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S m a l l a n g u l a r s c a l e f l u c t u a t i o n s i n t h e t e m p e r a t u r e o f t h e r e l i c t 
r a d i a t i o n may p r o v i d e c r u c i a l i n f o r m a t i o n r e g a r d i n g t h e e v o l u t i o n o f 
l a r g e s c a l e s t r u c t u r e i n t h e u n i v e r s e . Some a s p e c t s o f t h e i n t e r f a c e 
b e t w e e n t h e o r y and o b s e r v a t i o n i n t h i s d e v e l o p i n g s t u d y a r e c o n s i d e r e d . 

I . I n t r o d u c t i o n 

A c e n t r a l , u n r e s o l v e d i s s u e i n modern c o s m o l o g y i s how t o u n d e r s t a n d 
t h e l a r g e s c a l e s t r u c t u r i n g p r o c e s s w h i c h h a s t r a n s f o r m e d a r e l a t i v e l y 
h o m o g e n e o u s e a r l y u n i v e r s e ( o n s c a l e s o f g a l a x i e s , c l u s t e r s , and s u p e r -
c l u s t e r s ) i n t o t h e h i g h l y i n h o m o g e n e o u s w o r l d o f t h e c u r r e n t e p o c h . 
A l t h o u g h s e v e r a l a l t e r n a t i v e s h a v e b e e n p u r s u e d ( s e e f o r e x a m p l e O z e r n o i 
1 9 7 4 , P r e s s and S c h e c h t e r 1 9 7 4 ) , t h e c l a s s i c a l g r a v i t a t i o n a l i n s t a b i l i t y 
p i c t u r e w h o s e l i n e a r i z e d t h e o r y was f i r s t d i s c u s s e d by L i f s c h i t z ( 1 9 4 6 ) 
i s g e n e r a l l y r e g a r d e d a s t h e m o s t a p p e a l i n g f r a m e w o r k f o r t h e d i s c u s s i o n 
o f s u c h a p r o c e s s ( c f . W e i n b e r g 1 9 7 2 ) . 

T h i s p i c t u r e p r o v i d e s f o r t h e g r o w t h o f s t r u c t u r e f r o m i n c i p i e n t 
d e n s i t y p e r t u r b a t i o n s i n t h e e a r l y u n i v e r s e ( b u t d o e s n o t a d d r e s s t h e 
q u e s t i o n o f t h e i r o r i g i n ) . More s p e c i f i c a l l y , w i t h i n t h e c o n t e x t o f 
t h e S t a n d a r d B i g Bang c o s m o l o g y , t h e g r o w t h o f t h e s e " s e e d " p e r t u r b a t i o n s 
i s r e s t r i c t e d i n t i m e t o t h e e r a f o l l o w i n g h y d r o g e n r e c o m b i n a t i o n , and 
i n i t i a l l y ( i . e . i n t h e l i n e a r r e g i m e ) g r o w t h p r o c e e d s o n l y a s a power 
l a w i n t i m e , and n o t e x p o n e n t i a l l y . S u c h p a i n f u l l y s l o w d e v e l o p m e n t m i g h t 
b e v i e w e d a s a d i f f i c u l t y i n u s i n g t h i s p r o c e s s t o e x p l a i n t h e s t r i k i n g 
d e n s i t y c o n t r a s t c u r r e n t l y f o u n d on l a r g e s c a l e s . 

B u t I p r e f e r t o a r g u e t h e c o n v e r s e . B a s e d o n a F r i e d m a n n c o s m o l o g y 
( s p e c i f i e d by H q and ftQ) t h e l o c a l l y o b s e r v e d d i s t r i b u t i o n o f m a t t e r 
( z < 1 ) i m p l i e s a d i s t i n c t e v o l u t i o n a r y h i s t o r y o f s t r u c t u r e , and i n 
p a r t i c u l a r s p e c i f i e s t h e a m p l i t u d e o f d e n s i t y p e r t u r b a t i o n s w h i c h m u s t 
h a v e b e e n p r e s e n t a t t h e t i m e o f r e c o m b i n a t i o n . The e l e m e n t s o f t h i s 
a r g u m e n t may b e s u m m a r i z e d a s f o l l o w s : 
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(1) From s t u d i e s o f t h e s p a t i a l c o r r e l a t i o n s o f g a l a x i e s , 
( e . g . D a v i s e t a l . 1977) o n e f i n d s t h a t d e n s i t y _ ^ 
p e r t u r b a t i o n s w i t h m a s s e s l a r g e r t h a n 3 x 10"^ ttQh 
a r e j u s t now e n t e r i n g t h e n o n - l i n e a r r e g i m e , 
( 6 p / p ) z = 0 K 1 -

(2) D e n s i t y p e r t u r b a t i o n s a r e f r e e t o g r o w f r o m t h e t i m e t h e 
J e a n s m a s s f a l l s b e l o w t h e p e r t u r b a t i o n m a s s . T h i s 
t r a n s i t i o n t a k e s p l a c e d u r i n g r e c o m b i n a t i o n a s a c o n 
s e q u e n c e o f t h e d e c o u p l i n g o f m a t t e r a n d r a d i a t i o n . 

(3) I n an o p e n u n i v e r s e (ti < 1), g r o w t h i n t h e l i n e a r 
r e g i m e c o n t i n u e s a s 6p/p « ( l + z ) ~ * u n t i l t h e u n i v e r s e 
a p p r o a c h e s " f r e e " e x p a n s i o n ; t h a t i s , u n t i l ft(z) 
b e g i n s t o d e p a r t f r o m u n i t y , w h i c h o c c u r s n o m i n a l l y 
a t 1 + zr * Qr\ Growth i s t h e r e b y l i m i t e d t o t h e i n t e r v a l 
z * < z < V e c o m b i n a t i o n ) ' a n d t h e r e s u l t i n g growth 
f a c t o r ( l + z r ) / ( l + Z f ) r a n g e s f r o m 10 t o 10 f o r 
0.1 < QQ < 1.0. T h u s , f o r t h o s e m a s s s c a l e s j u s t now 
a p p r o a c h i n g n o n - l i n e a r c o n d e n s a t i o n , t h e f r a c t i o n a l 
d e n s i t y f l u c t u a t i o n b a c k a t z r m u s t h a v e b e e n i n t h e 
r a n g e 10"^ t o 10~3, d e p e n d i n g o n ftQ. 

(4) B e c a u s e o f t h e t i g h t c o u p l i n g b e t w e e n m a t t e r and r a d i a t i o n 
up t o r e c o m b i n a t i o n , d e n s i t y p e r t u r b a t i o n s o f t h i s a m p l i t u d e 
and a n g u l a r s c a l e (°» m i n u t e s o f a r c ) m i g h t p r o d u c e obser
vable f i n e s c a l e t e m p e r a t u r e a n i s o t r o p y i n t h e c o s m i c 
m i c r o w a v e b a c k g r o u n d r a d i a t i o n . 

C o n s e q u e n t l y , a n a t u r a l b y - p r o d u c t o f t h i s e v o l u t i o n a r y s c e n a r i o i s 
a " f o s s i l r e c o r d " o f t h e t e x t u r e o f t h e e a r l y u n i v e r s e w h i c h may b e 
a v a i l a b l e t o u s f o r d i r e c t i n s p e c t i o n . S u c h a r e c o r d w a s n e c e s s a r i l y 
i m p r i n t e d o n t h e r a d i a t i o n f i e l d a s t h e u n i v e r s e b e c a m e t r a n s p a r e n t 
( i n t h e last-scattering p r o c e s s ) . S o , by d e f i n i t i o n , t h e f r a c t i o n a l 
a n i s o t r o p i e s , S T / T , p r o d u c e d i n t h i s manner a r e t h e s i g n a t u r e s o f t h e 
m o s t d i s t a n t , h i g h e s t r e d s h i f t o b j e c t s o b s e r v a b l e ; h e n c e t h e a p p a r e n t 
h y p e r b o l e e x p r e s s e d i n t h e t i t l e o f t h i s c o n t r i b u t i o n . 

I f we c o u l d u n d e r s t a n d i n d e t a i l t h e c o u p l i n g b e t w e e n 5p a n d 6T, 
t h i s s e r i e s o f f o u r c o n c e p t s i n t h e e v o l u t i o n a r y s c e n a r i o t a k e n t o g e t h e r 
w o u l d p r o v i d e a t e s t o f t h e g r a v i t a t i o n a l i n s t a b i l i t y h y p o t h e s i s t h r o u g h 
m e a s u r i n g o r e v e n t h r o u g h p l a c i n g u p p e r l i m i t s o n t e m p e r a t u r e a n i s o t r o p y 
f o r a n g u l a r s c a l e s c o r r e s p o n d i n g t o p r o g e n i t o r s o f s t r u c t u r e w h i c h c l e a r l y 
d o e s e x i s t a t t h e c u r r e n t e p o c h . The m o t i v a t i o n f o r f i n e - s c a l e a n i s o t r o p y 
o b s e r v a t i o n s i s t h e r e f o r e c l e a r . 

I I . S t a t u s o f O b s e r v a t i o n s 

W i t h o n e e x c e p t i o n , l i t t l e h a s c h a n g e d s i n c e IAU Sympos ium #79 and 
t h e r e s e e m s n o n e e d t o r e p e a t t h e summary o f o b s e r v a t i o n a l e f f o r t s I 
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p r e s e n t e d a t t h a t t i m e , e s p e c i a l l y i n v i e w o f t h e r e c e n t , c o m p r e h e n s i v e 
d i s c u s s i o n o f f i n e - s c a l e o b s e r v a t i o n s by P a r t r i d g e ( 1 9 7 9 a ) . M o r e o v e r , 
t h e a n n o u n c e m e n t by P a r t r i d g e ( 1 9 7 9 b ) o f a 95% c o n f i d e n c e u p p e r l i m i t 
o f r o u g h l y 1 0 " ^ f o r a n rms f r a c t i o n a l t e m p e r a t u r e f l u c t u a t i o n o b s e r v e d 
o n a n a n g u l a r s c a l e o f VLO a r c m i n u t e s , c o n t i n u e s a w e l l - e s t a b l i s h e d 
t r e n d : t h a t e a c h i m p r o v e m e n t i n t e c h n i q u e f a i l s t o p r o v i d e a d e t e c t i o n 
o f a n i s o t r o p y , and i n s t e a d p l a c e s s t i l l more s t r i n g e n t u p p e r l i m i t s on 
t h e a m p l i t u d e o f " p r i m o r d i a l " t e m p e r a t u r e f l u c t u a t i o n s . 

I n t h e p a s t , t h e s e d e s c e n d i n g o b s e r v a t i o n a l l i m i t s may h a v e b e e n 
p a r a l l e l e d by i n f o r m a l downward r e v i s i o n s i n t h e e x p e c t e d f l u c t u a t i o n 
a m p l i t u d e b a s e d o n g r a v i t a t i o n a l i n s t a b i l i t y t h e o r y . I n a n y c a s e , a n 
a c t u a l c o n f l i c t b e t w e e n t h e o r y and o b s e r v a t i o n on t h i s t o p i c h a s y e t 
t o o c c u r . M o t i v a t e d a t l e a s t p a r t l y by t h e r e s i l i e n t i n g e n u i t y o f 
t h e o r e t i c i a n s a s a g r o u p , H a r r y v a n d e r Laan ( 1 9 7 7 ) a s k e d p u b l i c l y a t 
T a l l i n n i f a firm l o w e r l i m i t t o e x p e c t e d t e m p e r a t u r e a n i s o t r o p y c o u l d 
b e e s t a b l i s h e d . T h e r e a r e s e v e r a l c o n s i d e r a t i o n s w h i c h c o u l d p r o v i d e 
l o w e r bound e s t i m a t e s . An e s t i m a t e o f m i n i m a l a n i s o t r o p y p r e s e n t a t 
r e c o m b i n a t i o n ( A T / T ) m i n i n t h e c o n t e x t o f g r a v i t a t i o n a l i n s t a b i l i t y 
t h e o r y c a n b e m a d e , and" o n e a p p r o a c h i s d i s c u s s e d i n t h e f o l l o w i n g 
s e c t i o n . B u t t h e r e i s n o l o w e r bound t o observable f l u c t u a t i o n s 
( A T / T ) o b g b e c a u s e o f t h e u n s e t t l e d i s s u e o f t h e h i s t o r y o f t h e o p t i c a l 
d e p t h o f t h e U n i v e r s e f o l l o w i n g i n i t i a l r e c o m b i n a t i o n . R e i o n i z a t i o n o f 
t h e i n t e r g a l a c t i c medium may h a v e o c c u r r e d d u r i n g t h e c o l l a p s e o f a n 
e a r l y g e n e r a t i o n o f h i g h d e n s i t y c o n t r a s t s y s t e m s . The c o n s e q u e n t 
i n c r e a s e i n o p t i c a l d e p t h t o Thomson s c a t t e r i n g s u b s e q u e n t t o z r c o u l d 
e r a s e a l l t r a c e s o f i n f o r m a t i o n a b o u t s t r u c t u r e p r e s e n t a t r e c o m b i n a t i o n . 
I n t h i s s i t u a t i o n , t h e l o w e r bound ( A T / T ) m - £ n p r o v i d e s a c r i t i c a l g o a l 
i n p l a n n i n g t h e s e n s i t i v i t y o f f u t u r e o b s e r v a t i o n s . We may y e t d i s c o v e r 
s m a l l a n g u l a r s c a l e t e m p e r a t u r e a n i s o t r o p i c s a t some l e v e l b e t w e e n 
( A T / T ) m i n a n d t h e c u r r e n t o b s e r v a t i o n a l u p p e r b o u n d , a n d i f s u c c e s s f u l 
we w i l l h a v e c l e a r l y l e a r n e d s o m e t h i n g . On t h e o t h e r h a n d , i f ( A T / T ) 0 ^ S 

i s f o r c e d b e l o w ( A T / T ) m ^ n t h e s i t u a t i o n i s a m b i g u o u s ; e i t h e r t h e 
u n i v e r s e i s o p a q u e b a c k t o r e c o m b i n a t i o n , o r g r a v i t a t i o n a l i n s t a b i l i t y 
t h e o r y i s i n c o r r e c t . A s i d e f rom q u e s t i o n s o f p r a c t i c a l i t y , t h e r e s e e m s 
l i t t l e m o t i v a t i o n f o r i m p r o v i n g o b s e r v a t i o n a l s e n s i t i v i t y t o s e a r c h 
f o r f l u c t u a t i o n s b e l o w ( A T / T ) m i n . 

I I I . D e f i n i n g t h e C r i t i c a l M e a s u r e m e n t 

Van d e r L a a n ' s q u e s t i o n , r e p h r a s e d i n t h e s p i r i t o f t h a t v i e w p o i n t 
d e v e l o p e d i n t h e I n t r o d u c t i o n , b e c o m e s : w h a t i s t h e s m a l l e s t v a l u e o f 
( 6 T / T ) 2 c o n s i s t e n t w i t h t h e c u r r e n t l y p e r c e i v e d v a l u e o f ( 6 p / p ) z = Q 
o n interesting a n g u l a r s c a l e s and w h i c h a r e a l s o a c c e s s i b l e t o 
m e a s u r e m e n t ? The q u e s t i o n i t s e l f p r o v i d e s a p r e s c r i p t i o n f o r f o r m u l a 
t i n g a r e p l y : c h a r a c t e r i z e t h e c u r r e n t m a s s s p e c t r u m o f i n h o m o g e n e i t i e s , 
e x t r a p o l a t e t h a t d i s t r i b u t i o n b a c k t o t h e r e c o m b i n a t i o n e r a , d e f i n e a 
minimal c o u p l i n g t o t h e r a d i a t i o n f i e l d t h e r e b y d e t e r m i n i n g a l o w e r 
b o u n d f o r a n i s o t r o p y c o n s i s t e n t w i t h g r a v i t a t i o n a l i n s t a b i l i t y . The 
d e t a i l s o f t h i s p r o c e d u r e h a v e b e e n s p e l l e d o u t b y D a v i s and B o y n t o n 
( 1 9 7 9 ) ; a s e l e c t i v e r e v i e w o f t h a t work f o l l o w s . 
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What c o n s t i t u t e s m i n i m a l c o u p l i n g ? An a r b i t r a r y p e r t u r b a t i o n i n 
t h e p r e - r e c o m b i n a t i o n m a t t e r - r a d i a t i o n f l u i d c a n b e d e c o m p o s e d i n t o 
f a m i l i a r i s o t h e r m a l a n d a d i a b a t i c c o m p o n e n t s , o r a l t e r n a t i v e l y c o n s i d e r e d 
i n t e r m s o f m a t t e r and r a d i a t i o n p e r t u r b a t i o n s . I n t h e c a s e o f a n 
a d i a b a t i c d i s t u r b a n c e , m a t t e r and r a d i a t i o n a r e s t r o n g l y c o r r e l a t e d , 
6T /T = 1 / 3 6 p / p , p r i o r t o t h e o n s e t o f r e c o m b i n a t i o n . A l t h o u g h an 
i s o t h e r m a l d i s t u r b a n c e may b e t h o u g h t o f a s a p u r e m a t t e r p e r t u r b a t i o n 
b e f o r e p a s s i n g t h r o u g h t h e h o r i z o n , s u b s e q u e n t g r a v i t a t i o n a l c o u p l i n g 
g i v e s r i s e t o a " s p o n t a n e o u s " r a d i a t i o n c o m p o n e n t . T h e r e f o r e we h a v e 
c h o s e n t o d e f i n e minimal c o u p l i n g t h r o u g h a d i s t u r b a n c e w h i c h i s 
a r t i f i c i a l l y c o n s t r a i n e d a s a pure matter perturbation t h r o u g h o u t t h e 
r e c o m b i n a t i o n p r o c e s s . The o n l y c o u p l i n g t o t h e r a d i a t i o n f i e l d i s 
t h r o u g h Thomson s c a t t e r i n g , a n d a n i s o t r o p y i s p r o d u c e d s o l e l y t h r o u g h 
l a r g e s c a l e m a s s m o t i o n v i a t h e f a m i l i a r D o p p l e r e f f e c t , 6T /T * ( v / c ) 
coscj), w h e r e t h e s c a t t e r i n g e l e m e n t i s t r a v e l i n g a t s p e e d v a t a n 
a n g l e <|) r e l a t i v e t o t h e d i r e c t i o n t o t h e o b s e r v e r . Even t h i s m i n i m a l 
c o u p l i n g m e c h a n i s m i s f a i r l y e f f e c t i v e b e c a u s e o f t h e n e c e s s a r i l y 
s i m u l t a n e o u s r e d u c t i o n i n o p t i c a l d e p t h , T , and J e a n s m a s s b r o u g h t a b o u t 
b y r e c o m b i n a t i o n . C o n s e q u e n t l y , p h o t o n s a r e l a s t s c a t t e r e d i n m a t e r i a l 
j u s t d e v e l o p i n g a t u r b u l e n t v e l o c i t y f i e l d t h r o u g h t h e c o n d e n s a t i o n 
p r o c e s s . To c a r r y o u t o u r p r e s c r i p t i o n , t h i s v e l o c i t y f i e l d m u s t b e 
r e l a t e d t o t h e " s e e d " d e n s i t y p e r t u r b a t i o n s p e c t r u m . S u c h a r e l a t i o n 
f o l l o w s d i r e c t l y f rom m a s s c o n s e r v a t i o n , B / 3 t ( 6 p / p ) = - V * v , y i e l d i n g 
f o u r i e r a m p l i t u d e s v ^ a 6^ 1 / k . Then t h e t e m p e r a t u r e f l u c t u a t i o n i s 
g i v e n b y 

6T/T = | ( v / c ) c o s 4> e " T ( z ) ( d T / d z ) d z , ( 1 ) 

-T(Z) 
w h e r e e d x / d z d e f i n e s a s h e l l o f l a s t s c a t t e r w i t h mean r e d s h i f t 
z r * 1 1 0 0 , and w i d t h Az o f VL50 ( Z e l ' d o v i c h and S u n y a e v 1 9 7 2 ) . 

I t i s c u s t o m a r y t o e x a m i n e t h e p o w e r s p e c t r u m o f f l u c t u a t i o n s , 
and i n t h i s c a s e 

| a k | 2 = | ( 6 T / T ) k | 2 - ( | 6 k | 2 / k V k 2 C ° s 2 * °* 

w h e r e a x i s t h e c o o r d i n a t e w i d t h o f t h e l a s t s c a t t e r i n g s h e l l . T h i s 
s p e c t r a l d e n s i t y c l e a r l y e x h i b i t s t h e p r i m a r y f e a t u r e s o f t h e m i n i m a l 
c o u p l i n g p r o c e s s . F i r s t , t h e " v e l o c i t y d e r i v e d " t e m p e r a t u r e p e r t u r b a 
t i o n s e x h i b i t a c o n s i d e r a b l y s t e e p e r s p e c t r u m ( b y a f a c t o r o f k""^) 
f o r s m a l l k compared t o t h e " d e n s i t y d e r i v e d " c a s e : t h a t i s , compared 
t o t h e a d i a b a t i c r a d i a t i o n c o m p o n e n t f l u c t u a t i o n s f o r w h i c h 
| a k | 2 « | « k | 5 . 

T h i s s t e e p e n i n g i m p l i e s a c o r r e s p o n d i n g l y b r o a d e r a u t o c o v a r i a n c e 
f u n c t i o n , h e n c e a more e x t e n d e d a n g u l a r c o r r e l a t i o n f o r t h e m i n i m a l 
c o u p l i n g p e r t u r b a t i o n s . S e c o n d , t h e e x p o n e n t i a l c u t - o f f a t s m a l l s c a l e s 
a r i s e s d i r e c t l y f rom t h e f i n i t e w i d t h o f t h e l a s t s c a t t e r i n g s h e l l . 
F o r p e r t u r b a t i o n s w i t h l i n e a r s i z e s m a l l e r t h a n a x , t h e f l u c t u a t i o n 
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i s r e d u c e d by a v e r a g i n g o v e r t h e s e v e r a l s c a t t e r i n g e l e m e n t s w h i c h may 
c o n t r i b u t e a l o n g t h e s i g h t l i n e . T h i r d , n o t s o o b v i o u s i s t h e r e m a r k a 
b l e c o i n c i d e n c e t h a t t h e s m a l l e s t m a s s s c a l e w h i c h r e m a i n s u n a f f e c t e d 
b y t h i s e x p o n e n t i a l c u t - o f f i s a l s o t h e minimum m a s s w h i c h s t i l l l i e s 
i n t h e l i n e a r g r o w t h r e g i m e a t t h e p r e s e n t e p o c h ^ . T h i s f a c t e n a b l e s 
a t r i v i a l e x t r a p o l a t i o n ( b o t h n o r m a l i z a t i o n and s p e c t r a l s h a p e ) o f t h e 
c u r r e n t d e n s i t y s p e c t r u m b a c k t o z r . 

A l t h o u g h t h e p o w e r s p e c t r u m o f t e m p e r a t u r e f l u c t u a t i o n s a d e q u a t e l y 
i l l u s t r a t e s t h e s e p o i n t s , i t d o e s n o t p r o v i d e a c o n v e n i e n t i n t e r f a c e 
b e t w e e n t h e o r y and o b s e r v a t i o n . The c u s t o m a r y b e a m - s w i t c h i n g o b s e r v i n g 
t e c h n i q u e i n v o l v e s t h e m e a s u r e m e n t o f an e n s e m b l e o f temperature 
differences b e t w e e n a d j a c e n t " p a t c h e s " o f s k y . The " p a t c h " a n g u l a r s i z e 
i s d e t e r m i n e d b y t h e w i d t h o f t h e a n t e n n a beam p a t t e r n , 9 B, and t h e 
s e p a r a t i o n o f p a t c h p a i r s i s j u s t t h e a n t e n n a beam t h r o w , A9. T h e s e 
t e m p e r a t u r e d i f f e r e n c e s a r e t h e n e m p l o y e d t o c o m p u t e a m e a n - s q u a r e 
m e a s u r e o f t e m p e r a t u r e f l u c t u a t i o n . , ( A T / T ) ^ . C a l c u l a t i n g a c o m p a r a b l e 
m e a s u r e from a t h e o r e t i c a l p o w e r s p e c t r u m l^lx i n v o l v e s c o m p u t i n g 
t h e f o u r i e r t r a n s f o r m o f t h i s s i n g l e - d i f f e r e n c e s a m p l i n g f u n c t i o n 
i n c l u d i n g t h e e f f e c t s o f beam s h a p e . The s q u a r e o f t h i s t r a n s f o r m , 
| f j j , d e f i n e s a p o w e r d e n s i t y f i l t e r w h o s e p r o d u c t w i t h t h e power 
d e n s i t y s p e c t r u m , when i n t e g r a t e d , y i e l d s t h e d e s i r e d mean s q u a r e 
t e m p e r a t u r e d i f f e r e n c e : 

\ \ \ \ \ • K\2 A - <T>T e > 

An e q u i v a l e n t , y e t c o m p u t a t i o n a l l y s i m p l e r and m o r e t r a n s p a r e n t 
p r o c e d u r e f o l l o w s f r o m r e c o g n i z i n g t h e v a r i a n c e g i v e n b y t h i s e q u a t i o n 
a s a n a u t o c o v a r i a n c e C(A9) e v a l u a t e d a t z e r o l a g : 

ik-A9i |2 . i c i2 ,3, _ ~, / A n_~ x _ / r m / r T 1x2 
l \ ' T I f J d Jk = C(A9=0) = (6T / T r (3) 

By a p p l i c a t i o n o f t h e c o n v o l u t i o n t h e o r e m , t h e f o u r i e r t r a n s f o r m 
o f t h e p r o d u c t l^lx c a n ^ e e x p r e s s e d a s t h e c o n v o l u t i o n o f t h e 
c o r r e s p o n d i n g a u t o c o v a r i a n c e f u n c t i o n s : C = C T * c

s a m p i i n g 

w h e r e C T = ( e i k , 0 | a . I* d \ and C = f e i k ' 9 | f J 2 A. W T J 1 k ' T samp J 1 k 1 ' 

and <^)J = C ( 0 ) = f2ir0 C ( 6 ) • C (6)d6 ( 5 ) 
T T J samp l 

F o r t h e m i n i m a l c o u p l i n g m o d e l , we c h a r a c t e r i z e t h e d e n s i t y 
f l u c t u a t i o n p o w e r s p e c t r u m a s a p o w e r l a w 16, | ̂  = |<50P k n . The r e s u l t 
i n g t h e o r e t i c a l a u t o c o v a r i a n c e f u n c t i o n C T i s p a r a m e t r i z e d by t h i s 
p o w e r l a w i n d e x a n d QQ. A t y p i c a l e x a m p l e ( n = -0.8, QQ = 1.0) i s 
s h o w n i n f i g u r e 1. A l s o d e p i c t e d i s a n a r b i t r a r i l y s c a l e d c o v a r i a n c e 
C m(9) d e s c r i b i n g t h e m a t t e r d i s t r i b u t i o n , o r a l t e r n a t i v e l y t h e 
r a d i a t i o n c o m p o n e n t c o v a r i a n c e f o r t h e a d i a b a t i c c a s e p r i o r t o 
d e c o u p l i n g . N o t e t h e s t r i k i n g c o n t r a s t b e t w e e n C^ and C m . F o r t h e 
m i n i m a l c o u p l i n g m o d e l , we d e f i n e ( A T / T ) 2 . = ( A T / T ) 2 

m m 1 
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C o m p a r i s o n b e t w e e n t h i s o r a n y t h e o r y and a p a r t i c u l a r o b s e r v i n g 
p r o g r a m c a n b e c a r r i e d o u t a s f o l l o w s : t h e o b s e r v a t i o n p r o v i d e s a v a l u e 
o f ( A T / T ) 2 c o r r e s p o n d i n g t o a p a r t i c u l a r s a m p l i n g f u n c t i o n f ( 8 ) 
d e f i n e d b y tr ie beam s h a p e a n d s w i t c h i n g a m p l i t u d e . A o n e - d i m e n s i o n a l 
r e p r e s e n t a t i o n o f a t y p i c a l s a m p l i n g f u n c t i o n ( t h e c u s t o m a r y G a u s s i a n 
a p p r o x i m a t i o n t o an a n t e n n a r e s p o n s e f u n c t i o n ) i s shown i n f i g u r e 2 a . 
A c c o r d i n g t o e q . 5, t h e a u t o c o v a r i a n c e o f t h i s same s a m p l i n g f u n c t i o n 
( f i g . 2 b ) t i m e s 2TT0, w h e n m u l t i p l i e d ( a t z e r o l a g ) by t h e t h e o r e t i c a l 
a u t o c o v a r i a n c e o f t e m p e r a t u r e f l u c t u a t i o n s ( f i g . 2 c ) and i n t e g r a t e d o v e r 
9 y i e l d s a v a l u e ( A T / T ) ^ n e x p e c t e d f rom t h e t h e o r y w h i c h i s t h e n 

F i g u r e 2 . One d i m e n s i o n a l r e p r e s e n t a t i o n o f s a m p l i n g f u n c t i o n 
( s e e n o t e 2 ) . 

2 
d i r e c t l y c o m p a r a b l e t o ( A T / T ) 0 | , S . C o n c i s e c o m p a r i s o n b e t w e e n a n y 
t h e o r y a n d o b s e r v a t i o n i s t h e r e f o r e p o s s i b l e i f t h e t h e o r e t i c a l 
c o v a r i a n c e f u n c t i o n f o r s k y f l u c t u a t i o n s and t h e o b s e r v a t i o n a l s k y 
s a m p l i n g f u n c t i o n a r e b o t h made a v a i l a b l e . 

The i n t e g r a l i m p l i e d b y f i g u r e 2 c i s p a r t i c u l a r l y s i m p l e f o r 
0 B « A 0 and 9 B < 0 c o r r w h e r e 9 c o r r i s t h e c o r r e l a t i o n a n g l e 
c h a r a c t e r i s t i c o f 0 ^ ( 0 ) . I n t h a t c a s e , t h e s a m p l i n g h a s a 5 - f u n c t i o n 
c h a r a c t e r w h i c h y i e l d s ( A T / T ) £ i n = 2 (Cm (0) - C T ( A 0 ) ) . T h i s r e s u l t i s 
e q u i v a l e n t t o t h a t c o m p u t e d f r o m a s i m p l e t w o - p o i n t d i f f e r e n c e s p a n n i n g 
a n a n g l e A 0 , ( A T / T ) ^ n = v a r ( 6 T / T ( 0 ) - 6 T / T ( 0 + 0 A ) ) , b u t f r o m 
e l e m e n t a r y e r r o r p r o p a g a t i o n c o n s i d e r a t i o n s v a r ( 6 T / T ( 0 ) - 6 T / T ( 0 + A 0 ) ) 
= v a r ( 6 T / T ) + v a r ( 6 T / T ) - 2 c o v ( 6 T / T ( 0 ) , <5T/T(0 + A 0 ) ) = 2 C T ( 0 ) - 2 C T ( A 0 ) 
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No s u c h s i m p l e e x p r e s s i o n i s p o s s i b l e i n d e a l i n g d i r e c t l y w i t h t h e 
p o w e r s p e c t r u m r e p r e s e n t a t i o n . 

F o r t h e l a r g e B c o r r e n c o u n t e r e d i n t h e m i n i m a l c o u p l i n g c a s e , 
t y p i c a l m i l l i m e t e r w a v e beam s w i t c h i n g g e o m e t r i e s r o u g h l y s a t i s f y t h e 
p o i n t s a m p l i n g a p p r o x i m a t i o n i n t r o d u c e d a b o v e . The r e s u l t i n g ( A T / T ) m ^ 
c a l c u l a t e d f o r t h e s k y a u t o c o v a r i a n c e f u n c t i o n o f f i g u r e 1 and a l s o 
f o r f u n c t i o n s a p p r o p r i a t e t o n = 0 . 0 and + 0 . 8 a r e shown i n f i g u r e 3 
f o r ft0 = 1 . 0 . From t h i s f i g u r e , i t i s c l e a r t h a t ( A T / T ) m i n i s 
i n s e n s i t i v e ( u n f o r t u n a t e l y ) t o t h e p o w e r l a w i n d e x n ; t h e r e f o r e , 
c h o o s i n g n = 0 a s r e p r e s e n t a t i v e a l l o w s t h e d i s p l a y o f ( A T / T ) m £ n 

f o r v a r i o u s v a l u e s o f ftQ shown i n f i g u r e 4 . 

B e i n g b a s e d o n m i n i m a l c o u p l i n g , t h e s e c u r v e s p r o v i d e l o w e r l i m i t 
v a l u e s f o r ( A T / T ) Q | 5 S . I n a s e n s e n o d e f i n i t i v e m e a s u r e m e n t i s i m p l i e d 
i f QQ i s n o t p r e d e t e r m i n e d . I f u p p e r l i m i t s o n ( A T / T ) Q ^ S c o n t i n u e 
t o b e r e d u c e d , l a r g e r v a l u e s o f ftQ m u s t b e a c c e p t e d i f t h e g r a v i t a t i o n 
i n s t a b i l i t y h y p o t h e s i s i s t o b e r e t a i n e d . I n t h i s s e n s e , f r o m f i g u r e 4 , 
P a r t r i d g e ' s u p p e r l i m i t i m p l i e s QQ > 0 . 0 5 . A l t h o u g h ftQ i s s t i l l 
p o o r l y d e t e r m i n e d , c u r r e n t o b s e r v a t i o n s s u g g e s t QQ < 0 . 3 , t h u s 
( A T / T ) m i n ^ 2 x 1 0 ~ 5 m i g h t b e c o n s i d e r e d a t e n t a t i v e c r i t i c a l v a l u e i n 
d e s i g n i n g f u t u r e o b s e r v i n g p r o g r a m s and i n s t r u m e n t a t i o n . 

https://doi.org/10.1017/S0074180900068686 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900068686


300 P. E. BOYNTON 

As a l r e a d y m e n t i o n e d , i t i s a l w a y s p o s s i b l e t o r e d u c e ( A T / T ) 0 ^ g 

t o a r b i t r a r i l y l o w v a l u e s t h r o u g h p o s t u l a t i n g s u f f i c i e n t l y e a r l y 
r e i o n i z a t i o n o f t h e i n t e r g a l a c t i c medium f o l l o w i n g i n i t i a l r e c o m b i n a t i o n . 
A l t h o u g h i n f o r m a t i o n a b o u t f l u c t u a t i o n s p r e s e n t a t z r i s l o s t i n t h a t 
c a s e , t h e same p r o c e s s o f s c a t t e r i n g i n t h e p r e s e n c e o f l a r g e s c a l e 
m a s s m o t i o n p r o d u c e s t e m p e r a t u r e f l u c t u a t i o n s a t a n e p o c h f o r w h i c h t h e 
o p t i c a l d e p t h t o Thomson s c a t t e r i n g a g a i n b e c o m e s s m a l l . H o w e v e r , 
s c a t t e r i n g a t l o w e r z y i e l d s s t r u c t u r e on l a r g e r a n g u l a r s c a l e s , 
d e g r e e s r a t h e r t h a n m i n u t e s o f a r c ( D a v i s 1 9 7 9 ) . 

As e m p h a s i z e d b y R e e s ( 1 9 7 9 ) , i f s e e d p e r t u r b a t i o n s a r e p u r e l y 
a d i a b a t i c , r e i o n i z a t i o n i s l e s s l i k e l y . P e r t u r b a t i o n s o n m a s s s c a l e s 
w h i c h m i g h t c o l l a p s e and r e l e a s e g r a v i t a t i o n a l e n e r g y a t e a r l y e p o c h s 
a r e s t r o n g l y damped d u r i n g r e c o m b i n a t i o n i n t h i s c a s e . A t t h e same t i m e , 
t h e e x p e c t e d t e m p e r a t u r e f l u c t u a t i o n s a t r e c o m b i n a t i o n a r e much l a r g e r 
and c o n s e q u e n t l y e x i s t i n g u p p e r l i m i t s on ( A T / T ) 0 b s c o n s t r a i n ftQ 

t o much l a r g e r v a l u e s . R e c e n t c a l c u l a t i o n s o f ( A T / T ) ^ b y S i l k and 
W i l s o n ( 1 9 7 9 ) f o r i n i t i a l l y a d i a b a t i c p e r t u r b a t i o n s , when c o m p a r e d t o 
P a r t r i d g e ' s 95% u p p e r l i m i t , r e q u i r e ftQ > 1 t o a v o i d r e j e c t i n g t h e 
g r a v i t a t i o n a l i n s t a b i l i t y h y p o t h e s i s . G i v e n t h e c u r r e n t u n e a s i n e s s a b o u t 
s u c h l a r g e v a l u e s o f ft0, t h i s c o m p a r i s o n o f t h e o r y a n d e x p e r i m e n t 
p r o v i d e s a f a i r l y c o m p e l l i n g a r g u m e n t a g a i n s t t h e p r e s e n c e o f p u r e l y 
adiabatic d i s t u r b a n c e s i n t h e e a r l y u n i v e r s e . 

I t w o u l d b e i n t e r e s t i n g t o b e f o r c e d t o c o n t e m p l a t e o u r n o n - e x i s t e n c e 
b y o b s e r v i n g s u f f i c i e n t l y s m a l l u p p e r l i m i t s f o r t h e a m p l i t u d e o f f i n e 
s c a l e a n i s o t r o p y . B u t b e c a u s e r e i o n i z a t i o n c a n a l w a y s b e i n v o k e d t o 
e x p l a i n t h e a b s e n c e o f f l u c t u a t i o n s o b s e r v e d f r o m t h e c u r r e n t e p o c h , t h i s 
i r o n y i s e a s i l y a v o i d e d . U n t i l i t i s p o s s i b l e t o i n f e r i n d e p e n d e n t l y 
t h e z - d e p e n d e n c e o f t h e o p t i c a l d e p t h o f t h e u n i v e r s e f o r z < 1 0 0 0 
( B a s k o a n d P o l n a r e v 1 9 7 9 ) , t h e u t i l i t y o f t h e m i n i m a l c o u p l i n g l i m i t s 
p r e s e n t e d i n f i g u r e 4 i s p r i m a r i l y a s t h a t g a u g e o f e x p e r i m e n t a l e f f o r t 
r e q u e s t e d b y v a n d e r L a a n . T h a t i s , u n t i l o b s e r v a t i o n a l l i m i t s a r e 
f o r c e d b e l o w ^ 1 0 " ^ t h e r e r e m a i n s t h e p o s s i b i l i t y o f d i s c o v e r i n g t h e 
t e x t u r e o f t h e e a r l y u n i v e r s e , s t u d y i n g c o n d i t i o n s i n t h e s h e l l o f l a s t -
s c a t t e r i n g , and c o n f i r m i n g a c l e a r v i e w b a c k t o t h e i n i t i a l d e c o u p l i n g 
o f m a t t e r a n d r a d i a t i o n . H o w e v e r , i f no c o s m o l o g i c a l a n i s o t r o p y i s 
d e t e c t e d o n s m a l l s c a l e s e v e n a t t h i s l e v e l , o u r s e n s e o f horizon 
may h a v e t o s h r i n k a l i t t l e . 

FOOTNOTES 

1 . T h i s s m a l l e s t m a s s i s a l s o w e l l a b o v e t h e " S i l k d a m p i n g " m a s s , and 
t h e r e f o r e t h e " v e l o c i t y d e r i v e d " c o m p o n e n t o f t e m p e r a t u r e f l u c t u a t i o n s 
i s a l s o c o r r e c t f o r i n i t i a l l y a d i a b a t i c p e r t u r b a t i o n s . 

2 . The s i m p l e i n t e g r a l o f t h e p r o d u c t o f t h e two f u n c t i o n s s h o w n i n 
f i g u r e 2 c i s a g o o d a p p r o x i m a t i o n t o ( A T / T ) 2 f o r 9 f i < A 9 . N o t e 
i n f i g u r e 2 c t h a t t h e p o s i t i v e p o r t i o n o f t h e s a m p l i n g a u t o c o v a r i a n c e 
i s m u l t i p l i e d by 2TT9 w h e r e a s t h e n e g a t i v e p o r t i o n i s n o t , t h i s 
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c h o i c e i s a p p r o p r i a t e t o an a p p r o x i m a t e o n e - d i m e n s i o n a l r e p r e s e n t a 
t i o n o f t h e t w o - d i m e n s i o n a l c o n v o l u t i o n i m p l i c i t i n e q u a t i o n ( 5 ) . 
We s t r e s s t h i s o n e - d i m e n s i o n a l r e p r e s e n t a t i o n o n l y b e c a u s e i t 
p r o v i d e s a s i m p l e v i s u a l i z a t i o n o f t h i s l i n k a g e b e t w e e n t h e o r y a n d 
o b s e r v a t i o n . 
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302 P. E. BOYNTON 

DISCUSSION 

Turner: What influence on your calculations and conclusions would 
changes in the assumed value of the amplitude and large-

scale cut-off or break in the present-day matter covariance function 
have? Both of these quantities are significantly uncertain. 

Boynton: Uncertainty in the amplitude of the matter covariance 
function (on mass scales which would be expected to con

tribute to observable temperature fluctuations) translates directly to 
the same fractional uncertainty in the estimated mean square tempera
ture fluctuation level. However, these estimates are rather insensitive 
to the shape of the matter covariance function in the restricted sense 
that they do not depend strongly on the local power law index (cf. 
Fig. 3). 

Gaskell: Why are you choosing to constrain the adiabatic fluctua
tions rather than, say, that Q,q could be greater than 

unity? 

Boynton: Primarily because the conventional wisdom regarding the 
value of fig allows one to pose this rather interesting 

constraint. Heresy would appeal to me only if I had something new to 
bring to bear on the closure issue, and I don't. 

Birkinshaw: As a by-product of the microwave background observations 
described later in this volume, we have a limit to the 

value of AT/T on blank sky for a beam-throw of 15 arcmin; this limit is 
- 2 x 10-4. 

Rees: If there is an isothermal component to the initial inhomo
geneities, the first generation of gravitationally-bound 

systems (of masses 10? to 10^ Mg,) will condense out immediately after 
recombination. The ensuing heat input may well be sufficient to reio-
nize a fraction of the remaining diffuse matter; one only needs n e/n ~ 
10" 3 ST112 in order to smear out and delay the "last scattering epoch11 

and thereby reduce the Boynton-Davis fluctuations still further. (On 
the other hand, your exclusion of a "pure adiabatic" model for the 
fluctuations is on firmer ground, because in this model no bound systems 
form until clusters of the Silk mass turn around at z ^ 10, which is an 
epoch too recent to produce an opaque intercluster medium.) 

One further point: if there is early production of 
grains or molecules, the "last scattering" of the micro

wave background may be due not to free electrons, but to some wavelength-
dependent opacity. This means that the last scattering surface must be 
located at a wavelength-dependent redshift. There must then be no 
detailed correlations between the AT/T observed at two different wave
lengths from the same piece of sky, contrary to the expectations of the 
standard model. 
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Boynton: I certainly agree with you about the possible impact of 
reionization on this question, but the point about exclud

ing adiabatic fluctuations has been made by Silk and Wilson, not me. 
If wavelength-dependent opacity can be identified, it will make both 
the observing and interpretation tasks more difficult; but on the plus 
side, it might be exploited to provide a three-dimensional view of the 
pattern of early inhomogeneities. The angular scale of observed fluctu
ations will still be a crude index to the last-scattering epoch. 
Silk: Wilson and I have also predicted that the minimal level 

of small-scale anisotropy expected from primordial iso
thermal density fluctuations is of the order 10~5 if there is no appre
ciable rescattering after decoupling. However, I believe that rescat-
tering is probably inevitable for the following reason: in the hier
archical clustering model of galaxy and cluster formation, one begins 
with primordial isothermal fluctuations that systematically merge into 
deeper and deeper potential wells. These fluctuations must remain at 
least partly gaseous until clustering has developed. One can calculate 
the release of gravitational binding energy required in this model, and 
it must result in substantial amounts of ionizing radiation at very 
early epochs (z > 30 or more). The intervening medium will therefore 
be reionized at an early epoch if an isothermal fluctuation spectrum is 
the principal source of inhomogeneity in the early universe. 

G. Burbidge: If no fluctuations can be found we have no direct evidence 
at all that galaxies are formed at early epochs through 

gravitational instability. That is, the current view of galaxy forma
tion would be a purely theoretical concept. 

Boynton: Lamentably so, but I think, rather, that galaxy formation 
would remain a purely theoretical concept. 
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