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ON 7-COMPLETELY DECOMPOSABLE MODULES

SEPTIMIU CRIVEI

For a hereditary torsion theory 7, a module A is called T-completely decomposable
if it is a direct sum of modules that are the 7-injective hull of each of their non-zero
submodules. We give a positive answer in several cases to the following generalised
Matlis' problem: Is every direct summand of a 7-completely decomposable module
still 7-completely decomposable? Secondly, for a commutative Noetherian ring R that
is not a domain, we determine those torsion theories with the property that every
T-injective module is an essential extension of a (7-injective) 7-completely decompos-
able module.

1. INTRODUCTION

The torsion-theoretic version of completely decomposable modules has been men-
tioned and studied by several authors, such as Bueso, Jara and Torrecillas [1], Garcia
[9], Masaike and Horigome [12], Mohamed, Miiller and Singh [14, 15].

The aim of the present paper is to present some applications of the recently recon-
sidered 7-complemented modules, introduced by Golan [10] and afterwards studied by
Smith, Viola-Prioli and Viola-Prioli {18, 19, 20], in the study of T-completely decompos-
able modules. We shall show and use the result that every 7-completely decomposable
module is 7-complemented as well as its converse under some extra hypotheses.

The final goal is to discuss the following two problems:

PROBLEM 1. Is every direct summand of a 7-completely decomposable module still
T-completely decomposable?

PrOBLEM 2. For some particular classes of rings, characterise the torsion theories with
the property that every 7-injective module is an essential extension of a T-injective
7-completely decomposable module.

The first one is the torsion-theoretic version of a classical question raised by Matlis
[13], namely: is every direct summand of a direct sum of indecomposable injective modules
still a direct sum of indecomposable injective modules? The problem is still open in the
general case, even if the answer is known to be positive in a number of cases, some of
them mentioned by us and generalised for a hereditary torsion theory in Section 3.
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The second one is discussed in Section 4 and is related to the following problem:
for some particular torsion theories T, characterise the rings with the property that every
T-injective module is an essential extension of a T-injective T-completely decomposable
module. This was previously studied by Masaike and Horigome [12], Bueso, Jara and
Torrecillas [1].

Let us now give some basic notation and definitions, mainly following [10]. Through-
out this paper, we denote by R an associative ring with non-zero identity and all modules
will be left unital R-modules. We denote by 7 a hereditary torsion theory on the category
R-Mod of left R-modules and by T,(A) the unique maximal 7-torsion submodule of a
module A.

A submodule B of a module A is said to be T-dense (T-closed) in A if A/B is
7-torsion (7-torsionfree). A non-zero module A is said to be 7-cocritical if A is
T-torsionfree and each of its non-zero submodules is 7-dense in A.

A module A is called 7-complemented if every submodule of A is 7-dense in a direct
summand of A {18, p. 1309]. A module A is said to be T-injective if it is injective
with respect to every monomorphism having a 7-torsion cokernel. For any module A,
E(A) and E,(A) denote the injective and the T-injective hull of A respectively. If B is a
submodule of a module A, B < A denotes the fact that A is an essential extension of B.

In this paper, a non-zero module that is the 7-injective hull of each of its non-zero
submodules is called minimal T-injective. If A= P A, is a (finite) direct sum of minimal
T-injective submodules, then A is said to be ( ﬁf:;tely) T-completely decomposable [12,
p. 77). This extends for a torsion theory the terminology of completely decomposable
module in the sense of Faith and Walker [8], that is, a direct sum of indecomposable
injective modules.

A module is called 7-Noetherian if it has ACC on 7-closed submodules. A torsion
theory 7 is called: (1) stable if the class of 7-torsion modules is closed under injective
hulls; (2) Noetherien if for every ascending chain I; C I, C ... of left ideals of R the
union of which is 7-dense in R, there exists a positive integer k such that I is 7-dense
in R; (3) perfect if it is Noetherian and the localisation functor @, : R-Mod— R-Mod is
exact.

For additional terminology on modules and torsion theories the reader is referred to
(6, 10].

2. PRELIMINARY RESULTS

In this section we set the scene with some needed properties of 7-complemented
T-injective modules.

Let us show first that 7-completely decomposable modules are some other examples
of 7-complemented modules, besides the immediate examples of semisimple, uniform,
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7-torsion or 7-cocritical modules [18, p. 1311].

PROPOSITION 2.1. Every 7-completely decomposable module is
T-complemented.

PRrROOF: Let A be a 7-completely decomposable module and let A 4B 5 0be
an exact sequence of modules with B 7-torsionfree. We show that the sequence splits.
Then the result will follow by [18, Proposition 1.6].

Let A = € A;, where each A; is a minimal 7-injective submodule of A. We may
suppose that ;eils non-zero. Denote f; = f|a, for every i € 1.

Now let ¢ € I. Then f;(A;) is 7-torsionfree. Since A; is minimal 7-injective, 4; is
either 7-torsion or 7-torsionfree. If A; is 7-torsion or f; = 0, then f;(A4;) = 0. Suppose
now that A; is 7-torsionfree and f; # 0. Then f;(A;) = A;, because A; is T-cocritical.
Let J = {j €I| f(A;) #0}. Then B= f(A) = Y f(A;). It follows that there exists a

j€d

subset K C J such that B = @ f(Ax) [10, Proposition 14.11]. Now let g : B — A be
keK

the homomorphism defined by ¢ = @ f;!. Then fg = 1p, tht is, the above sequence
keK

splits. 0

We shall continue with a few other useful results concerning 7-complemented mod-
ules.

PROPOSITION 2.2. The following statements are equivalent for a T-injective
module A:

(i) A is T-complemented;
(ii) Every r-injective submodule of A is a direct summand;
(iil) A has no proper essential T-injective submodule.

PRrOOF: (i)=(ii). If A is 7-complemented and B is a 7-injective submodule of A,
then B is 7-dense in a direct summand D of A. But B is 7-injective, hence it is a direct
summand of D and, consequently, of A.

(ii)==(iii). Clear. .

(iii)=>(i). Assume (iii) and let B be a submodule of A. If E.(B) = A, we are done.
Assume further that E,(B) is a proper submodule of A. Then it is not essential in A. Let
D be a complement of E,(B) in A. Since E.(B)N D = 0, we have E,(B) N E,(D) =0,
hence D = FE,(D). Then E,(B)® E,(D) = E.(B) ® D < A. Since E.(B)® D is
7-injective, we have E.(B) @ D = A. Thus, B is 7-dense in the direct summand E,(B)
of A. Hence, A is T-complemented. 0

PROPOSITION 2.3. Let (Ai)ie; be a family of T-complemented 7-injective
modules. Then E, (G% A,-) is T-complemented.

i€

PrOOF: We show that A = F; (@ A,-) has no proper essential 7-injective submod-
i€l
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ule. Then the result will follow by Proposition 2.2.

Let D be an essential 7-injective submodule of A and let : € I. Then DN A; #0
and E(D) = E(A). Since D is T-injective, it follows that E(A)/D is 7-torsionfree, hence
A/D is 7-torsionfree. Then A;/(D N A;) = (D + A;)/D is 7-torsionfree. Thus, D N A;
is 7-closed in the 7-injective module A;, hence it is 7-injective. Now let 0 # a; € A;.
Then there exists r; € R such that 0 # r;a; € D, hence rja; € DN A;. It follows that
DN A; < A;. By Proposition 2.2, DN A; = A;. Then @A; <D <A, wehave D=A. 0

It is known that a module is 7-complemented if féd only if it is a direct sum of a
7-torsion module and a 7-torsionfree 7-complemented module [18, Theorem 1.8]. Us-
ing this result we obtain the following characterisation of 7-complemented 7-injective

modules.

THEOREM 2.4. Let R be a ring that has ACC on r-closed left ideals and let A
be an R-module. Then A is T-complemented T-injective if and only if A = B & C, where
B is T-torsion T-injective and C' is the T-injective hull of a T-torsionfree T-completely
decomposable module.

PROOF: Suppose first that A is 7-complemented 7-injective. Then A = T, (A) & C,
where C is 7-torsionfree 7-complemented T-injective [18, Theorem 1.8]. We may suppose
that C # 0. The hypothesis on R allows us to write E(C) = @ F; as a direct sum
of indecomposable injective R-modules [10, Proposition 20.17). cm‘)ErI every ¢ € I, denote
D; = CN E;. Then for every i € I, we have 0 # D; < E;, hence @ D; AP E; = E(C).

icl i€l

It follows that @ D; < C. By Proposition 2.2, C = E,(@ D;). Clearly, @D is

T-torsionfree. Vl\?el still have to show that each D; is minir;leafl T-injective. L?Lli e I.
Since E;/D; = (C + E;)/C C E(C)/C is T-torsionfree, it follows that 1J; is T-injective.
Now by Proposition 2.2 and the fact that C is 7-complemented 7-injective, D; is also

T-complemented T-injective. Since D; is uniform, it has to be minimal 7-injective, because
otherwise, if F' were a non-zero proper 7-injective submodule of D;, then F would be a
direct summand by Proposition 2.2.

Suppose now that A = B®C, where B is 7-torsion 7-injective and C is the T-injective
hull of a 7-torsionfree 7-completely decomposable module. Then B is 7-complemented
T-injective. Now use Proposition 2.3. 0

Direct sum decomposition theorems for 7-torsion 7-injective modules or even for
T-injective modules were studied in [1, 12, 14, 15] and for 7-complemented modules in
[18]. For instance, we have the following two characterisation theorems:

THEOREM 2.5. [12, Theorem 1] The following statements are equivalent:

(i) Every T-torsion T-injective R-module is T-completely decomposable.
(ii) R has ACC on 7-dense left ideals.
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THEOREM 2.6. ([18, Theorem 3.9] The following statements are equivalent for a
T-complemented module M :

(i) M is a direct sum of a T-torsion module and T-cocritical modules.
(ii) R has ACC on left ideals of the form Anng z, where z € M/T,(M).

For T-complemented 7-injective modules we give the following result.

THEOREM 2.7. Let R be a ring that has ACC both on 7-dense and T-closed left
ideals. Then an R-module A is T-complemented T-injective if and only if A is T-completely
decomposable.

PROOF: Suppose that A is 7-complemented 7-injective. Then by Theorem 2.4,
A = B®C, where B is 7-torsion 7-injective and C is the 7-injective hull of a 7-torsionfree
T-completely decomposable module. Since R has ACC on 7-dense left ideals, every
7-torsion T-injective R-module has a 7-complete decomposition [10, Proposition 41.6].
Under the both hypotheses on R, direct sums of 7-injective modules are 7-injective [10,
Proposition 41.10]. Now the result follows.

For the converse use Proposition 2.1 and [10, Proposition 41.10]. 0

REMARKS. (1) Theorem 2.7 will allow us to use, over rings with ACC both on 7-dense
and 7-closed left ideals, the nicer properties of T-complemented 7-injective modules when
working with 7-completely decomposable modules. On the other hand, it refines a part
of Theorem 2.5 for the more general class of 7-complemented 7-injective modules.

(2) Clearly, Theorem 2.7 holds for a left Noetherian ring, but there also exist non-left
Noetherian rings satisfying ACC both on 7-dense and 7-closed left ideals [16, Example
28].

We have seen that every 7-completely decomposable module is 7-complemented.
Now we are able to give an example of a 7r-complemented module which is not
T-completely decomposable.

ExaMmPLE 2.8. Consider the polynomial ring R = K[Xj, ..., Xm] (m > 2), where K is
a field. Denote by 7p the Dickson torsion theory, that is, the hereditary torsion theory
generated by the class of all simple modules [4]. Since K is 7p-torsion and K[X,] is
rp-cocritical, K @ K[X;] is a Tp-complemented R-module [18, Corollary 1.5]. On the
other hand, K @ K[X;] cannot be 7p-injective, because K[X;] is not (for instance, by [3,
Theorem 2.5]). Having noted that R is Noetherian, Theorem 2.7 shows that K & K[X]
is not a 7p-completely decomposable R-module.

3. DIRECT SUMMANDS OF T-COMPLETELY DECOMPQSABLE MODULES

Previously established results will allow us to give partial answers to Problem 1
stated in the introduction. Among classical questions to be asked on a class of modules
there is the following one:
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If M = @ M, is a direct sum of modules of a class A, is a direct summand N of M

still a direct 'sezim of modules of the class A?

The problem has been raised for various classes of modules, ranging for instance from
the class of countably generated modules (see Cohen and Kaplansky [2]) to the class of
uniserial modules (see Dung and Facchini [5]), having complete or partial answers, such
as a complete positive answer in the former case or some partial positive answers in the
latter.

This is apparently an open question if 4 is either the class of all modules with local
endomorphism rings or the class of all indecomposable injective modules [7, p. 267]. For
the former, the answer is positive if each M; is countably generated {7]. For the latter,
raised by Matlis [13], the answer is positive in several cases, such as: R left Noetherian
[13], M injective (8] or even M quasi-injective {11], [ finite [17], NV countably generated
[8] or N injective [13].

We shall consider here the class A consisting of all minimal 7-injective modules, that
incidently are known to have local endomorphism rings (for instance, by [12, Lemma 1]},
and we shall give an affirmative answer in several cases (including the torsion-theoretic
versions of the above ones, but not only them) to the previous question, reformulated as:

Is a direct summand N of a T-completely decomposable module M still a T-completely
decomposable module?

A positive answer was given by Masaike and Horigome for N 7-injective [12, Remark,
p. 81]. Now we can easily give the following result.

CorROLLARY 3.1. Let R be a ring that has ACC both on T-dense and 7-closed
left ideals and let A be a T-completely decomposable module. Then any direct summand
of A is T-completely decomposable.

PROOF: By Theorem 2.7, A is 7-complemented 7-injective. Now let B be a direct
summand of A. Then B is 7-injective and if C is a T-injective submodule of B, then by
Proposition 2.2 C is a direct summand of A, hence of B. Thus, again by Proposition
2.2, B is T-complemented 7-injective. Finally, use again Theorem 2.7 to obtain that B
is T-completely decomposable. 0

Consider now the following condition on a module A [6, p. 16]:

(Cs) Every submodule isomorphic to a direct summand of A is a direct summand of
A.

Among the modules satisfying (C2) we mention continuous modules (that can be seen
as extending modules with (C2)) and, in particular, quasi-injective modules [6, p. 16].

The next theorem is the main result of this section.

THEOREM 3.2. Let A be a 7-completely decomposable module that satisfies
(C;). Then any direct summand of A is T-completely decomposable.
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PRrROOF: Let A = @ A;, where each A; is a minimal 7-injective submodule of 4 and
i€l
let B be a non-zero proper direct summand of A. Since each A; is uniform and B is not

essential in A, there exists k € I such that BN Ay = 0 [6, p. 38]. By Zorn’s Lemma,

there exists a maximal subset J C I such that BN (@ AJ-) =0.Letp: A > @ A be
jed iel\J

the natural projection. Then the restriction p|p is a monomorphism, we have p(B) = B.

Since A satisfies (Cz), p(B) is a direct summand of A and, consequently, of @ 4;. If
ie\J

p(B) # €@ A, then there exists h € I'\ J such that p(B) N A, = 0 [6, p. 38], we have
e
Bn (Ah ® (@ Aj)) = 0, which contradicts the maximality of J. Hence p(B) = @ A;.

j€J iel\J
Thus B is 7-completely decomposable. 0
In order to obtain some interesting consequences of Theorem 3.2, we need the fol-
lowing proposition.
PROPOSITION 3.3.
(i) Every t-torsionfree T-completely decomposable module is quasi-injective.
(ii) Every T-complemented T-injective module is quasi-injective.
ProoF: (i) Let A be a t-torsionfree 7-completely decomposable module, say
A = @ A;, where each A; is a minimal 7-injective submodule of A. Also let f : E(A)

i€l
— E(A) be a homomorphism. We may suppose that f ;é 0. Following the proof of Propo-
sition 2.1, there exists a subset K C I such that f(A Z f(Ag), where each Ay is

T-cocritical T-injective, that is, 7-torsionfree minimal 7'-1nJect1ve Since f(Ax)NA #£0, we

may choose a non-zero element z € f(Ax)NA. Then there exists a finite subset J C I such

that Rz C f(Ax) N (@A) But @A is T-injective, hence E,(Rz) C @A Clearly,
ieJ

E.(Rzx) is T-injective 7-cocritical. But f(Ax) N E.(Rz) # 0, hence f(Ak) = E,(Rz).
Thus, f(Ax) is a submodule of A. Therefore, f(A) C A and, consequently, A is quasi-
njective.

(ii) Let A be a 7-complemented 7-injective module. Also, let B be a submodule of
A, f : B — A ahomomorphism and i : B — A the inclusion. Since E,(B)/B is T-torsion
and A is 7-injective, there exists a homomorphism g : E,(B) — A extending f. Since A
is T-complemented T-injective, by Proposition 2.2 there exists a submodule D of A such
that A= E,(B)®D. If h=g@®1p: A — A, then hi = f. Thus, A4 is quasi-injective. [
COROLLARY 3.4. Let A be a T-completely decomposable module. If one of the
following extra conditions on A holds:
(i) A is continuous;
(i1) A is T-torsionfree;
(i) A is T-injective;
(iv) A is finitely T-completely decomposable;
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then any direct summand of A is T-completely decomposable.

Proor: If (i) holds, apply Theorem 3.2. If (ii} holds, use Proposition 3.3 and the
result for (i). If (iii) holds, apply Propositions 2.1 and 3.3 and the result for (i). If (iv)
holds, note that the class of 7-injective modules is closed under finite direct sums and
apply the result for (iii). 0

For completeness, we shall give one more result, whose proof follows the idea of the
corresponding one given for indecomposable injective modules [8, Proposition 6.2]. In
order to complete the proof, an auxiliary lemma is needed.

LEMMA 3.5. Let A be a T-completely decomposable module and let B be a
T-injective submodule of A. Then B is a T-complemented direct summand of A.

PROOF: By Proposition 2.1, A is 7-complemented. Then by [18, Theorem 1.8], [20,
Theorem 4] and Proposition 2.3, it follows easily that E,(A) is 7-complemented. Then
by Proposition 2.2, B is a direct summand of E,(A) and, consequently, of A. Use again
Proposition 2.2 to get immediately that B is r-complemented. 0

THEOREM 3.6. Let A be a T-completely decomposable module. Then:

(i) If B is a direct summand of A and C is a finitely generated submodule of
B, then B contains a finitely T-completely decomposable T-injective hull

of C.
(if) Any countably generated direct summand of A is T-completely decompos-
able.
PROOF: Let A = @ A;, where each A; is a minimal 7-injective submodule of A.

i€l
(i) Since C is finitely generated, there exists a finite subset J C I such that
C C @A, Then E.(C) C P A, and by Lemma 3.5, E,(C) is a direct summand of
j€J jeJ
€ A;. Then by Corollary 3.4, E,(C) is finitely 7-completely decomposable. Now let
j€d
p: A — B be the canonical projection. Then p|¢ and thus p|g,(c) is a monomorphism.
Hence p(E;(C)) = E,(C) is a finitely 7-completely decomposable 7-injective hull of C.
(ii) Let D be a countably generated direct summand of A and let d;,...,d,,... be
a countable generating set of D. By (i), for each n > 1, there exists a finitely 7-completely
decomposable module D, with di,...,d, € D,. Then each D,, is 7-injective. By Lemma
3.5, each Dy, is a direct summand of A and, consequently, of D. But D = U,3;D,. Setting

Dy = 0, we have D & P Dpy,/D,, a direct sum of finitely 7-completely decomposable
n>0

modules. Thus, D is T7-completely decomposable. o

4. ESSENTIAL EXTENSIONS OF 7-COMPLETELY DECOMPOSABLE MODULES

This section deals with Problem 2 from the introduction. For a commutative Noethe-
rian ring R that is not a domain, we determine those torsion theories on R-Mod having

https://doi.org/10.1017/50004972700035899 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035899

9] Decomposable modules 171

the property that every 7-injective module is an essential extension of a (r-injective)
T-completely decomposable module or equivalently of a T-complemented 7-injective mod-
ule (see Theorem 2.7).

Previously, for some particular hereditary torsion theories 7, Masaike and Horigome
[12], Bueso, Jara and Torrecillas [1] established conditions on the ring R under which
every 7-injective module is an essential extension of a T-injective T-completely decom-
posable module, but the flavor of their work is different. Thus, they proved the following
results, the second one refining the first one:

THEOREM 4.1. [12, Theorem 2] Let 7 be a perfect torsion theory. The following
conditions are equivalent:

(i) Every t-injective R-module is an essential extension of a T-injective
T-completely decomposable R-module.

(ii) R has ACC on T-dense left ideals and the ring of quotients R, of R at 7 is
left semiartinian.

THEOREM 4.2. [1, Proposition 2.4] Let 7 be a Noetherian torsion theory. The
following conditions are equivalent:

(i) Every rt-injective R-module is an essential extension of a rt-injective
T-completely decomposable R-module.
(i) R has ACC on T-dense left ideals and R is T-semiartinian.

For the rest of this section we shall assume the ring R to be commutative.
We mention first an auxiliary result, whose proof is straightforward, and that will
be used freely onwards.
LEMMA 4.3. ([3, Lemma 2.1]) If A is a T-cocritical R-module, then:
(i) Annga = Anng A for every non-zero element a € A;
(if) Anng A is a prime ideal of R;
(i) R/ Anng A is T-cocritical.
In what follows, let P be a non-empty set of minimal prime ideals of R. Denote by
Ap the class of all modules isomorphic to factor modules U/V, where U and V are ideals
of R containing a non-zero prime ideal ¢ ¢ P. Then Ap generates a hereditary torsion
theory, that will be denoted by 7p.
PROPOSITION 4.4. Let p be a non-zero prime ideal of R such that R/p is a
Tp-Noetherian R-module. Then R/p is Tp-cocritical if and only if p € P.
PROOF: Suppose first that R/p is Tp-cocritical. If p ¢ P, then R/p is mp-torsion by
the definition of p, a contradiction. Hence p € P.
Suppose now that p € P. Assume that R/p is 7p-torsion. Then R/p contains a non-
zero submodule A = U/V, where U and V are ideals of R containing a non-zero prime
ideal ¢ ¢ P. We have ¢\ p # 0, say r € ¢\ p. Hence, if 0 # a € A, then r € Annga = p,
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a contradiction. Therefore, R/p is not Tp-torsion. Since R/p is a mp-Noetherian, there
exists an ideal ¢ of R such that p C ¢t and R/t is Tp-cocritical [10, Proposition 20.3]. But
then t = Anng(R/t) is a prime ideal and if ¢ # p, then t ¢ P, hence R/t is Tp-torsion, a
contradiction. Thus, ¢t = p and R/p is mp-cocritical. g

THEOREM 4.5. Let R be Noetherian, but not a domain. Then the following
statements are equivalent:
(i) Every t-injective module is an essential extension of a (r-injective)
T-completely decomposable R-module.
(ii) 7 is either the improper torsion theory x (that is, every module is T-torsion)
or 7 = Tp for some non-empty set P of minimal prime ideals of R.

PROOF: By the hypotheses and Theorem 2.7, 7-completely decomposable modules
and 7-complemented T-injective modules coincide.

()= (ii) Suppose that 7 is proper Then there exists a 7-cocritical module A4
(10, p. 486]. It follows that E.(A) = E,(R/p) for some non-zero prime ideal p of R [3,
Proposition 2.3].

We show first that p is a minimal prime ideal. Suppose the contrary. Then there ex-
ists a prime ideal g of R such that ¢ C p. Since R/p is T-torsionfree, R/q is 7-torsionfree.
Moreover, R/q cannot be 7-cocritical, because otherwise R/p = (R/q)/(p/q) would be
7-torsion. On the other hand, E,.(R/q) is an essential extension of a r-complemented
T-injective module B. Since B is uniform, it has to be minimal 7-injective, because oth-
erwise, if D were a non-zero proper 7-injective submodule of B, then D would be a direct
summand by Proposition 2.2. Furthermore, B is also 7-torsionfree and, consequently,
T-cocritical T-injective. Since B < E,(R/q), there exists a non-zero element b € BN R/q.
We have Anng B = Anngb = ¢ and R/q is T-cocritical, a contradiction. Therefore, p is
minimal.

Denote by P the set of all minimal prime ideals s of R such that F, (R/s) is
7-cocritical. Note that P is non-empty, since p € P.

Let us now show that 7-torsion and 7p-torsion modules coincide.

Let M be a 7-torsion module. By the hypotheses on R, every torsion theory is
stable, hence we have F. (M) = E(M) = @E(R/p,) where each p; ¢ P is a (non-zero)

prime ideal of R. Then R/p; € Ap, thus lt follows immediately that M is rp-torsion.
Hence, every 7-torsion module is 7p-torsion.

Now let N € Ap. Then N = U/V, where U and V are ideals of R containing a
(non-zero) prime ideal ¢ ¢ P. Suppose that R/t is T-torsionfree. By hypothesis, E,(R/t)
is an essential extension of a 7-complemented 7-injective module C. Repeating the above
arguments, it follows that R/t is 7-cocritical, which contradicts the choice of t. Then
R/t is T-torsion. Hence R/V and, consequently, N = U/V is 7-torsion. Thus, every
Tp-torsion module is 7-torsion. Therefore, 7 = 7p.
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(il)=> (i) Suppose first that 7 = yx, that is, every module is 7-torsion. Then every
module is 7-complemented and the result follows.

Suppose now that 7 = 7p, for some non-empty set P of minimal prime ideals of R.
Let A be a 7-injective module. By the stability of 7 we may write A = T, (A) & C, where
C is T-torsionfree 7-injective [10, Proposition 8.6]. Clearly, T;(A) is 7-complemented 7-
injective, hence 7-completely decomposable. By the hypotheses on R, we have E(C)
= P E(R/p;), where each p; is a (non-zero) prime ideal of R. Then E(R/p;) is
T-téfr;ionfree, hence p; € P for every ¢ € I. Now let 1 € I. By Proposition 4.4, R/p; is
T-cocritical, we have E,(R/p;) is minimal 7-injective. Thus, @@ E,(R/p;) is T-completely

i€l

decomposable.
We have CNE,(R/p;) # 0. Then E.(R/p;)/(CNE,(R/p;) is both T-torsion, because
E.(R/p;) is T-cocritical, and T-torsionfree, because

E,(R/p:)/(C N E-(R/p:)) = (C + E,(R/p:))/C C E(C)/C.

Hence E,(R/p;) C C and thus @ E,(R/p;) 9 C. Now A is an essential extension of the
iel
7-completely decomposable module T.(A) & (G) ET(R/pi)). 0
i€l
COROLLARY 4.6. Let R be Noetherian, but not a domain. Consider P to be
the set of all minimal prime ideals of R. Then every Tp-injective module A is isomorphic

to an essential extension of
(D E®/m) © (@ B (R/5)
icl jeJ

where each p; and each q; is a prime ideal of R. Moreover, each p; ¢ P and each ¢; € P.

Proor: By Theorem 4.5, A is an essential extension of a Tp-completely decom-
posable module, that is, of a direct sum of minimal 7p-injective modules. First, every
Tp-torsion minimal Tp-injective module is of the form E, (D) for some uniform D € Ap
(3, Proposition 2.2]. Since R is commutative Noetherian, E,,(D) = E(D) and then,
E.,(D) = E(R/p) for some prime ideal p of R. Secondly, every 7-torsionfree minimal
7-injective module is isomorphic to E,(R/q) for some prime ideal ¢ of R [3, Proposi-
tion 2.3]. Hence, every 7p-injective module A is isomorphic to an essential extension
of (@ E(R/p,-)) @ (EB E., (R/qj)), where each p; and each g; is a prime ideal of R.

jeJs

i€l
Moreover, each E.,(R/g;) is Tp-cocritical, hence each R/q; is 7p-cocritical. Then by
Proposition 4.4, each g; € P and each p; ¢ P. 0

REMARK. The hypothesis on R not to be a domain is essential in Theorem 4.5. Indeed,
suppose that R is a domain and consider 7 = 7p for some non-empty set P of minimal
prime ideals of R. Clearly E,(R) is 7-torsionfree and Anngz = 0 for every 0 # z
€ E,(R). Suppose that E,(R) is an essential extension of a 7-completely decomposable
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(or equivalently 7-complemented 7-injective) module A. Then, since A is uniform, A has

to be minimal 7-injective, hence 7-cocritical. It follows that Anng A = p, where p € P,
because R/p is T-cocritical by Proposition 44. Hence Annzg A # 0, a contradiction.
Thus, E,(R) is a 7-injective module that is not an essential extension of any 7-completely
decomposable module.
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