POLYNOMIALLY BOUNDED MULTISEQUENCES
AND ANALYTIC CONTINUATION

by DANIEL J. TROY
(Received 23 May, 1980)

Given a polynomially bounded multisequence {f,.}, where m =(my, ..., m)eZ,, we
will consider 2* power series in exp(iz,), ..., exp(iz.), each representing a holomorphic
function within its domain of convergence. We will consider this same multisequence as a
linear functional on a class of functions defined on the k-dimensional torus by a Fourier
series, Y. g,.e"™, with the proper convergence criteria. We shall discuss the relationships
that exist between the linear functional properties of the multisequence and the analytic
continuation of the holomorphic functions. With this approach we show that a necessary
and sufficient condition that the multisequence be given by a polynomial is that each of
the power series represents, up to a unit factor, the same function that is entire in the
variables

(1—exp(izy)™h ..., (1—expliz,))~".

1. Notation and terminology. Let p and k be integers, p=0, k>0. Let T, be the
k-dimensional torus and Z, the collection of k-tuples of integers. If m is in Z, and x is in
T,, define

mx =m;x,+...+mX,

imj=(m?+...+md'?,
and

fimll={my|+. . .+|m].

Let K, denote the vector space of multisequences {f,,}(tm € Z,) such that |f,,| |[m|™?" is
bounded. Let A, denote the normed linear space of functions defined on T, whose

imx

Laplacians of order p exist and have absolutely convergent Fourier series. If Y g,.e"™ is
the Fourier series of g in A, define

lgllep = max{gol, 2. Im[*” g}

and for every f in K, define (f, g)=Y f.8-m-

For an open E < T, denote by A, (E) the subset of members of A, with support in
E. Given f in K, we will say that f is null on E if {f, g)=0 for every g in A, (E). A, (E)
is invariant under multiplication by e™(n€Z,); (f,.) is a continuous linear operator on
A,; hence, f is null on E if, and only if, for every n in Z, and g in the || - ||, closure of
A (E),

Y frulnm =0. (1)

Let ¢ be a non-negative integer not exceeding 2 —1. For j=1,..., k, denote by
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((c, j)) the coefficient of 277 in the binary expansion of ¢. Let
Dck ={(Zl, ceey Zk)GCk : (-‘1)«6"»Im(z,)>0, ] = 1, ey k}

Let Y indicate the summation over all m in Z,, let ¥’ indicate the sum over all m in Z,

except (0,...,0), and let Y (or Y if the omission of m does not cause ambiguity)
(m.c.k) (c,k)

indicate the sum to be taken over all k-tuples m such that m; =0 if ((c, j))=0 and m; <0
if ((c, j)) = 1. With this notation, given f in K, then

f.(z)= Y f.exp(imz) )
(c,k)

defines a function that is holomorphic in D,,.
Given x in T, let us say that x is regular for f in K, if there exist (i) a C,
neighborhood V of x, (ii) a partitioning

c(1,1),...,c(1,t(1));...;¢cth, 1),..., c(h, t(h)) 3)

of some permutation of the integers 0,1,...,2%—1 into h cells, (iii) for each integer
u, 1 =u<h, complex numbers d(u, j), 1=j=t(u), such that

du, D+...+d(u, t(u))=0,
and (iv) a function H, holomorphic on
V U Dc(u,l)k U PR U Dc(u,!(u))k
and such that
fown(@) = d(u, NH,(2)

for all z in D ¢ (u=1,..., hj=1,..., t(u)).
If k=1, the following statements are equivalent:

(A) x is regular for f for every x in E.
(B) f is null on E.
(C) The 2p+2 derivative of

F(x)= (fox2p+2/(2p + )N+ (_1)p+1 Z’ fmm—Zp—2eimx

exists and vanishes on E.
This result is explicitly stated in [2]. The equivalence of (A) and (B) also follows from [1,
p. 116].

2. Statements (A) and (B) with k =2. We wish to show that for all k the statement
(A) implies the statement (B). The reverse implication does follow in some special cases.
For example, if the partitioning (3) were into 2*~! pairs

(¢,2"—1-¢), c=0,...,2¥x1-1.
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and, for each c,
L fufomt L fugm =0,
(c.k) (2% "'=ck)

for every g in €”(E), then (A) would follow by the “edge-of-the-wedge” [7, Theorem B].

The most obvious illustration that (B) does not imply (A) with k=2 has f,, =1 for all
m and E any open subset of T, that does not include the origin. Here f is null on E;
however, (A) cannot hold if E intersects any of the hyperplanes z; =0.

THeOREM 1. Let f be in K, and E be an open subset of T, (p=0, k =2). If every x in
E is regular for f, then f is null on E.

Proof. Let g be in A, (E) and q be a real function, non-negative, €, with compact
support, such that § g =1. For every v >0, define

g (x) = L o(x~ yo)a(y) dy.

For all v sufficiently small, g, has support in E. Further, for all v, g, is in € and g is the
L, limit of g, as v = 0.

There exists a y'> 0, such that, for all ¢ <2%—1, {. is bounded for all z = x + iy, where
x is in the support of g and 0<|y|=y’, j=1,..., k. Therefore, writing

zZ. = (xl + iY(_l)((c,l»y ey X + iY(_l)((C’k»),

we have uniformly with respect to y,

lim
uv—Q

L £.(2)e(x) dx—L £ (28 (0) del = 0.

By [7,10.2], the second integral has a limit as y — 0; hence, so does the first.
To evaluate (f, g), we write

2k—1

=2 fu8m= 2 2 fumlm

c=0 (c,k)

(u

-

1i=1 Y70 (cuj)k)

I M=

u

=

t(u) .
=1L lgnL fe(z)8(x) dx,

with ¢ =c(y, j) in the (u, j) term of the last double sum. In each term,

fo(z.)=d(u, )H,(z.).
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But for each u,

tiy | HL (g0 dx = [ Hug(o) d,

t(u)
B being the support of g, and Y d(u, j)=0. Hence, (f, g)=0; f is null on E.
i=1

As mentioned, the converse of Theorem 1 does not hold; however, an “if and only if”
statement can be made for some sets.

THEOREM 2. Let E=T,_XI, where I is an open interval in T,. A necessary and
sufficient condition that fin K, be null on E is that for every even integer ¢ (0=c =<2*-2),
there exists a function H,, holomorphic on Dy U(D 41 X I)U D, .1, such that H.(z) =
fc(z) in Dck and HC(Z)="'fC+1 in Dc+l‘k-

Proof. Assume f is null on E and let g{r)= Y ge™ be in A,;(I). Let ¢ be even

(0=c=2%-2), and w be in D, _,. Define reTe
k-1
ulty, ..., )= gt [T (1—expliw, (1) P~ ). (4)
i=1
Since, forj=1,...,k—1, ((c, ))) =((c/2, j)) and the factor (—1)““" serves only to keep the

real parts of the exponentials in (4) negative, we can simplify the notation by assuming
c¢=0; then, for each j((c,j)))=0 and Im(w;)>0. Let b,=Im(w;) and b=

imt

min{b; : 1 =j=<k—1}. We may now express the right-hand side of (4) in the form } u,.e™™,
where u,, =0 if m; <0 for some j=k—1, and

Up = 8, €XPLI(Mywy+. .+ My Wi _y))
if m; =0 for all positive j=<k—1. In either case
V| =g, | €XP(=bymy — . . =By ymy_y).
Hence,
o x k=1
% imf lud< ke T 1eellgd ( E nvee)
r=—c0 n=0

Therefore, u is in A, (E).
By hypothesis, therefore, (f, u)=0; that is,

5 (3 fomee =t

(m,0,k—1)

r=—o0

for every w in Dy, _,. But

k-1
sMk"rz"( Y n2”e‘"”> =0(r*), &)

n=0

Z f(—m,r)eimw

0,k-1)
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where M =supflf,.||m|™**: m in Z,}. Hence, by the equivalence of (A) and (B) in the one
variable case, there exists, for each w in Dy _,, a function H,, of a single variable, that is
holomorphic on Dy; UTU D, and can be represented in Dy, (respectively D;;) by

Z h(w)e'™™ (respectiVely — Z hr(w)eirz>’
r=0 r<0
where

h,(w) = Z femmnexplimw).

(0,k—1)

By the Hadamard multiplication theorem, for each w in Dy

Hi(z)= Y h(w)r > 2™ (6

r<Q

is holomorphic on D, Ul Each term in (6) is holomorphic on

Doy 1 X(D1; U= Dy U(Dg gy X I).
From (5), for every y>0, the series in (6) converges uniformly on the subset of
Dy U(Dgy—yXI) in which Im(w)=y, j=1,...,k—1. Hence, by the Weierstrass
Theorem on series [3, p.38), Hg(z)=H{, .. . _)(z) is holomorphic on
Dy U(Dgy_y xI) as is

Ho(z) =—(=1)""2(****/0z3" ) H§(2) = Hs,, .. 2 o(2k)-

By the same argument, H,(z)—ho(w) and, hence, Hy(z)=H, . . _)(z.) are
holomorphic on Dy, UA(DO_k_1 x I). Hence, Hy(z) is holomorphic on Dy, U(Dg ey XU
D,. Further, Hy(z)=fo(z) in Dg, and Hy(z)=—f,(z) in Dy,.

Conversely, suppose for every even integer ¢ =2*—2 there exists a function H,
holomorphic on Dy U(D,j5 X DU D, such that H (z) =f.(z) in D, H.(z) =—f..1(2)
in D,y .

Let y>0 and ¢=2*-2 be an even integer. Given z in Dy UD,,,, define z'=
(z4, 24, ..., zL), where, for j=1,..., k-1,

21 =z +iy(~ 1)

and z}=z,. Further, define G.(z)=H,(z'). Let V* be a complex neighborhood of I
whose intersection with the real axis is I, and let V** be the open set in C,._, that satisfies

mz)l<y (=1,...,k-1).

Then V=V**xV* is a C, neighborhood of T,_;*xI and G.(z) is holomorphic on
VUD, UD,,,,;. Further,

G.(z)= Z fme-llmllyeimz

(c.k)
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in D, and

G(2)== X fue e

{c+1.k)

in D.,,,. Hence, by Theorem 1, for every g in A, (T, _, XI),

. fre g, =0

Hence, {f, g)=0.
A. Janusauskas [5] has extended a well-known one-variable theorem to two vari-
ables as follows: A necessary and sufficient condition that Y Y a,z"w* be an entire

r=0s=0
function of (1~2z)"! and (1—w)™! is that there exists an entire function, A(z, w), of
exponential type zero, such that A(r, s) = a,,. With the restriction that the coefficients be
polynomially bounded, we may extend Janusauskas’s result to k variables.

THEOREM 3. Let f be in K. The following statements are equivalent:
(1) There exists a function H that is an entire function of the k variables (1—exp(iz;))™

k
(j=1,..., k) whose restriction to D, is (—1)f. (c=0,1,...,2%=1), wherer= Y. ((c, j)).
j=0
02

(i) f is null on any open subset of T, that does not contain the origin.
(i) There exists a polynomial P in k variables such that P(m,, ..., mi)=f, for every
m=(m,,...,m) in Z,.

Proof. (iii) implies (i) with
k
H(z)=P(3/9z4,...,08/0z,) H (1—exp(=iz;))™".
i=1

To show that (i) implies (ii), let j be a fixed positive integer not exceeding k. Pair the

integers 0, . .., 2* — 1 into pairs (c;, ¢,), where ¢, and ¢, have binary expansions that differ
k

in and only in the coefficient of 27 and ¥ ((c;, t)) is even. Let
t=1

=1
a=Y ((cy, )22
t=1
and

b= Y ((cy, ))2*".

t=j+1

In Theorem 2, we considered the notationally simplest case with j =k, a =+c¢,/2 and b an
empty sum. Hence, by rearranging the variables to fit the statement of Theorem 2, we
have that since, for each pair (c;, ¢,), H is represented in D, by f., and H is represented
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in D, by —fC2 and H is holomorphic on
Dclk U (Da.j—l X (0: 277) X Db,k-i) U Dc;ks

then f is null on T;_, X (0, 27) X T} _;.

If f is null on open sets E and G, then f is null on their union. For, if g is in
A, (E U G), then with a proper choice of partitions of unity on the support of g, we may
write g as a sum of a member of A, (E) and a member of A, (G). Therefore, since the
union of T;_; X(0,2m)x T,_; (j=1,...,k) is T, —{0}, f is null on any open set that does
not contain the origin.

To see that (ii) implies (iii), let Q be a polynomial in one variable such that Q(0) =0,
Q(1)=1 and

QW0)=Q®(1)=0 (v=1,...,2p+k+3).
For every § >0, define

o if |t<s,
V(=4 Q@7 . (|t|-8) if =|=25,
1 if 28<|=m

k
For every x in T, let Hy(x) =[] (1— V;s(x;)).
i=1

Let ¥ c.e™ be the Fourier series for H;. Let m have s (0=s=<k-1) zero
coordinates. Then for all m,

k aT
cn=Qm)* Y 12 Y]] (I V; (x)exp(—im,x) dx)
q=1 * —Tr

x[] (J: exp(—im,x) dx),

where } is the sum over all integer sets (ry,...,r,) with 1=r,<...<r =<k, the first
*

product is taken over all m, for which u=r; for some j=g, and the second product is
taken over the remaining m,. Since any term, for which a non-zero m, appears in the
second product, vanishes, we may write

S ™ k—u T u -1
= 3§ or=([ " verreorax) ([ v ae) (T imP)
u=0 — — %0
Hence, for some constant B >0,
k—1 k k—s
2 Imlc,|<BY ( )(k—s)2p<2|n|—2> .
{m|#0 s=0 ‘S nt0

Therefore, H; is in Ay
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Now, let
k
g(x) =[] (1-exp(=ix.))*,
r=1
where v(1), ..., v(k) are non-negative integers whose sum is greater than 2p +2q, where

2q is the smallest even integer not less than (k+2)/2. Here g(1—Hg) has support in
T, —{0}. Let {b3} be the sequence of Fourier coefficients of gH;. Then

I (1~ Hy)lhy =maxflogl, X imP> 05 .

Since g(x)Hs(x) converges pointwise to zero and on T, is uniformly bounded by

k
2“(max |1- Q(t)l) , we have that b5 — 0 as § > 0.

O=se=1

By the Cauchy-Schwarz inequality,

Z' [mPP b= <Z'lm|_4q>l/2<z, 1632 |m|4,,+4q>1/2
But
Timia=k+ L (T jmi)=k+ T 0G
=2 N—1<|m|s=j i=2

Further,
T (e 2 507 = 2| |80 (o), (o @

The Laplacian of order p+gq in (7) is a finite linear combination of terms of the form

[T D01 exp(oi )*™(1 - Vix,), ®

r=1

where u(1)+...+u(k)=p+4q. Ignore for a moment the index r. Let L+M =2u; the
derivative of order L of (1— V;(x)) vanishes if x>28 and is O(87%) if x=28. The
derivative of order M of (1—exp(—ix))® is O(x') where j=max(0, v —M). Each factor in
(8) is, therefore, O(8") where h=j— L =v-2u. Since

k
2 (0(n)=2u(r)>0,
r=1
the integral in (7) is O(1) as § — 0. Hence, g(1— H;) converges to g in the || - ||, norm.
Hence, by (1), for every n in Zy, Y fu.g_m =0, where g, is the mth Fourier
coefficient of g and is equal to (—1)"™! (2), where (2) is the product of the binomial

coefficients (°%) (r=1,..., k) provided 0=-m, <u(r) for each r, and g, =0 otherwise.

Therefore, for every n in Z,
Z fn+m(_l)"mu( U>=0.
m

O0=m,=<uv(r)
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That is, the application of any finite difference operator of total order greater than 2p +2q
annihilates f. Thus, f is given by a polynomial.

3. Statements (B) and (C). For k=2, we consider the formal expression:
F(x)=folx, +. ..+ %)% 2a(p, k) + (1P Y., [m| 2™, 9)

where a(p, k) =((2p +2)!k®*")~'. We can consider F in a distribution sense; that is, for
any c(x)=Y c,e™ that is €~ on T,

F(c)= (271-)"‘[r a(p, k)fo(x1+. ..+ x)*"%c(x) dx

1P T o I,

THEOREM 4. Let f be in K. If f is null on an open set E in T,, then the distribution
APF | E is defined by a harmonic function. Further, if the series in (9) is the Fourier series for
an L, function, F*, then f is null on any open set on which F has a vanishing Laplacian of
order p+1.

Proof. Let f be null on E, ¢ be in €°(E) and F* be the distribution defined by the
series in (9). Then
APF(Ac) = AP(F — F*)(Ac) + AP F*(Ac)
=AP"{F—F*(c)+ F*(A""¢)
= foCot 2. fuCm =0.

By [4, p. 3], A°F | E is defined by a harmonic function.

Let F* be in L, and suppose A’*'F(x)=0 for every x in E. Let g be in A, (E). By
considering partitions of unity whose supports are open balls covering the support of g, we
may restrict our attention to g having support in an open ball, B(t, r), of radius r and
center t which we may take as the origin. Then g(x) = g(—x) also has support in B(0, r).

Let

H(x)= (2*:1')"“[r F*(x—u)g(u) du.

Since Y. f,.g-.. converges absolutely,

K
L fugom =A""TH(0).
m=1
But
AP+1H(0) = —(211)—kL a(p, k)foé(u)ApH(m 4.+ uk)2p+2 du
o,n)
= —fo8go-
Hence, (f, g)=0.
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Let G(x) be the Green’s function on T, ; that is, G(x) is the L, function whose Fourier
series is Y’ |m|"2e™ [9].

CoRrOLLARY. Let f be Ky, and F be given by (9). Let x, be in T, and E be an open
neighborhood of xo. If f is null on E —{x,}, then there exists a number z such that

F(xX)—z(x,+...+x)*/(2k)— z2G(x — x)

is harmonic on E.

Proof. We need only show that for some number z the multisequence {f,, —
z(exp(imx,))} is null on E. Let us assume x,= 0. In the terminology of [6], Ko is L.(Zy);
and, by identifying a function with the sequence of its Fourier coefficients, we may equate
Ao with L,(Z,).

Let I be the closed ideal in L,(Z,) consisting of all g such that f*g =0; the zero-set,
Z(I), is contained in E°—{0}. Let E’' be any open neighborhood of 0 whose closure is
contained in E. Let g and h be in Ay, (E") with g(0) = h(0)= 1. By [6, 7.2.4], we have that
h—g is in I Therefore, {f, h—g)=0. Hence, choose any g in Ay (E’) with g(0)=1 and
define z =(f, g). The multisequence {f,, — z} is null on E’ and on E —{0} and, hence, on E
their union.

4. Diagonal Subsets of T,. Given k=2 and d=(d,,...,d,) a k-tuple of unit
integers, d; = 1, define, for any EC T, _,,

E(d) ={x in Tk :(dlxl _dkxk, ey dk_lxk_l —‘dkxk) is in E}

We may picture in T, a subset of T, projected diagonally. We note that a necessary and
sufficient condition that a subset S of T, be E(d) for some E < T, _, is that, for every ¢ in
T,, S+td=S. ,

Let Y g,.(meZ,) be an absolutely convergent series and let g(x) =Y g.e™ (x in T,).
For any integer h, define the sequence {gh} (n€Z,_,) by

g'.t, ..... neey = Bding,... . de iy, di(h—s(n)) (10)
where s(n)=n,+...+n_,. Also define for all y in T,_,, the function g,(y)=
)} g:ei"y(" €Zy_y).

LEMMA 1. Let S be an open subset of T, such that S=E(d) for some E< T,_, and
some k-tuple d of unit integers. A necessary and sufficient condition for the function g, given
above, to vanish at every point not in S is that, for every integer h, g,(y) =0 for every y not in
E. If g has support in S, each g, has support in E. If there exists a compact subset K< E
such that, for every h, g, has support in K, then the support of g is in S.

Proof. If y is not in E, then, for every t in T},
x=(d(y1+1), ..., di_y(Ye_y 1), dit) (11)
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is not in S, and, hence, g(x)=0. But if x is in the form (11),

S

g(x)= 2 g (y)e™;

h=—

hence, by Riemann’s theorem, g,(y)=0 for all h.

Conversely, since every x not in S is representable in the form (11) for some ¢t in T,
and y not in E, if g,(y)=0 for every y not in E, g(x)=0 for every x not in S. The
remaining statements of the lemma follow immediately.

Let f be in K, and, for every integer h define the sequence f* ={f} (n€Z,_,) as in
(10). For convenience, let us consider the (k—1)-tuple, n, as a lattice point on the
hyperplane

dixi+...+dx.=h

and the norm, |n|, as the distance from n to the point
(d Wk, dh/k, . . ., dik/k).
Hence
Ifal In]720 =|f,.| (Im| = h?/k?) ™ =|f,.| Im|7>* O(1),

where m and n are related by (10). Thus, if f is in K, f* is in K, ,_, for every h. Further,
if the sequence {|f%| (|n|*+ h?)?} is uniformly bounded with respect to h, then f is in K.

THEOREM 5. Let S be an open subset of T, such that S = E(d) for some open set E in
Tyv_, and for some k-tuple d of unit integers. Let f be in K,,, and f" be as defined above. A
necessary and sufficient condition that f be null on S is that f* is null on E for all integers h.

Proof. Suppose f is null on S. Let h’ be an integer and
a(y)=2 g™ (neZi_,yeTi )

be in A,,_;(E). For every m in Z,, define g, =q4,n,... d_,n._, if m.d=-h"and g, =0
otherwise. Let us define gh (neZ,_,, heZ) by (10). Then gh=0 if h# h’ and gh' =q,.
Thus g.(y)=q(y) and g.,(y)=0 if h# h'. The support of each g, is contained in the
support of q; therefore, by Lemma 1, the support of g is in S. Further,

2 1m[* |g..| = O(n*)\a.};
thus g is in A, (S) and (f, g)=0. But
(f, )= Lfha_,=(f*,a).

Thus, f* is null on E.
Conversely, if f* is null on E for all h and g is in A,.(S), then

(f, g)= i Y fhgh= i (f", 8-n)-

h=—w Z;_, =—%

By Lemma 1, g_,, is in A,;_,(E); thus {f, g)=0.
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CoRroOLLARY. Let f be in K. A necessary and sufficient condition that f be null on any
open subset of Ty that does not include the line L given by d\x, =d,x,=...=dyx,, d; = %1,
1=j=k, is that for every integer h the sequence {f%} (n€Z,_,) formed from f as in (10),
satisfy statements (i), (ii) and (iii) of Theorem 3 with k replaced by k—1. If k=2 and I is
an open interval in T, containing the origin, then a necessary and sufficient condition that f
be null on I((d,, d,))— L is that, for every integer h, there exists a one-variable function that
is analytic on I except for a pole of order at most 2p +1 at the origin and representable in the
upper and lower half planes respectively by

Z fam,az(h—n)ei"Z and - Zfdm,dz(h—n)einz- (12)
. n=0 n<0
Proof. By Theorem 5, if f is null of T, — L, statement (ii) of Theorem 3 follows.
By Theorem 5, f is null on I((d,, d,))— L if and only if f* is null on I—{0} for every
h; but, in the one-variable case, this is equivalent to the functions in (12) being analytic
continuations of each other across the components of I—{0}, which, for each h, is
equivalent, by the theorem of S. M. Shah [7], to the existence of a pole of order at most
2p+1 at the origin.
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