)sMs). (71)
The expressions given in (69) can be used to show directly that vector spherical
harmonics satisfy the addition theorem

Z Y, 61, 6)d Y, (02, 4) = (2n+1)Pyy(cos®), v=-1,0,1, (72)

m=-—n

and also satisfy a tensor form requiring a sum of direct products over the degree n,

Z Z Y., 61, 0Y], (62, 82) = @n+2v + D) Py (cosOU,  (73)

L=—1m=-n

where U is the unit tensor
U=e.e +ee +ee =¢e +ee +e_je.

The addition theorems (72) and (73) are very difficult to verify directly using the
spherical polar forms for vector spherical harmonics, because of the need to evaluate
all scalar products such as e, - €5, The relative simplicity of proofs of (72) and (73),
based on the Cartesian forms given in (69) or the equivalent 3 — j coefficient form
in (70) may persuade the reader of the merit in using Cartesian expressions when
working with spherical harmonics. Differentiation of the addition theorem in (72)
produces the vector analogues of (53)~(60)

= Y] (6, 41) dP,,,(cos ®)

D e
z 1 aY:’,,(ola ¢l) dPn+v(Cos ®) .
E : -Y? (6 =2 _

e sin 61 34)1 v.n( 2y ¢2) ( n+ 1) 40 sin xi, (75)

%
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1. %Y .6y, 1)
L@ ym (6,
m;n 36, a0 #2)

d*P,y, dP,., Q) .
=@n+1) I:—l;—é—czo—s—@ cos? ;1 + —% sin? x; cot G)] , (76)
i oY, (61, d1) _ oYy (62, )
= 206, 36,
d*P,,,(cos ®) dP,.,(cos ®) sin x, sin x,
=2 | ———— - , (77
2n + )[ 10? COS X COS X2 70 Sin© an
X": Y7, (61, ¢1) 1 Y] (62, &)
= 26, sin 6, ags
d’P,..(cos® ) dP,.,(cos ®) sin x; cos
=—02n+1 [%cosxl sin x; + +d® :11116 Xz],(78)
g0 [_L VLG, 2N AR
2,00 [sin6 3¢ | 22
P oy C) .
=Q@2n+1 [d ,.Z,(E)czos © _d~ +d((;os ) cot @] cos x; sin x;, 79)
"1 9 [aYT.6n, ¢
2 : Y™ (6,
L e o6 [ %, v 022 92)
d*P,,.(cos ®) dP,,,(cos ®) sin? y; cot x,
= Qn41y| TS0 i :
(2n+1) [ 107 cos x; sin x; + 16 prre) (80)
Z": 1 9Y],6:, 1) 1 3Y], (6, ¢2)
— sin6, o, sin &, dg
d*P,,,(cos®) . . d P,.,(cos ®) cos x, €os X2
=Q2n+1) [———(192— sin y; sin x2 + ) Sin® , (81)

XH: 1 32Y‘u,n (91 ’ ¢l)

. : Y,,m (9 ’
sin? 6, ap? 2 $2)

=—n

d*Pr(cos®) ., d P,(cos ©) sin x; cos x;
= L5 ) sin? x; — 2
@2n+1) [ o7 sin’ x; 76 - cot x2 (82)
These lead to the following special cases when @ = 0,and 8, = 6,, ¢, = ¢, x1 = 7,
x2 =0,
D YL@, ) =@n+1), (83)
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Y7, (0,9) ., _
m;n — 55 Y9 =0, &
L VLOD
m;n sinf a¢ ) Yv'n @,¢) =0, (85)
n azm i |
D g Y9 =—3@n+ D)ty (@6
Y™ 0,) |

P

5 Y, ,(6,¢) 1 3Y,,(6,¢)
= a0 sin@ 3¢
X": 1 9Y7,

siné a0

m=-—n

=i+ Dn+v)(n+v+1), @87

(88)

2
=12n+ D@ +v)n+v+1).  (89)

The tensor form of the addition theorem given in (73) can also be differentiated to
yield formulae analogous to those of (74) to (81). Perhaps we need record here only
three of the special cases

Z Z Y, 6,0)Y;,,,6,6) = 2n +2v + DU, (90)

{=—1m=—n

35 a—Y;”,,+v(9 $) 3Y7, (0. )

a0
{=—1m=-—n
= %(211 +2v+ D+ v)(n + v+ DU, on
Z‘: n 1 3Y;,,,0,¢)03Y;,..06.¢)
== sin? 6 T 3¢
=31@n+2v+ D@+ v)(n+v+ HU. (92)

6. Tensor spherical harmonics of the second rank

Tensor spherical harmonics can be defined in a number of ways, but the systematic
method of James [5], which allows repeated generation up to any rank, will be used
here, namely

Y7,.0.¢) = (=120 + 1 Zj( v _lﬂ) Y740, e, (93)

u=-1 —m+u

which corresponds to the following forms, as in (70)
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1
S+ 1D2n+3)
—VJin—m+Dn+m+1)Y], 6, de

+/—m+ D —m+ 22 Y50, ¢)e.]

Y7 .0, 9) = [V Em+ Do+ m+ 272 Y73, 6, $)e-

Y7, 6, 6) = JT(:_TL_TS (Vo m T Da = m72 ¥5' 6, dey
+mYT, 6, )eo
—VoF mn—m+ D2 Y6, e,
Y7 110.) = s [l = Da =2 Y16, e
+V(n+m)n—m)Y;, (6, d)eo
+/(n+m+ D +m)/2 Y?"ll(9,¢)e1]. (94)

In operator form, the nine tensor spherical harmonics are given by

V@ + D2+ 3)Y] 6, 9) = "V [r,,ﬂzYT,n(e, ¢>] :
Y+ D +2)Yg, 0, ¢) = LY"' .6, 9),
Vi + D@+ )Y, 0, 9) = V[r"*'Y:tn(e,m],
Vi + D@n + DY, 0, ¢) = "V [rl Y5, 6, ¢>] :
Vi + 1)Yg,,60.9) =L Y7, 0,9),
SR E DY, 6, 8) = —=V[r"Y2,©, )],
Vn@n = 1Y, 1,6, ¢) = r"*'V [—YT, .0, ¢)] :
V= DnYy_, 6.4) =LY" 6, 9),
V@ DG - DY, 0.0 = 5V [Yn,0.0]. 69

The scalar form of the addition theorem for tensor spherical harmonics is

> Y761, 60) Y7, 62, 8)7 = (20 + 1) Poyy(cos ©), (96)

m=-—n
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where the superscript T denotes transpose. This addition theorem can be differentiated
as before to yield a sequence of addition theorems. We record here only three special
cases or sum rules

Z Y7n0.8) 1 Y7,,0.8)" = 2n+ 1), oD
Yy, (8, Y, B,9)
3 Deon@® DewDD _Lons natvatv+n, o8
i 1 aY7,,0,9) aY;'M(e,«p)T
o sin?6 d¢ a¢

= %(2n + D +v)n+v+1). (99

The three equations (97)—(99) each contain nine separate special cases or sum rules.
Using the spherical polar forms for the tensors given by James [5], a typical such
special case obtained, for example, from (97) with¢ = 1, v =1, is

n m 2
D+ 12+ 22Y76, ) + 2(n + 2 ————aY"ae’ +
|1 aym 2V 0.9) o ol
2+ 2?2 L~ (14 DY 6. 9)
32Y™(6, $) rom ? 1 aym@. )]
=+ Dr+2)Q2n+1)2n+3), (100)

which can be verified using the sum rules given in Section 4.

7. Addition theorems for Chebyshev functions

The Chebyshev polynomials of the second kind, u,(cos ¥), are defined by

_ sin(p+ Dy
up(cosy) = G+ Dsiny’ (101)

and the first few are given by

ug(cosyr) =1, u,(cos ) = cos ¥,
ux(cosy) = = cos v -1
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us(cos Y) = 2cos’ ¢ — cos ¥, (102)
us(cosy) = Lcos* ¢ — Zcos’ ¢ + 1,
us(cos ¥) = L cos’ y — L cos’ ¢ + cos y,

ug(cos ¥) = Lcos®y — Rcos* ¢ + Lcos’ y — L.

The associated Chebyshev functions of the second kind, u}(cos ), are defined by

(p-m! 1”7
uZ(cos ¥) = [(2n +D(p+ 1)——] sin” ¥ (

(p+n+1) ) up(cos ¥).

(103)

dcosy

so that ug (cos ) = u,(cos ). The first few are found to be

uj(cos ) = sinyr,

uy(cos ) = 2—3‘/—3 cos ¥ sin ¥,

ul(cos ) = 22 sin* ¢,

ui(cos ) = ‘/75(6 cos’y — 1)siny,

us(cos ) = 2cos ¢ sin® ¢, (104)
uy(cos ) = 25£ sin® ¥,

uj(cos ) = Z§(8 cos® ¢ — 3)cos ¥ sin ¥,

ul(cos y) = %(8 cos’ ¢ — 1)sin® ¢,

uj(cos y) = ssﬁ cos v sin’ ¥,

uj(cosyr) = % sin* .

The associated Chebyshev functions arise as solutions of the Laplace equation in
four dimensions, and with the parameterization of the four dimensional Cartesian
space (x, y, z, t) by means of

x = rsiny sin6 cos ¢,

y = rsiny siné sin g,

z =rsiny coso, (105)
t=rcosy,

the separable solutions of the Laplace equation, V2V = 0, are found to be of the form

V= i Zp: X":(A';"rp + Br"7%) x

p=0 n=0 m=0

X (CZ:. cosme¢ + D;,, sinme) P, (cos G)u;(cos ¥), (106)
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the individual functions forming an orthogonal set under integration over the unit
(r = 1) three-dimensional hypersphere parameterized by the angular coordinates
(¢, 8, ¢) and embedded in the four-dimensional space (x, y, z, t).

The basic addition theorem for the Chebyshev polynomials is a special case of a
general addition theorem for Gegenbauer polynomials first given by Gegenbauer [4]
and is

p
Dl (cos Yr)u(cos Y2) Pa(cos ©) = u,(cos W), (107)
n=0
which in its simplest case p = 1 defines the angle ¥ by
cos ¥ = cos ¥, cos Y, + sin ¥ sin ¥, cos ©.

A rotation through an angle 21, about an axis with polar coordinates (8, ¢), can be
specified in terms of a quaternion with components A, u, v, p defined by

A =sinysinfcos¢p, wu=sinyYsinfsingg, v=sinycosfd, p=cosy.

On forming the complex Cayley-Klein parameters « and v, where (1o
u=p-Iiv, v=—— i\, (109)
the result of two successive rotations is given by the SU (2) product
(u3 v3)=( Uy vz)( u v,)
-3 U; -7, U - u )’
and this implies the following two relations and their conjugates,
U3 = Ul — Va7, V3 = Uyv; + Vol (110)

An overbar is used to denote complex conjugate. The results of (110) can be written
in matrix form as

A3 P, =V Uy A Ay
ms | _ L I S 78
vi | e M P2 W vy
P3 —A —H2 —v; P P1

The equation for p; is now given by

COS Y3 = COS Yy COS Y, — sin Y, sin Y3 [cos ) cos B, + sin G, sin B, cos(¢; — ¢,)]
= €0s V| oS Y, + sin ¥ sin Y, cos(mr — ©)
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showing that to reconcile the basic result of the addition theorem and that of the
quaternion formula for the combination of successive rotations, the resultant rotation
angle 2y; from the quaternion formula can be equated with the angle 2¥ of the
addition formula, only if ® of the addition theorem is replaced by its complement
T —0.

By virtue of (108), a rotation can be thought of as being specified by a point on the
unit three-dimensional hypersphere in a four-dimensional space, and that distributions
of rotations can be specified in terms of the functions given in (106) with r = 1, for
example, Roberts and Winch [6].

M

FIGURE 2. Nomenclature used on the hypersphere. Note that © of Figure 1 becomes an internal angle
of the spherical triangle.

Let C (¥, 6y, ¢1) and D(yr,, 6,, ¢,) be points on the unit hypersphere, correspond-
ing to rotations through angles 2y, and 2v,, about axes with polar coordinates (6, ¢,),
(62, ¢), respectively. Then the cosine rule

cos ® = cos 6, cos 6, + sin 6, sin 6, cos(¢; — ¢»), (111)

gives the great circle distance © between the rotation axes. In the following we shall
use, from the general addition theorem

cos W = cos ¥, cos Y, + sin ¢ sin ¥, cos O, (112)
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which is the scalar product of two unit vectors corresponding to (A, i1, vy, p;) and
(A2, K2, v2, pp) and is therefore between —1 and 1, so that W is a real angle.

The determination of the various addition theorems requires the derivatives of the
angles WV, x; and y, with respect to i, Y, and © and these follow directly from
the results of Section 2, with substitutions which are obvious from a comparison of

Figures 1 and 2:

ov s& ov cosé&
— = CO . = ’
Y ' I ’
oW iny, sin& i in yr, sin &
— = sin ¥y, sin&,, — =5 ,
30 sy, 1 30 2 2
0§, . 9§, sin &,
—_— == - t‘y, = ’
oY sin g, co Y, sinV¥
0§, sin ¢, sin &, 9§, sin ¥, cos &,
== lootyy, = =m0, 113
90 snw OV 39 sin ¥ (13)
9% - S}ns‘, ig—z-z—sin&cot\ll,
9y, sinW¥ 3y,
&, _ sinycosé, 92 _ sin ¥, sin &, coté
30 sin W 30 sin W "
Differentiation of the addition theorem, (107), with respect to ¢, and ©, gives
directly that
P du”(cos ) du,(cos ¥)
p n —_ P
g Tup(cos V) P, (cos @) = — gy s &, (114)
P . dP,(cos®) du,(cosV¥) .
"Z; —s u (cos ¥ )u (cos ¥2) 16 = pd\ll sing,.  (115)
Differentiating (114) with respect to ¥y, ¥, and ©, gives the results
P d?u"(cos )
—2 " " u"(cos ¥,) P, (cos ®)
D T
d’u,(cos V) duy(cos¥) . ,
= TCOS &+ TSIH & cotV, (116)
P du"(cos du’(cos
Z up( Y1) p( ¥2) P, (cos ©)
n=0 dl/,l dWZ
du,(cos ¥) du,(cos W) sin&, sin&,
- — — . 1
2y e T T T an
P 1 du’(cos dP, ®
> - A w')u;(cos g €0 D)
n=0 Sin 'llf] dwl d®
d?u,(cos W) . du,(cos W) sin? §, cot &,
- ¥) . 1
707 cos&, sin&; + pT Py (118)

https://doi.org/10.1017/50334270000007670 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000007670

[22] Derivatives of addition theorems for Legendre functions 233

Differentiate (119) with respect to ¢; and ® to obtain

n:O di‘/fl [sinlll, up (cos ¢|)] uj(cos %)&é’;@)
= [dZu:;(:,ozs V) du,,S:;s %) ot \y] sin, cos &, (119)
nX:o; Sinllﬁl p (cos9) sinltpz up(cos %)CLZP:;(;;ZSG)
) ghﬁl—ojm nfing: - du”ﬁfff = cosfiifwos 2 (20

In the special case
¥V =y — ¥, § =0, &=m, © =0,

we obtain the following duplication formulae from (113), (114), (116), (117) and
(120), respectively

Zu (cos Y1) (cos ¥) = upfcos(yn — ¥2)), (121)
P
Z du" (cos Y1) 2 (cos Y) — [du,,g:\;s lIl)] , 122)
n=0 Y=y -y
L. d*u (coswl) d*u,(cos W)
Z qyrpcosyn) = [——d‘w L o (123)
idu 7 (cos ¥,) du(cos ) _[dZup(cos \Il)] (124)
n=0 1[’1 d¢2 dw? Y=y, V’z,
iln(n-f-l) ! u’(cosy) ! u’ (cos yr,)
pr sinyr, 7 ! sinyn, ° 2
1 du,(cos¥)
-[sinlll dw ]w mvs (129
In the further special cases, making use of the results
[up(cos W)y = 1, (126)
1 du,(cos¥) __l
[sin\ll av ]H_ 3PP +2), (127)
du,(cos ¥) _
Lo .
d?u,(cos W) 1
[ av? ]H"_i” P2 e
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the duplication formulae, (121)—(125), reduce to the following sums

Xp: [y cos )]’ = 1, (130)

=
,.Z:.; M#;W)u;(cos ¥) =0, (131)
g%%wuﬁms ¥) = —%p(p+2), (132)
"X:; [dlzi%w)]z = %p(p +2), (133)
g%n(n+ 1)["—7’8(1?87‘”]2 = 3P +2). (134)

The derivatives required in (126)—(129) may be obtained by using the hypergeometric
form for the Chebyshev polynomials,

up (W) = 2F (=p, p+2; 111 — w), (135)
where ¢ = cos . The r derivative evaluated at u = 1 is therefore given by
dy\ I (p+2)! 2
(&l -t oo
u w1 PH1(p—DI2r+ 1!
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