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WEIGHTED HARDY INEQUALITIES 
FOR INCREASING FUNCTIONS 

Dedicated to Professor P. G. Rooney on his sixty-fifth birthday 

H. P. HEINIG AND V. D. STEPANOV 

ABSTRACT. The purpose of this paper is to characterize the weight functions for 
which the Hardy operator (Pf)(x) = x~l ^f{t)dt, with non-decreasing function/, is 
bounded between various weighted //-spaces for a wide range of indices. Our charac
terizations complement for the most part those of E. T. Sawyer [11] and V. D. Stepanov 
[15] for the Hardy operator of non-increasing function. 

1. Introduction. The classical Hardy inequality states that the averaging operator 
P defined for locally integrable function/ on (0, oo) by 

(1.1) {Pf){x)=- [f{t)du x>0 
x Jo 

is bounded on Lp(0, oo), p > 1. The problem of characterizing the weights (and mea
sures) w, v for which the inequality 

(1.2) [jfo \(Pf)(x)\Mx)dx\ <C[JQ ]f(x)\Pv(x)dx\ 

holds with 0 < p, q < oo,p> 1, has been widely studied during the past twenty years 
and has now been completely solved, {cf. [10] [12] and the literature cited there.) 

More recently this problem focused on the Hardy operator defined on positive de
creasing functions. In this context characterizations of the weights, w, v for which (1.2) 
holds were obtained by E. T. Sawyer [11] for 1 < p, q < oo via a general approach 
using duality. A different proof of these results as well as the weight characterizations in 
the index ranges 0 < p, q < oo were given by V. D. Stepanov [15]. It should be noted 
that for 1 < p = q < oo and w — v, a weight characterization for which (1.2) holds 
was already obtained by D. W. Boyd [3] and subsequently by S. G. Krein, Yu. I. Petunin 
and E. M. Semenov [4, Chapter 2; Theorem 6.6] in connection with their study of oper
ators in rearrangement invariant spaces. For a different characterization of this result we 
refer to [2]. Other results of this type for more general operators defined on monotone 
functions have been obtained by K. F. Andersen [1], C. J. Neugebauer [9] and S. Lai [5], 
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WEIGHTED HARDY INEQUALITIES 105 

[6]. However iff is positive and increasing then the inequalities given by the last two 
authors were reversed except for the index raange 0 < p < q < l.ln this case weight 
characterizations were given for which (1.2) holds, (cf. [5, Theorems 2.3; 2.4]). 

The object of this paper is to consider the Hardy operator on positive increasing func
tions and to characterize the weight functions w and v for which (1.2) holds. Theo
rem 2.1 contains these results for 1 < p < q < oo and Theorem 2.2 for the index 
range 1 < q < p < oo. IfO < q < 1 < /? < oo, sufficient conditions are given for 
which (1.2) holds. In addition we characterize the weights in Proposition 2.1 for which 
the identity operator is bounded between weighted Lebesgue spaces for all positive in
dices. The proofs given here are akin to the corresponding results for the Hardy operator 
on decreasing functions [15] although most of the details are quite different. 

We now introduce notation and conventions used in the sequel. F & G means that 
F/G is bounded above and below by positive constants and F <C G means that F is 
dominated by G, i.e. F < CG. C denote constants which may be different at different 
places although in some instances we write C\, C2,..., to indicate different constants. 
The conjugate index p' ofp is defined by 1 jp + 1 //?' = 1, even if 0 < p < 1. Similarly 
for other letters. A function / is said to be increasing (decreasing) if it is non-decreasing 
(non-increasing) and we write / j (f j). We also adhere to the convention that expressions 
of the form 0.00 are zero and inequalities (such as (1.2)) are interpreted in the sense that 
if the right side is finite, so is the left and the inequality holds. Finally \E denotes the 
characteristic function of the set E. 

We wish to thank Professor K. F. Andersen for the correspondence we had regarding 
this paper. In particular his observations led to an easier and shorter proof of Proposi
tion 2.1. 

2. Results. We shall use the following notation throughout: 

/
OO TOO 

w, V(t) = J v, t>0. 
Our first result characterizes the weight functions w and 1/ for which the identity op

erator is bounded in weighted LP -spaces. 

PROPOSITION 2.1. (i)IfO <p <q < 00, then 

(2.1) [jT/toM*) dx\l/q < C[j™f(xfv(x) dx 
i /p 

holds for allO < / | , if and only if A0 = supt>0W(t)l/qV(tyl/p < 00. Moreover, ifCis 
the least constant for which (2.1) holds, then C = Ao. 

(ii) IfO < q < p < 00, then (2.1) holds for all 0 <f ], if and only if 

Al = lfw^ ~r/pv 
l 1 / ' 

< 00, 
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106 H. P. HEINIG AND V. D. STEPANOV 

where \jr— l/q — l/p. Moreover, ifC is the least constant for which (2.1) holds, then 

PROOF. The change of variable x —> 1 jx shows that (2.1) is equivalent to 

(2.2) 
i/<? 

yo g(x)qw(x)dx\ <C[J0 g{xfv(x)dx\ 
UP 

where w(x) = x'2w(l/x), P(x) = JC_2I/(1/X) and g(jc) = f(l/x). Bu t / 1 if and only if 
g j , so the weight characterizations for which (2.2) holds follow from the known results 
of Sawyer [11, p. 148, Remark(i)] in the cases 1 < /?, q < oo and in the remaining cases 
from [15, Proposition 1] of Stepanov. Specifically, (2.2) holds for 1 < p < q < oo, if 
and only if 

sup 
t>0 

V*r f 
lJQ*(x)dx\ [JQHx)dx_ 

-UP 
< oo, 

which is equivalent to Ao < oo as the change of variable* —• 1 jx shows. An examination 
of the proof of [ 15, Proposition 1 ] also shows that if C is the least constant for which (2.1) 
holds then C = Ao. This proves (i). 

If 0 < q < p < oo, then (2.2) ([11], [15]), holds if and only if 

if[ir w(t) dt 
l i / p 

j> vit) dt 
1-i/p 

w(x) dx 
1/r 

< OO. 

But the changes t —• \/t and x —• l/x show that this is equivalent to A\ < oo. This 
proves the result. 

If 0 < / Î, then (Pf)(x) < f(x), so the conditions of Proposition 2.1 are always suf
ficient but not necessary for (1.2). In the next theorem we characterize the weights for 
which (1.2) holds in the index range 1 < p < q < oo. 

We shall use the notation 

Bo(t) = /

oo 
(x-tfx"qw{x)dx 

l / « 
V(t) -l/p 

and 

Bi(t) = 
i i / « 

J x~qw{x) dx\ \J (t - xf V(xTp v{x) dx 
l/p' 

t>0. 

THEOREM 2.1. Let 1 < p < q < oo, then 

(2.3) 
i i / « /•oo I i / ^ r roo -] 

Jo (Pf)(x)"w(x)dx\ <C[J0 f{xfv{x)dx\ 
I l / p 

holds for 0 <f], if and only ifB = max(#0> #i) < oo, vv/zere 5, = sup(>0 fi,(0, / = 0,1. 

PROOF: SUFFICIENCY. Assume first that V(0) = oo, then 

i/«r 
Bo(t) = (p'-l)l/P y (x - 0«JT«W(*) <fr] jf V(xr" v(x) dx 

i i / p ' 
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WEIGHTED HARDY INEQUALITIES 107 

If the right side of (2.3) is finite, then/(0) = 0 implies that/Or) = J^h, where without 
loss of generality we assume h has compact support in (0, oo). Writing H(y) = hiy) V(y) 
and G(y) = §° H, we obtain 
(2.4) 

(Pf)(x)= l/x£[£h]dy= l/x£{x-y)h(y)dy= I / x f*(x - y)H(y)V(yTl dy 

= l/xf*(x-y)V(yrld(-G(y)) 

I ^ W ' W o - llx[viy^Giy)dy+ l/x£ ( * ~ ^ W 

V(y)2 G(y)dy 

< V(0)- ' G(0) + 1 /x J*(x - y) <&Cy) dy, 

where <ï>(» = G(y)v(y) / V{y)2. But since V(0) = oo, the first term in (2.4) is zero. 
Therefore, applying [13, Theorem 1] we obtain 

l l / < 7 \ roo il/p r roo i J / 9 r roo l i/p 

[Jo (Pf)(x)«w(x)dx\ <C[J0 ^{yfu(yfdy\ , 

provided 

and 

sup 
x>o 

sup 
x>0 

LP'"** rqw(t)dt 

i / * 

i / « 
u(tf{l-p,)dt W 

j°° t~qw(t)dt\ q\j\x - tfu(tY(l-p) dt 

< oo 

< oo. 

Taking up = Wi/ plp\ these two suprema are BQ and Z?i, respectively, and are finite by 
hypotheses. But now 

j T ^(yfuiyf dy = jT° 0( j /V(vyV(v)-^ ' <fy 
roo / , roo r roo ip 

Jo Jo L./}' J 
roo r roo roo 

J v(y)V(yyp \J h(s)j v{t)dtds 

f° Ht)\fh(s)ds\dt 

dy 

dy 
roo 

= j0 "(y)V(yr"\ 
roo r roo W 

and applying the dual form of the classical weighted Hardy inequality [8] we obtain 

jP° <S>(yf u(yf dy<C £°f(tmt) dt 

provided 

&up[£^fP[f^-^-^\'P <oo. 
But since (1 — p){\ — p') — 1 an integration shows the supremum is not larger than 
{p — \)~llp for V(0) < oo. Hence sufficiency follows in this case. 
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108 H. P. HEINIG AND V. D. STEPANOV 

If V(0) < oo, then we estimate the first term of (2.4) by interchanging the order of 

integration and Holder's inequality to obtain 

, , roo roo t roo 

V(0)-'G(0) < V(O)"1 ^ h(y)J Ht)dtdy=V(0yl Jo f(t)v{t)dt 

-V(0)~ L/o f{tfv{t)dt 
]UP 

V(0)1/P'. 

The result follows now under the assumption/(0) = 0. If f(x) = k ^ 0, then V(0) < 

oo. But Bo < oo implies the existence of a subsequence {tj} with tj —> 0 as j —» oo such 

that B0 > Hm^oo B0(tj) = V(0)-1/pW(0)1/''. Therefore, 

/•oo 11/<? r /-oo i l / < ? , 

Jo (Pf)W«wWA =jfc|jf w(jc)<k| < BQkV(0)l/p 

UP 
= Bo[jo kPv{x)dx\ =B0[yo /*V] 

1/p 

Finally, if/(0) ^ 0, then/(x) = Jfc + Jjj;/i = ifc + g(x), where g T and g(0) = 0. Since 

now V(0) < oo, Minkowski's inequality and the previous argument shows that 

'/« 
£° Pf{x)"w{x) dx] " = /o°° [* + (Pg)(x) w(x) dx 

Ui 

< kW(0y/q + \j°°(Pg)(x)qw(x)dx 

< kB0V(0)l/p + cfjT00 g(xfv(x)dx] 
UP 

= B0 

UP roo -\L/P r roo 

Jo kpv{x)dx\ +C\J g{xfv(x)dx 

<{Bf) + C)^f{xfv(x)dx 

0 

UP 

UP 

which proves the sufficiency part of the result. 

To prove necessity, substitute/ = f,, t > 0 fixed where 

/«(*) = [£(t - sf'V(srp'-iHs)Xm]^) ds 
UP 
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WEIGHTED HARDY INEQUALITIES 109 

in (2.3). Then under the assumption V(0) = oo, 
(2.5) 

ï r°° „ I1/P r r°° rx > > 1 i1
 IP 

C[L f'V\ = C l i o v{x)jo(f-sfV{sr''-iv{s)xm{s)dsdx\ 

= c[£° V(s)-p'V{s){t - J/X[OJW &]1/P 

> {jT f 'wW [jT [jf'(r - y / V0-)-"'-V(y)X[o,,](j) dy] ' /P & 
i i / p 

> 

> 

| i / « 
[ J V M * ) ^ ] ' jT[£(f-yyVOT -̂'j/̂ rfy] i i /p 

<fc 

| l / < 7 /•' n i /p 
]°°^«wWà] ?£^_^'//'[/y~/'^lj/] Pds 

= (p'ri/p ] i / q r< 
IP0x-"w(x)dx\ qJ'(t-sf'lpV{s)-p'lpds. 

But on integrating, the last integral on the right is equal to 

(p' - 1) f(t - sf''p f V(r)-p'u(T) drds = (p' - 1) / ' V(T)-"'U(T) f(t - sf'lp dsdr 
JO JO JO JT 

= 1 Ip f(t - rf' V(r)-p'v(r) dr 

and substituting into (2.5) shows that B\ (t) <C C for t > 0 and hence B\ < 00. 
If V(0) < 00, replace 1/ by i/c = 1/ + ex-2, e > 0. Then Vc(0) = 00 and the result 

follows with V replaced by V€. Now applying Fatou's lemma as e —> 0+ and we obtain 
B\ < 00 also in this case. 

Finally Bo < 00 follows at once on taking/(x) = fo(x) = X[t,oo\(x), t > 0 fixed, in 
(2.3). This completes the proof. 

In our next result we use the notation 

D0 = w(0)l/qv(oyl/p 

Uoo r roo 1 r/q r rt , i rjq' >> 1 j r 

\j (x-t)qx-qw{x)dx\ \J V~pv\ V(typv(t)dt\ 
\J x~qw(x)dx\ U{t-xfV{x)-pv{x)dx\ t~qw{t)dt^ , 

where \jr — l/q— l/p. 

THEOREM 2.2. The inequality (2.3) holds for allO <f] in the index range 
(i) 1 < q < p < oo, if and only (/"max(D0,Di,Z)2) < oo. 

(ii) 0<q<l<p<oo, ifmzx(Do,Di) < oo, 

PROOF. The sufficiency part of this result is very similar to that of Theorem 2.1. 
Now, however, we apply [14, Theorem 3 and Theorem 2] for 0 < q < 1 < p < oo, 
respectively, 1 < q < p < oo, instead of [13, Theorem 1]. We omit the details. 
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110 H. P. HEINIG AND V. D. STEPANOV 

NECESSITY, (i): Observe that if (2.3) holds with weights w and i/, then it holds also 
for smaller w and larger v. For example let we(x) = min( 1 /e, w>(;c))x[e,i/e](*) ^ d ^eW = 
I/OO + C /Q+JC 2 ) , 0 < 6 < l,then 

is bounded and We
q(y) = 0 if 1/e < y. Therefore D\ — D\e < oo. Now if we show that 

D\ = D\t is uniformly bounded, by C(p, q) say, then the restriction on w can be removed 
by Fatou's lemma. In fact, Fatou's lemma shows that Wq(y) < lime_^+ inf Wq(y) and 
applying Fatou's lemma again yields 

L W^y/q[j0
V~~P,/\ V(y)-Pv(y)dy 

<J lim M[We
q(y)Y'q\j V~p v\ V(yYpv(y)dy 

< lim inf D\ 
e->0+ U 

<C(p,q) 

and the result follows. 
We therefore assume first that w is bounded and compactly supported and v is positive 

in (0, oo), for then D\ < oo. We then show that i f l < q < p < oo and (2.3) holds, then 
D\ is bounded by a constant depending only on C of (2.3), p and q. Hence D\ is uniformly 
bounded and the compactness condition imposed on w can then be removed by Fatou's 
lemma. 

Now let U~p = V~p v, then under the assumption V(0) — oo, 

D[ 
-•/<? 

/
OO 1 r/ q r rl 

(x-t)qx'qw(x)dx\ \j 

* irp,\q u(typ'v(tylv(t)dt 

= j°° v{s) \js \J^°(x - tfx-qw(x) dx\r q \J* u~p'}r q u(trp'v(tyl dt 

= fHs)Msfds 

ds 

where/Q is the bracketed term in the integrand. Now by (2.3) with/ =/o 

CD[/p > 
i V * /•oo r ry iq \ '^ roo r ry 1 r ry lQ~~l 

L w(y^iLM dy\ =[L w(y^iLM U /ol dy 

roo roo r ry i q— 1 1 \ r°° 

L Ms)l [Jofo\ w^y^dyds\ =[j0 Ms)jQ(s)ds 

Ui 

l /« 

where 

» • / « 

r r* i 
I U'P 

[Jo 
u(typv(tyldt 

UP 
dr 

q-\ 

y qw(y)dy. 
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Performing the inner integration first shows that 

f \ f u-p'Xlq u{trp'v{trx dt = cx v{s)-riq, 
and since 0 < s < 3? < oo, 0 < ? < r < > » < o o w e obtain 

'/I 
Ms)>£°\£u [fix - t)<x-*w(x) dx 

^yli' [£u-pJ" u(typ'v(trldt 
UP 

q-\ 

roo ry \ rs r roo 

*L \L\IM {x-tfx~qw{x)dx. 
-ii' 

J u~p\ u(typ v(tyl dt 
UP 

dr 

dr 

y qw(y)dy 

q-i 

y qw(y)dy 

'/(pq')f poor ry l ^ - l r r°° ~]r/\P<l)\ roor ry i 
>\j (x-s)qx-qw{x)dx\ y y dr\ y qw(y)dy 

tffcrv /o uo 
u(typ v(tyl dt\ 

= é?~l)lp\j™(x - s)qx-qw(x)dxX' 
lipq') 

v(syr> lipq') / (y-S)"-1y-"W(y)dy\ 
Us J 

Also from the definition of/o we have 

Ms) > [I (x-s)q
x-

qw(x)dx\ y [y u-p J u(typ v(tyl dt 
i i / p 

^IP , iipq) 
(x-rS)qX-qw{x)dx\ V(s)~r> 

r/ipq) 

and so 
(2.6) 

CD[/p > C\,p VIP\ 

jo° [J7(x ~ s^x~gwM dx\r p i r ^ ~ s)q~iyqw(y) M y(s)~rip ds 1/4 

Now an integration by parts also shows that 

ylq r r* ~>YIP' roo r roo VIH \ n / I 

D\ = p'/rJo \j (x - tfx'iwix) dx\ d[jQ U'" J 
r roo 1 
y (x-t)qx-qw(x)dx\ •MM.^"' 

,V/P' r r roo lr/P[ roo , l r rt /lr/P ) 

/ (x - t)"x-qw{x) dxj y (x- tf- xx~qw(x) dx\ [yo U~p J dt j 
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112 H. R HEINIG AND V. D. STEPANOV 

But since D\ < oo it follows that the integrated term vanishes and so 

poor poo ~\r/P[ r°o t 1 [ pt ilr/p' 

D[ = C2 Jo [y (JC - t)q
X-qw(x) dx\ Iy (x - t)q'xx~qw(x) dx\ \j Up dt 

= C3 j°° \J°°(x - t)qx~qw(x)dx\" P \J°°(x - t)q~xx-qw(x) dx\ V(t)~r/p dt, 

where we used the fact that Jg LTP' = V(t)l-p'/(pf -1). Hence by (2.6) CD\/p > C4D\/q 

and so C > C$D\. Therefore D\ is uniformly bounded and the general case follows from 
limiting arguments. If V(0) < oo we replace v by ue(x) = v(x) + ex~2, e > 0 and use 
Fatou's lemma. 

Next, we show that D2 < oo. Again assume first that w is compactly supported in 
(0,oo) and that V(0) = 00. Applying Holder's inequality we find from the inequality 
(2.3) for arbitrary h > 0 that 

poo r px "1 

(2.7) y y f\h(x)dx<C 
Setting 

U0 
fpv 

UP 
\jO0h(x)q'xf>'w(x)-q'l'idx\ 

1/?' 

/10W = 

we see that 

r/(q'p')T 
[J^x-yfViyfv^dy^ [jx y-"w(y)dy\ 

'Ki'p) 
x'qw(x), 

Dr(q' = \T h^(x)q' x^ w(xYq' lq dx 
' / <? ' 

Now let/(x) = Jo £> where g > 0 has compact support, and applying Muckenhoupt's 
criterion for the Hardy's inequality [8] we obtain 

(2.8) 
pOO , , -\i/p pOOf pX ~\P 

I g(yYV(yYu<yr>" dy] » U [/o g] 
UP 

From (2.7) and (2.8) we get 

CD rN IP 
j f g(yf V(yriy(yrp/P' dy] > œf f [jT g 

UP 

=CD'/1fH 
UP 

-ii/^'r UP 
= cfjj00 hoix/x^'wix)-"'/" dx] " \j^fpA 

^t\llf\h»{x)dx 

/(y)[jT * , ] * 

s(*)|/ 07 - *)fy)(y) dy Lfr. 

Now taking the supremum over all g with \\g\\P,Q < 1, where Q — Wi/'P^', we obtain 
by duality (i.e. the inverse Holder inequality) 

CDrlq' » r r roo 
[I (y-x)ho(y)dy_ V(xYpv(x)dx 

UP' 
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Repeating the steps of obtaining the lower bound for CDr/p above, we see that the right 
side of this is 

r , roo f roo 

V{x)-pv(x)jx (y-x)h0(y)dy[jx (y-x)h0(y)dy 

w'~l 

dx 

> 

> 

> 

> 

Jo" ho(y) lo^ ~ x^^yP'v^ [jTfr - ^ ^ ( 0 dtj dx dy 

w-i 

J
roo ry , r roo w — i 

1 h0(y) / (y - x)V(x)-p v(x) \ (t - x)h0(t) dt\ dx dy 
0 J0 Uy J 

i/V 

UP' 

I/P' 

P'-I roo ry , , r roo ip — I 

L h^}0^-X^V^~Pv^[) h ^ ) d t \ dxdy 
IUP' 

ir/(q'p')+l I- /-oo r/iq'p) COOT ry , , ir (qp)+lr r o o Y KqP) 

J \J iy-xf V(xyp i/(x)dx\ \j s~qw(s)ds\ y~qw(y) 

yl{q'p')\ roo r r r* i i y \<IP)Î r°° 

[Jo (t " Z)P V(Z)~P V{Z) dz\ [it Z~qw(z) dz 

YMP) 

> 

'y 

*oo r ry 

rqw(t)dt 
P'-I 

dy 

UP' 

•/q'+l r/iq'p) roor ry , , ir q -t-i r /-oo l r \qP) 

J \J (y-xfV(x)-"Hx)dx\ \j s-qw(s)ds\ y^wty) 

r r roo V \<IP> 

\J z~"w(z)dz\ rqw(t)dt 

/ - i IUP' 

dy 

rlp'\ V/P roor ry , , -\r/p r roo ir/p 

J IJ iy-xf V(x)~p v(x) dx\ \J s~qw(s) ds\ y~qw(y) dy 
W 

= Dr
2
/p'. 

Note that we applied the définition of ho after the third inequality above. Hence Di <C C, 
so that Z>2 is uniformly bounded. The compactness restriction imposed on w can now be 
removed via limiting arguments in the usual way. If V(0) < oo the argument is as before 
so we omit the details. That Do < oo follows at once from (2.3) with/ = 1. This proves 
the theorem. 

REMARKS, (i) It is easily seen that Ao < oo implies Do < oo, however the converse 
fails in general. For if v(x) — e~x, w(x) = xe~x, x > 0, then V(x) = e~x and W(x) — 
(x + \)e~x so that Do < oo. However, ifp<q then 

A0 - sup W(x)xtqV{xTllp = sup(x+ l^/v0//*-!/*) = oo. 
JC>0 JC>0 

(ii) We also note that if V(0) < oo then D\ < oo does not in general imply Do < oo. 
For instance, let 0 < q < p < oo, p > 1 and w(x) and i/(x) be given by 

w(x) = 
l/x if 0 < x < 1 
0 if JC > 1 

1 if 0 < x < 1 , . f 1 if 0 < JC 
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Then Do = oo and 

*jq r/q' \jr 
| 1/ (x - t)qx-q-ldx\ 1 / ( 1 - xyp dx\ ( 1 - typ dtJ . 

We have for 0 < t < 1 

A l -x)-"' dx={p' - 1)-'[(1 - 01_p# - 1] and [\x - t)qx^~l dx < -lnf, 

so that 

(2.9) 
D\ « / ^ ( - I n d - «)) r / ,« ( ,-"' ) r/«'-^(l - 1 / - 1 ) ' / ' ' ' dw 

f ' /E t k ' /« 

If g > 1 then #' > 1 so that (1 — up'~l)rlq' < 1. Hence by Minkowski's inequality 

r1 r ^ uk 

oî< / E A c/M< v f ——-du\ ' 1 M ^ + i J - utoU° (*+ir/* 
„* , r / ? 

1 ^ 

lS(*+i)(w^+iwr 

If g < 1 then by (2.9) and Holder's inequality 

< oo. 

D\ < 
r/q lis 

Jo Lfc* it + 1 J L/o J 
^V*' 

where ^ > 1. The first integral is again finite by the same argument as before and for the 
second, let 1 — up - 1 = y, then the integral is equivalent to 

{fys'r/q'(l-yrl+l/(p'-l)dy}l/s'. 

But since r/q' > — 1, we can choose s' sufficiently close to 1 so that s'r/q1 > —1. Hence 
the integral is finite and consequently D\ < oo. 

(iii) It is clear that DQ < oo is necessary for (2.3) in Theorem 2.2(H). However D\ <C C 
is in general invalid in the case 0 < < 7 < 1 < / ? < O O . For if in (2.3) w(x) — 6\(x), the 
Dirac delta function at x = 1, and i/(x) — 0 for x > 1 the inequality takes the form 

" M1 / p . 
But by Proposition 2.1(ii) with q — 1 and w — X(0,i) it follows that 

-I/(P-I) /•lr rl -]l/(p-l)r rl 
dx 

- I / ( P - 1 ) 
Jx 
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On the other hand, with w = 6\ and V(0) = oo, 

115 

A «{/0<1-*)-[£.*)* 

and integrating by parts we find that 

'Il ^ A 
v(x) dx \ 

Dx /o1(i-^4[/K° )dt 
-r/pVl 

> £(i-xy-y\(t) dt 
r/p 

dx 
l / r 

But this shows that C » D ) can fail because it implies 

[/o1(i-*)ri/>^ 
and if we take 

r/p 
dx 

l/r 

<c 
l /(p-l) 

j fo-^-Lf^*]-"-* 
i i / V 

t v(i\dt= I (1 ~xy\l0g(1 ~X)|/?A' V2 <^ < 1, 
Jx K) l(l/4jc)P|log(l/2)|^, 0<x< 1/2, 

then the right side of the inequality is finite, while the left side is not. 

(iv) Necessary conditions can be derived in the case 0 < g < l < / ? < o o a s follows: 
By (2.3) and Minkowski's inequality we obtain 

C 
roo - | l /> roo f l rx iq ~\ ' q roo r roo -\l/q 

Now apply Proposition 2.1(ii) with q = 1 and w replaced by 

l ' A ? 
w(0 = r r^o 

\J x~qw(x) 
dx 

to obtain 

Ct f°° yrlpy-'lPw Jo 

l/r 

where W(x) = J£° w and r — p'. 

Finally we note that S. Lai [5, Theorem 2.4] proved that for 0 < p < q < 1, (2.3) 
holds for all 0 < / ] and only if 

sup 
r>0 

l l /«r l - i / P 

/
- oo ] i / ^ r roo i — y IP 

(x-rfx~qw(x)dx\ \J i/(x)dx\ < oo. 

This is of course one of the conditions—namely BQ < oo of Theorem 2.1. 

https://doi.org/10.4153/CJM-1993-006-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-006-3


116 H. P. HEINIG AND V. D. STEPANOV 

REFERENCES 

1. K. F. Andersen, Weighted generalized Hardy inequalities for nonincreasing functions, Canad. J. Math. 43 
(1991), 1121-1135. 

2. M. Arino and B. Muckenhoupt, Maximal functions on classical Lorentz spaces and Hardy s inequality with 
weights for non-increasing functions, Trans. Amer. Math. Soc. (2) 320(1990), 727-735. 

3. D. W. Boyd, The Hilbert transform on rearrangement-invariant spaces, Canad. J. Math. 19(1967), 599-
616. 

4. S. G. Krein, Yu. I. Petunin and E. M. Semenov, Interpolation of Linear Operators, Transi. Amer. Math. 
Monographs 54, A.M.S. Providence R.I., 1982. 

5. Shanzhong Lai, Weighted norm inequalities for general operators on monotone functions, preprint. 
6. , Weak and strong type inequalities with weights for general operators on monotone functions, 

preprint. 
7. F. J. Martin-Reyes and E. Sawyer, Weighted inequalities for Riemann-Liouville fractional integrals of order 

one and greater, Proc. Amer. Math. Soc. 106(1989), 727-733. 
8. B. Muckenhoupt, Hardy's inequality with weights, Studia Math. 44(1972), 31-38. 
9. C. J. Neugebauer, Weighted norm inequalities for averaging operators of monotone functions, to appear. 

10. B. Opic and A. Kufner, Hardy type inequalities, Pitman Research Notes in Math. Sen, John Wiley, N.Y., 
1990. 

11. E. T. Sawyer, Boundedness of classical operators on classical Lorentz spaces, Studia Math. 96(1990), 
149-158. 

12. G. Sinnamon, Operators on Lebesgue spaces with general measures, Ph.D. Thesis, McMaster University, 
1987. 

13. V. D. Stepanov, Two weighted estimates for the Riemann-Liouville integrals, Math. Ustav (39), Prague 
Czech., preprint, 1988. 

14. , Weighted inequalities for a class ofVolterra convolution operators, J. London Math. Soc. (2) 
45(1992), 232-242. 

15. , The weighted Hardy s inequality for non-increasing functions, Trans. Amer. Math. Soc, to appear. 

Department of Mathematics and Statistics 
McMaster University 
Hamilton, Ontario 
L8S4K1 

Department of Mathematics 
University of Alabama 
Tuscaloosa, Alabama 35487-0350 
USA. 

Current address: 
Institute for Applied Mathematics 
Frunze 72 

Khabarovsk 680002 

US.S.R. 

https://doi.org/10.4153/CJM-1993-006-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-006-3

