
Instability, Chaos and Predictability Copyright © 1992 by Nova Science Publishers, Inc. 
in Celestial Mechanics and All rights of reproduction in any form reserved. 
Stellar Dynamics ISBN 1-56072-054-9 

FORMATION OF LARGE SACLE STRUCTURES IN THE 
UNIVERSE BY INVERSE CASCADE: COSMOSYNERGETICS 

V. Krishan and C. Sivaram 
Indian Institute of Astrophysics, Bangalore - 560034, India 

ABSTRACT 

I t i s sugges t ed t h a t i n v e r s e c a s c a d e t h a t may occur in 
t h e t u r b u l e n t cosmic medium can r e s u l t i n t h e fo rma t ion of 
v e r y l a r g e s c a l e s t r u c t u r e s i n t h e u n i v e r s e , u p t o t h e l a r g e s t 
s c a l e s l i k e t h e Grea t Wal l . Again c l u s t e r i n g of g a l a x i e s on 
a l l s c a l e s i s i n t e r p r e t e d t o be due t o t h e s e s e l f - o r g a n i s a t i o n 
p r o c e s s e s o c c u r r i n g i n a t u r b u l e n t medium, t h e l a r g e s t s t r u c 
t u r e s be ing a n i s o t r o p i c and n e a r l y two d i m e n s i o n a l , t h e smal 
l e r s t r u c t u r e s r ema in ing i s o t r o p i c . The obse rved f r a c t a l d i s 
t r i b u t i o n of g a l a x i e s i s a l s o i n t e r p r e t e d on t h i s b a s i s . The 
d i r e c t p r o p o r t i o n a l i t y between t h e f low v e l o c i t y and t h e l i n 
ea r d imens ion of t h e s t r u c t u r e may show a way ou t of t h e d i l 
emma of m i s s i n g m a t t e r . 

INTRODUCTION 

The o r i g i n of t h e obse rved h i e r a r c h y of l a r g e s c a l e c o s 
mic s t r u c t u r e s c o n t i n u e s t o be a c h a l l e n g i n g problem in c o n 
v e n t i o n a l cosmology. The obse rved d i s t r i b u t i o n of g a l a x i e s 
i n t o v e r y o r d e r e d l a r g e s c a l e f o r m a t i o n s s t r o n g l y s u g g e s t s 
t h e e x i s t e n c e of wel l d e f i n e d p h y s i c a l p r o c e s s e d g i v i n g r i s e 
t o s e l f o r g a n i s e d s t r u c t u r e s . A r e c e n t survey by G e l l e r and 
Huchra of t h o u s a n d s of g a l a x i e s i n a r e l a t i v e l y nar row s t r i p 
of space shows t h a t g a l a x i e s f o l l o w i n t r i c a t e ne tworks of 
a r c s and segments w i th huge rounded c e l l s . The c o n v e n t i o n a l 
s c e n a r i o s i n which s c a l e i n v a r i a n t d e n s i t y f l u c t u a t i o n s grew 
in s c a l e and a m p l i t u d e wi th t h e expans ion of t h e u n i v e r s e c a n 
not form such l a r g e s t r u c t u r e s on a Hubble t ime s c a l e . The 
p e c u l i a r v e l o c i t i e s of many g a l a x i e s i n d i c a t e t h a t t h e y a r e 
being drawn t o w a r d s enormous c o n c e n t r a t i o n s of m a t t e r w i t h 
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masses ^ 1 0 1 7 M . As shown by ( B u r s t e i n e t a l . , 1 9 8 6 ) g a l a x 
i e s between t h e l o c a l s u p e r c l u s t e r and t h e Hydra C e n t a u r u s 
s u p e r c l u s t e r s h a r e same d i r e c t i o n of mot ion showing p e c u l i a r 
v e l o c i t i e s of s e v e r a l hundred k i l o m e t r e s pe r second, r e v e a l 
ing p r e s e n c e of enormously m a s s i v e s t r u c t u r e s ^ 10 MQ pow
e r f u l enough t o draw s e v e r a l c l u s t e r s t owards i t . More r e c e 
n t l y t h e Great Wall of g a l a x i e s Hichra and G e l l e r (1989) has 
been i d e n t i f i e d over s c a l e s ^ 100 Mpc! 

Genera l o b s e r v a t i o n a l i n d i c a t i o n s a r e t h a t t h e sma l l e r 
s c a l e s t r u c t u r e s l i k e t h e g l o b u l a r c l u s t e r s ( c o n t a i n i n g t h e 
o l d e s t s t e l l a r p o p u l a t i o n s ) formed f i r s t . Recent o b s e r v a t i 
o n s show t h a t g a l a x i e s a l r e a d y e x i s t e d a t r e d s h i f t s near 
Z = 4 t h u s g i v i n g r i s e t o t h e problem of how t h e sma l l e r 
s c a l e s t r u c t u r e s i n t e r a c t e d l e a d i n g t o t h e fo rma t ion of l a r 
ge s t r u c t u r e s such a s c l u s t e r s and super c l u s t e r s of g a l a x 
i e s . In t h e c o n v e n t i o n a l warm o r hot d a r k m a t t e r s c e n a r i o 
( a s a l s o in t h e Ze ldov ich t y p e pancake f r a g m e n t a t i o n ) i t a p 
p e a r s t h a t t h e l a r g e s t s c a l e s t r u c t u r e s formed f i r s t . Then 
one i s faced w i t h t h e problem of a c c o u n t i n g fo r sma l l e r s c a 
l e s t r u c t u r e s even a t Z = 4 . The c o l d d a r k m a t t e r s c e n a r i o 
has had some measure of s u c c e s s in forming t h e sma l l e r s t r u 
c t u r e s f i r s t but i t s e s s e n t i a l i n g r e d i e n t i s a p a r t i c l e ( i . 
e . t h e a x i o n ) ev idence fo r which i s becoming more and more 
meagre . The r e j u v e n a t i o n of cosmic t u r b u l e n c e i n ga l axy f o r 
mat ion t h r o u g h energy c a s c a d i n g from l a r g e r t o sma l l e r s c a 
l e s has been due t o Ozerno i and coworke r s ( 1 9 6 8 , 1 9 7 1 , 1 9 7 2 ) . 
Cascading o c c u r s for s c a l e s fo r which t h e hydrodynamic i n t 
e r a c t i o n t ime i s sma l l e r t h a n cosmic expans ion t i m e . For an 
expanding f l u i d w i t h expans ion r a t e g i v e n by t h e Friedmann 
e q u a t i o n t h e minimum s c a l e ove r which d i s s i p a t i o n can occur 
£ . *> (Vt )a , o b t a i n e d by e q u a t i n g t i m e s c a l e s fo r d i s s i p a 
t i o n (V) and expans ion whi l e t h e maximum l e n g t h s c a l e i s 
g iven by maximum v e l o c i t y of l a r g e s t eddy, i . e . J l ^ V t ; 

iTicLX nlcLX 

V << V„, V i s t h e son ic speed . As a consequence of l a r g e 
max s ' s r ^ B 

Reynolds number and s h o r t hydrodynamic t i m e s , m o t i o n s on c o -
moving s c a l e s i n v o l v i n g H . < I < i should r a p i d l y a c q -

mm max 
u i r e t h e Kblmogorov spectrum c h a r a c t e r i s t i c of o r d i n a r y t u r 
bu lence i n an i n c o m p r e s s i b l e v i s c o u s f l u i d . In an i s o l a t e d 
t u r b u l e n t medium, decay of l a r g e e d d i e s i n t o sma l l e r e d d i e s 
i s a common o c c u r r e n c e . The c o n v e r s e , i . e . small e d d i e s c o a 
l e s c i n g i n t o l a r g e o n e s can happen i n an e n e r g e t i c a l l y open 
system, i . e . so c a l l e d i n v e r s e c a s c a d i n g where t h e p h y s i c a l 
mechanism may be f u s i o n of s m a l l - s c a l e v o r t i c e s i n t o l a r g e r -
s c a l e c o h e r e n t s t r u c t u r e s , i . e . c l u s t e r - v o r t i c e s . The c l u s 
t e r - v o r t i c e s may be formed by an a g g r e g a t i o n of " e l e m e n t a r y " 
v o r t i c e s ( i . e . v o r t i c e s w i t h no c l u s t e r s t r u c t u r e ) t o t h e 
c l u s t e r . C l u s t e r s of sma l l e r s i z e s can in t u r n form t h r o u g h 
t h e a g g r e g a t i o n of even sma l l e r c l u s t e r s . Such v o r t e x c l u s 
t e r s have been r e p e a t e d l y obse rved in n a t u r a l and numer ica l 
e x p e r i m e n t s . So he re we sugges t a d e f i n i t e p h y s i c a l mechan
ism for t h e l a r g e s c a l e s t r u c t u r e f o r m a t i o n based on i n v e r s e 
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cascading which q u i t e na tu ra l l y y ie lds a bottom-up self s imi
l a r h ie ra rch ica l s t r u c t u r e . In t h i s p i c t u r e , l a rge h e l i c i t y 
f l u c t u a t i o n s present in a turbulent medium play an important 
r o l e in inverse cascading process . The h e l i c i t y i s defined a s 

- » • - > • - » -

Y = V.(V x V ) . For a 3-D hydrodynamic system in add i t ion to 
t o t a l energy, the re i s another invar ian t I which i s defined a s 
I = C / [ E ( K ) ] 2 d K f o r a quasi-normal d i s t r i b u t i o n of h e l i c i t -
i e s . Using Kblmogorovic arguments, one f inds E(K)ocK""5/3 and 
ExL2/3 from energy invariance and from I invar iance, E(K) K-1 

and Ea log K(t) /£ where L ( t ) i s the l a r g e s t l eng th scale ex
c i t ed a t time t . Lfevich and Tzvetkov (1985), Krishan (198 0a, b), 
frishan and Mogilevskii (1990) and B-uckner et a l . (1989). 
Analogous to 2-D case (Sisegawa 1985) one expects tha t in 3-D 
the invar iant ' I1 would cascade to/wards l a r g e spa t ia l sca les 
and energy towards small spa t i a l s c a l e s . The cascading of * I1 

towards l a r g e spa t i a l sca les e s s e n t i a l l y enhances the c o r r e 
l a t i o n l eng th of h e l i c i t y f l u c t u a t i o n s . We propose tha t t h i s 
regime of turbulence favours formation of galaxy c l u s t e r s a t 
smaller s c a l e s . We can ask if t he re i s an upper l i m i t to the 
s ize of these three-dimensional i so t rop ic galaxy c l u s t e r s ( t h e 
lower l i m i t being determined by d i s s i p a t i o n ) . A turbulent med
ium i s r e s t r i c t e d in the v e r t i c a l d i r e c t i o n by g r a v i t y . The 
l a r g e s t dimension of f u l l y 3-D s t r u c t u r e s i s given by the r a 
t i o I/Ez = ,L = L where L i s t h e , c h a r a c t e r i s t i c v e r t i c a l sca
l e . Here we ident i fy i t with the s ize ofi c l u s t e r s of ga lax ies 
= 0.3 Mpc. When the c o r r e l a t i o n l eng th of h e l i c i t y f luctuat i 
o n s reaches the l i m i t Lz, i t can only grow in the horizontal 
plane, so tha t the system becomes more and more a n i s o t r o p i c . 
Thus the v e r t i c a l component Vz becomes independent of (x ,y , z ) 
and the horizontal components Vx,Vy independent of Z, the in 
v a r i a n t I becomes IaV* = KE(r)aL2/^, or I(k>xk~5/3 where L i s 
the l a r g e s t l eng th sca le in the horizontal p l a n e . Thus I(K) 
spectrum co inc ides with energy spectrum of 2-D turbulence 
corresponding to inverse cascade . One expects an increasing 
f r ac t i on of energy to be t r ans fe r red to l a rge spa t ia l sca les 
as anisot ropy increases and we consider t h i s par t of the 
turbulence spectrum conducive to formation of super c l u s 
t e r s appearing predominantly on l a r g e horizontal sca les 
with above energy spectrum. The intermediate region where 
the 3-D system i s developing anisotropy the energy spec
trum going a s E(K)aK-l, can be iden t i f i ed with the gap bet 
ween sca les of c l u s t e r s of ga l ax i e s and supe rc lu s t e r s . The 
growth of l a r g e s t r u c t u r e s in a highly an i so t rop ic turbulence 
can be in ter rupted by symmetry breaking caused by the c o r i o -
l i s force , the length scale 1̂ . where the nonlinear Navier-
Stokes term becomes comparable with the c o r i o l i s force i s 
L,2 ^ V/fi, where fi i s the angular v e l o c i t y . Given suf f ic ien t 
energy, s t r u c t u r e s of s i ze Lc must form. At these l a rge spa
t i a l s ca l e s , the system s imulates 2-D turbulence which conser
ves entrophy and energy. The enstrophy then cascades towards 
small s c a l e s with a power law spectrum given by E(K)aK-3 and 

2 
EaL . There i s a break in the spectrum a s energy must cascade 
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to large spatial scales as L2/3 and to small scales as L2.If 
we take L , LGCG (size of giant clusters i> 100 Mpc) and a 

random velocity of superclusters i> 10 km/s one finds an an-
—18 

gular velocity ^ 3 * 10~ rad/sec. If the energy of the lar
ger structures has been inverse cascaded from smaller struc
tures, the energy density in the large scale should not ex
ceed that in the small scale. From the energy spectrum EcxL2, 
energy balance gives then: 

2/3 

*GCG 1 

E(LSCG> 

L2
 T ^SCG GCG 

LGCG - E ( L SCG ) 

2 /3 where [ ] ' i s t h e e n s t r o p h y i n j e c t i o n r a t e . 

For LGCG = 1 0 0 Mpc, E d ^ g ) ^ (104 ( k m / s ) 2 and L ^ Q ^ 3 Mpc, 

one g e t s ^ccn ~ 1 0 years. So structures of the size of a 

few hundred Mpc cannot be formed if the random velocity of a 
supercluster is less than 10^ km/s. For a supercluster 
L *> 3 Mpc and E(L-,G) = (300 km/s) , for random galactic clu
ster velocities we get T ^ 3 x 10 years. The giant clus
ters are formed in a turbulent medium being stirred by ran
dom motion of superclusters. The eddy turnover time for the 
largest structure of say 100 Mpc with the associated fluid 

4 10 
velocity of >v 10 km/s is *v< 10 yrs, which is smaller than 
the Bubble time. This is also true for smaller scales. In 
this theory, the smaller structures are more or less isotro
pic whereas the larger ones are anisotropic and become near
ly two dimensional at the largest scales forming giant sheets 
like the Great Ifell. At the largest scales, VaL. This inbuilt 
linear velocity-distance relation may account for flat rota
tion curves and velocities increasing with distance in giant 
clusters without the need to invoke unseen matter. Silk has 
shown that the effects of expansion causes l i t t l e deviation 
in turbulence from incompressible case. We can also genera
lize the above results to fractal turbulence again consider
ing an inverse cascade, i .e . clustering of vortices. These 
clusters join with one another into even larger clusters etc. 
(a hierarchical cascade). It is clear that the energy dissi
pated in a volume of characteristic size r on vortices of 
size r (roughly true for galaxies as galaxy size ^ galaxy 
separation) must be proportional to number of elementary vor
tices in the fractal cluster vortex. Denoting this by N. and 
the dissipated power by fl^l then for the isotropic case we 
can write Monin and Yaglom (1975), Bershadskii (1989): 

Vd a rd / K2 E(K)dK 
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where d i s the dimension of space in which the motion (here 
d = 3 ) . Assuming tha t t he sca le r _ 1 belongs to the Scaling 
range where EaK-01 i s s a t i s f i e d , we obta in 

K, ex r ^ " 3 

d 
For a F rac t a l c l u s t e r Snirnov (1976) 

L a tD 

d 

Thus a = D+3-d, so t h a t f o r 3 - d i m - t u r b u l e n c e a = D, i . e . 
s c a l i n g exponent in t h e s p e c t r a l l aw EaK""01 fo r 3-dim i s o t r o 
p i c t u r b u l e n c e i s equal t o t h e f r a c t a l d imens ion of t h e c l u s 
t e r v o r t e x c o r r e l a t i o n . For t h e f r a c t a l d imens ion of t h e c l u 
s t e r s formed by i n v e r s e c a s c a d e one may u s e t h e v a l u e g i v e n 
by Kblb (1984) fo r h i e r a r c h i c a l c l u s t e r i n g , T h i s a p p l i e s to 
t h e s i t u a t i o n , where bo th d i r e c t c a s c a d i n g and c l u s t e r i n g 
occur s i m u l t a n e o u s l y , i . e . D = 1 .72 , so t h a t we o b t a i n fo r 
t h r e e - d i m e n s i o n a l i s o t r o p i c t u r b u l e n c e , t h e f r a c t a l d imens ion 
of t h e c o r r e l a t i o n a s D = 1 .72 , which i s in good agreement 
w i th t h e v a l u e of ^ 1 . 8 g e n e r a l l y used e m p i r i c a l l y fo r ga laxy 
c o r r e l a t i o n . F r a c t a l d imens ion , a c c o r d i n g t o c u r r e n t e x p e r i 
ment d a t a , f o r i n v e r s e c a s c a d e ^ 1 .69 - 1.72 Yaglom ( 1 9 8 5 ) . 
For t h e s t r i c t l y Kblmogorov c a s e in s t r i c t l y t h r e e d i m e n s i o n s , 
D = 5/3 = 1 .66 ( a s a rgued above a = D in t h e E - 0 r e l a t i o n ) n o t 
f a r from t h e above v a l u e . T h i s shows t h a t Kblmogorov Sca l ing 
can be v a l i d fo r h i e r a r c h i c a l ga l axy c l u s t e r f o r m a t i o n . In 
s h o r t we have f o r t h e f i r s t t i m e t h e p i c t u r e of i n v e r s e c a s 
c a d i n g p r o c e s s ( w i t h i t s many a t t r a c t i v e f e a t u r e s ) fo r fo rma
t i o n of a whole h i e r a r c h y of l a r g e s c a l e cosmic s t r u c t u r e s . 

NOTE ON INFLATION 

In t h e above p i c t u r e we d i d not t a k e i n t o a c c o u n t , t h e 
e a r l i e s t epochs of t h e u n i v e r s e , which a c c o r d i n g t o popu l a r 
t h i n k i n g i s an e x p o n e n t i a l expans ion of t h e s c a l e f a c t o r a s 
R = RQ e x p ( H t ) . I t has been argued t h a t such an e x p o n e n t i a l 
expans ion would c o n s i d e r a b l y d i l u t e a l l i n i t i a l v o r t i c i t y and 
magne t i c f i e l d s i f a n y . For i n s t a n c e wi th f l ux c o n s e r v a t i o n 
assumed an i n i t i a l magne t i c f i e l d would be d i l u t e d by a f a c t o r 

of exp (2 Ht) ^ e f o r most i n j e c t i o n m o d e l s . Ibwever , t h i s 
need not n e c e s s a r i l y be s o . There a r e v e r y r e c e n t models where 
B d e c r e a s i n g a s 1/r^ i s a v e r t e d by b reak ing conformal i n v a r i -
ance of e l e c t r o m a g n e t i s m by c o n s i d e r i n g non-minimal g r a v i t a 
t i o n a l c o u p l i n g s of photon f i e l d t o g r a v i t y such a s RA ,RFVJV 

F e t c . These t e r m s i n f a c t r e s u l t s i n p r o d u c t i o n of l a r g e 
s c a l e m a g n e t i c f i e l d s d u r i n g inf 1 a t ion, Turner and Widrow (1988) 
a l s o De Sabbata and Sivaram (1988 ) , f o r p o s t i n f l a t i o n g e n e r a 
t i o n of m a g n e t i c f i e l d t h r o u g h v o r t i c i t y in g e n e r a l r e l a t i v i t y . 
Since m a g n e t i c f i e l d s can be coup led t o d i f f e r e n t i a l r o t a t i o n 
of i o n s and e l e c t r o n s in t h e plasma p r i o r t o r e c o m b i n a t i o n . 
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This would also generate v o r t i c i t y in addi t ion to magnetic 
f i e l d . Moreover MHD turbulence a ids inverse cascading. So 
in f l a t i ona ry expansion in the e a r l i e s t phase need not be a 
drawback to t h i s p i c t u r e which gives a sca le - inva r i an t d e s 
c r i p t i o n independent of i n f l a t i o n . Since we have only acous
t i c a l d i s s i p a t i o n of energy ( v i s c o s i t y ) , i t would not couple 
to the photons of the microwave background ( i . e . no thermal 
e f f e c t s ) . So no la rge scale d i s t o r t i o n of the microwave back
ground i s expected in t h i s process . (The amount of v o r t i c i t y 
needed on the l a r g e s t sca les i s cons i s ten t with the a n i s o t r o -
py of the microwave background (s ince we a re Just t r a n s l a t i n g 
la rge sca le pecu l ia r v e l o c i t i e s with tu rbulen t v e l o c i t i e s ) . 
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