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Modular Vector Invariants of Cyclic
Permutation Representations

Larry Smith

Abstract. Vector invariants of finite groups (see the introduction for an explanation of the terminology) have
often been used to illustrate the difficulties of invariant theory in the modular case: see, e.g., [1], [2], [4],
[7], [11] and [12]. It is therefore all the more surprising that the unpleasant properties of these invariants
may be derived from two unexpected, and remarkable, nice properties: namely for vector permutation in-
variants of the cyclic group Z/p of prime order in characteristic p the image of the transfer homomorphism
Tr2/P: FV] — F[V1%/P is a prime ideal, and the quotient algebra F[V]%/P / Im(Tr?/P) is a polynomial alge-
bra on the top Chern classes of the action.

To begin we fix some notations and terminology, beginning with the simplest case. Let
F be a field of characteristic 2 and 7: Z/2 — GL(2, F) the tautological representation of
Z/2 over F, i.e., the nontrivial element of 7(Z/2) is the permutation matrix [g 3]. For a
positive integer m let 7y : Z/2 < GL(2m, F) be the m-fold direct sum r & - - - & 7. We are

m—>
interested in the ring F[V 1%/2 of Z/2-invariant! polynomial functions on the vector space
V = F2m,

The rings of vector invariants F[V ]%/2 have been studied by many authors, and the diffi-
culty of computation, and unpleasant properties, of these rings used to illustrate the com-
plexity of invariant theory in the modular case: see, e.g., [1], [2], [4], [7], [11] and [12]
(particularly Section 4). For example, if

/2 FIV] — FIV]*2

is the transfer homomorphism, then it is known [5], [3], and [12, Section 4, Example 1],
that Tr?/? is not surjective (as it would be if F had odd characteristic or characteristic 0),
and that the Krull dimension of the quotient ring? is at least m. For m > 3 these rings
are not Cohen-Macaulay nor are they generated by linear and quadratic forms, again as
they would be if the characteristic of the F were not 2. There are analagous results for
permutation representations of cyclic groups of prime order p in characteristic p.

The following theorems are therefore all the more surprising, since they show that the
unpleasant properties of these rings of invariants are consequences of two unexpected pleas-
ant properties that somehow have gone unnoticed: at least | know of no reference for them,

LFor a general reference on invariant theory we refer to [11], and for a survey of some recent developments
see [12].
2In general, see, e.g., [11, Section 2.4], if p: G < GL(n, K) is a representation of a finite group G over the
field K, then the transfer homomorphism Tr®: K[V] — K[V]¢ is a K[V ]¢-module homomorphism, and hence
Im(Tr®) C K[V1€ is an ideal.
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published or otherwise. This manuscript arose in the course of computing some examples
to illustrate the spectral sequence introduced in [13] for the study of the homological codi-
mension of modular rings of invariants. However, the results discovered are so surprising,
pretty, and simple that it seems useful to write them up independently of the technical
manuscript [13].

I am grateful to M. D. Neusel for a number of useful conversations and tutorials, as well
as access to [7], and to the members of the Laboratoire de Mathématiques Emil Picard de
I’'Université Paul Sabatier de Toulouse for their hospitality.

Theorem 1 Let F be a field of characteristic 2 and 7y Z/2 — GL(2m, F) the representation
of Z/2 implemented by the permutation matrix

1o 0
U

Let X1,...,Xm Y1,--.,Ym be the standard basis for the dual vector space V* of V = F°™,
Then

(i) Im(Tr?/?) is a prime ideal of height m in F[V]?/2, and
(i) FIV1%2/Im(Tr*?) = Flqy,...,qm] is a polynomial algebra on the quadratic forms
i ZXiyi,i =1,...,m.

€ GL2m, F).

Proof We begin by describing Im(Tr?/?) c F[V]#2. To this end introduce the Z/2-
invariant linear forms

G=Xi+yi, i=1....m.

The 2m Z/2-invariant polynomials 41, . .., ¢y, Q1,. .. ,0m are a system of parameters for
FIV1%/? and a regular sequence® in F[V]. Hence F[V] is a free module over the polynomial
subalgebraF[¢y,...,¢m,q1,.-.,0m] C FIV]. Abasisfor F[V]asF[¢i,...,¢m,01,---,0m]-
module consists of the monomials* {xE | E = (e, ...,em),& = 0orlfori =1,...,m},
i.e., all the monomial divisors of X; - X - - - Xm. Therefore Im(TrZ/z) is the ideal in F[V]%/2
generated by the binomials

T2 =xE+yE E=(er,...,em), & =0orlfori=1,...,m.

Since 7, is a permutation representation, F[V ]%/2 has an F-basis consisting of orbit sums
of monomials [11, Lemma 4.2.1]. If x*y® € F[V] is a monomial, then the orbit sum of its
Z/2-orbitis

AyB+xByA ifA#£B
SHAVBY = JXY
7y {ﬁw ifA=C =B,

31f m > 3 they are not a regular sequence in F[V ]%/2: see [12, Section 4, Example 3], or in slightly different
notation [11, Section 6.7, Example 2].
4IfE = (e1, . . ., em) is an m tuple of nonnegative integers we write xE for the monomial x§* - - - X3
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so there are two types of orbit sums: orbit sums of length 2
XAyB 4 xByA A +£B
and orbit sums of length 1

xCyC.

Let S ¢ F[V]%? be the subalgebra generated by the quadratic forms gy, . . ., gm. The ele-
ments of S are precisely the F-linear combinations of the orbit sums of length 1. On the
otherhand Im(Tr%/?) consists of the F-linear combinations of the orbit sums of length 2.
Hence

SN Im(Tr¥/?) = {0}
and therefore the map
m: S < FVI?2 = FVI#2/ Im(Tr*/?)

is monic. However, 7, being a direct sum of copies of the regular representation of Z/2
implies by an essential result due to M. D. Neusel, [7, Lemma 3.1], (Lemma 4.1 in [8]) that

FIV1%/2 is generated as an algebra by Im(TrZ/Z) and top orbit Chern classes. The orbits of
Z/2actingon {Xa,...,Xm, Y1,---,Ymrare{x,yi}fori =1,...,m,and the corresponding
top orbit Chern classes are the quadratic forms g, ..., gm, SO 7 is also epic. Therefore 7

induces an isomorphism

FIG1, - - -, Gm] — FIVI??/ Im(Tr*/?)

which proves (ii).

By definititon ker(r) = Im(Tr?/2). The quotient ring F[V 1%/2/ Im(Tr?/?) being a poly-
nomial algebra over a field is an integral domain and hence ker(7) must be a prime ideal.
Since F[qy, . . . , qm] has Krull dimension m and F[V ]%/2 has Krull dimension 2m it follows
that the prime ideal ker(rr) = Im(Tr*/2) ¢ F[V]?/2 must have height m, proving (i).  m

This result is used in [13] to show that hom — codim(F[V]?/%) = min{2m, m + 2}.

There is an analagous result for the m-fold regular representation of Z/p over a field F
of characteristic p when p is an odd prime. The proof, apart from the need to encumber
the notations with indices, is the same as for the case p = 2. The key points are:

(i) The orbit of a monomial has either 1 or p elements.
(ii) Orbit sums of monomials are an F-basis for the ring of invariants.
(iii) The orbit sums of monomials with orbit size p are an F-basis for Im(TrZ/p).

The theorem may be formulated as follows.

Theorem 2 Let p € N be a prime integer, F be a field of characteristic p and 7: Z/p —
GL(mp, F) the m-fold direct sum of the regular representation of Z/p over F. Then
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(i) Im(Tr¥/P) is a prime ideal of height® m(p — 1) in F[V]%/?, and
(i) FIVI¥/P/ Im(Tr?/Py = Flcp(Xa), .., cp(Xm)_] is a polynomial algebra on the top orbit
Chern classes ¢, (X1), . . ., Cp(Xm) of the m orbits Xy, . . ., Xi, of Z/p on the dual standard
basis for V *. ]
The results presented here can be, and have been, generalized to other permutation
representations by M. D. Neusel [8], and R. J. Shank and D. L. Wehlau [10].
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Sm(p — 1) = codimg(VZ/P C V).
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