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Active filaments, such as microtubules with attached cargo-carrying motor proteins,
are important dynamic structures for fluid transport in and around living cells. The
mathematical models of active filaments appearing in the literature typically involve
combinations of follower forces, compressive tangential forces, along the filament, and
an opposite force on the fluid that generates an effective surface flow. In this paper, we
present a comparative dynamical systems study of active filament models examining the
differences in dynamic states that occur when actuation is through follower forces alone,
or the effect of surface flows is also included. We consider cases where actuation is
applied only at the filament tip, or distributed uniformly along the filament length. By
varying actuation strength, we show that the first bifurcations that provide the transition
between the upright, whirling and beating states appear in all models. At higher values of
actuation, when beating becomes unstable, however, qualitative differences between the
models emerge. Those with distributed actuation produce a single, time-dependent state,
which for the surface flow model is reminiscent of a rotating helix that periodically changes
handedness and rotation direction. Tip actuation, however, yields complex transitions
that ultimately produce a chaotic state. We link the differences in dynamics between tip
and distributed actuation to differences in their respective internal stress distributions —
differences that appear as early as the first bifurcation, where they affect the shapes of the
unstable modes.
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1. Introduction

Living cells generate fluid motion in and around them to facilitate fundamental biological
processes such as motility, sensing and feeding. These fluid flows are essential to overcome
the limitations of molecular diffusion for mass transport, and further, they must be
effective in a reversible, viscosity-dominated environment where the effects of inertia are
negligible (Lighthill 1976; Lauga 2020). One way of creating these flows is through cargo-
carrying motor proteins that move along biological filaments — so-called active filaments
(Mallik et al. 2004; Cho & Vale 2012). Within the cell, motor proteins move along
microtubules, generating effective surface velocities by pushing the surrounding fluid as
they move. Interactions between neighbouring active filaments enable coordinated fluid
flows within the cell, which are critical, for example, to the proper development of fruit
fly eggs (Stein et al. 2021; Htet & Lauga 2023; Dutta et al. 2024), and to the control and
positioning of metaphase spindles during cell division (Wu et al. 2024; Young et al. 2025).
Active filaments also comprise the axoneme, the internal structure of cilia, where motor
proteins generate the internal shear that produces cilium beating. Cilia are responsible
for fluid motion outside cells in processes that include the locomotion of microscopic
organisms and cells (Berner 1993; Gaffney ef al. 2011), and the pumping of fluids in the
vital organs of more complex organisms (Sleigh, Blake & Liron 1988; Lyons, Saridogan
& Djahanbakhch 2006; Faubel et al. 2016).

Experiments suggest that the piconewton-scale active forces exerted by the motor
proteins are sufficient to deform the biofilament along which they move (Svoboda &
Block 1994). As a result, active filament motion arises from the fluid—structure interactions
driven by the stresses associated with motor protein activity. Since the Reynolds number
associated with filament motion is low, models for active filaments can take advantage of
theoretical and computational methods for slender, flexible bodies in Stokes flow. These
often couple either Euler—Bernoulli or Kirchhoff rod theories with hydrodynamic models
based on local resistive force theory (Gray & Hancock 1955; Lighthill 1976) and non-local
slender-body theory (Johnson 1980; Tornberg & Shelley 2004; Nazockdast et al. 2017), or
instead methods based around regularised Stokeslets, the Rotne—Prager—Yamakawa (RPY)
tensor, or immersed-boundary and force-coupling methods (Lim 2010; Olson, Lim &
Cortez 2013; Delmotte et al. 2015a; Hall-McNair et al. 2019; Jabbarzadeh & Fu 2020;
Walker, Ishimoto & Gaffney 2020; Maxian et al. 2021; Schoeller et al. 2021; Maxian
et al. 2022; Fuchter & Bloomfield-Gadélha 2023) that resolve hydrodynamic interactions
between different elements of the filament. While these approaches provide descriptions
of the passive elastic and viscous forces that are present, the active forces that represent
motor activity and drive filament motion must also be incorporated.

A first approach to incorporating motor activity is to include a compressive, tangential
load (Beck 1952; Herrmann & Bungay 1964; Langthjem & Sugiyama 2000), the so-called
follower force, to represent the forces that the motors exert on the filament. Using resistive
force theory, De Canio et al. (2017) considered a single follower force at the free end of a
filament that is clamped at its other end, and analysed its planar dynamics as the magnitude
of the follower force increases. They showed that at a critical load, the filament buckles
and undergoes a supercritical Hopf bifurcation leading to a time-periodic beating state.
Allowing for fully three-dimensional (3-D) dynamics, Ling, Guo & Kanso (2018) instead
observed a whirling state just after buckling and planar beating arises at higher values of
the follower force. They showed also how these states can change depending on where
the follower forces are placed along the filament. To better understand the differences
between the planar and fully-3-D results, Clarke, Hwang & Keaveny (2024) performed
a computational dynamical systems analysis of the tip-driven model, and found that at
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buckling, both the planar beating and whirling solutions emerge through a double Hopf
bifurcation, with whirling being stable. This scenario was later confirmed by Schnitzer
(2025), who performed a weakly nonlinear analysis around the bifurcation. Additionally,
Clarke et al. (2024) found that a stable quasi-periodic state provides the transition from
whirling to beating that occurs at higher follower forces. At even higher follower force
values, beating is found to be unstable, and various quasi-periodic and chaotic states are
observed instead (Ling et al. 2018; Krishnamurthy & Prakash 2023; Clarke et al. 2024).

In addition to follower forces acting on the filament, the motor proteins will exert the
opposite force on the fluid, resulting in entrainment, or a surface flow, in the vicinity of the
filament. The additional effect of the surface flow has been highlighted in modelling the
collective dynamics of microtubules involved in cytoplasmic streaming (Stein et al. 2021)
and is essential to the onset of large-scale flows. Despite this, less is known about single-
filament dynamics when a surface flow is included. When it has been incorporated into the
follower force model, surface flows have been shown to counter the compressive effects
of the follower force and shift buckling to higher follower force values (De Canio et al.
2017). In exploring a closely-related active colloidal filament model, where a spherical
squirmer is at the tip of an otherwise passive filament, Laskar & Adhikari (2017) found
several dynamic states, such as beating and whirling, qualitatively similar to those that
arise in the tip-driven, follower force model.

In this paper, we present a comparative dynamical systems study to identify filament
states and their bifurcations for models that include or ignore surface flows. We also
consider cases where activity is localised to the filament’s free end, or distributed along the
filament length. Our computations reveal that filament states and bifurcations in all models
are qualitatively similar at low actuation, though the inclusion of surface flows shifts
bifurcations to higher activity values, consistent with previous studies. At higher actuation,
however, we find that it is the distribution of activity that plays a key role in the transitions
and resulting states. Actuation distributed uniformly along the filament length leads to
a single, time-dependent state that remains stable even at very high values of actuation.
When activity is concentrated at the free end, however, the filament undergoes a complex
series of bifurcations culminating in chaotic behaviour. We attribute these differences in
dynamic states at high actuation to the internal stress profiles that arise in the different
models.

The paper is structured as follows. In § 2, we present the different active filament models.
In this section, we also describe the numerical methods that we use to solve the resulting
equations, as well as the computational dynamical systems tools that we employ to obtain
different states, assess their stability, and analyse quasi-periodic solutions. In § 3, we
present the main results of this study; we discuss and compare the bifurcation diagrams
and dynamic states emerging from the active filament models, dividing results between
the low and high actuation regimes. Finally, in § 4 we present the conclusions of our study.

2. Methods
2.1. Active filament models

2.1.1. Force and moment balances

We begin by presenting the modelling framework that we use to describe filament
dynamics when driven by either follower forces or surface flows. In the follower force
model, the filament is subject to a distribution of compressive tangential forces, and
entrainment is ignored. Our implementation follows directly from Schoeller et al. (2021)
and Clarke er al. (2024), where only a tip-driven follower force was considered. In
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Figure 1. (a) An illustration of an active filament with cross-sectional radius a. The filament is clamped at its
base in an unbounded domain and has a free end. Here, €, é; and é3 are the unit vectors in the x-, y- and
z-directions. (b,c,d,e) Diagrams describing the actuation models that we consider: (b) tip-driven follower force,
(c) distributed follower force, (d) tip-driven surface flow, and (e) distributed surface flow. In the follower force
models, tangential forces are applied to the filament (black arrows). For the surface flow models, tangential
filament velocities and associated surface flows (blue arrows) are specified.

the surface flow model, the effects of both compressive forces and entrainment are
incorporated by introducing an effective surface flow based on the squirmer model
(Lighthill 1952; Blake 1971), similar to the model considered by Laskar & Adhikari
(2017).

For both the follower force and surface flow models, we consider an inextensible
filament whose base is held fixed at the origin and aligned with e3, as illustrated in
figure 1. The basis vectors €1, €, e3 provide the x-, y- and z-directions, respectively,
in the lab frame. The filament has length L and cross-sectional radius a, and bending and
twisting rigidities Kp and K7, respectively. In this work, we take K7 = K. Based on
previous results for the tip-driven follower force model (Clarke et al. 2024), we anticipate
the dynamics and bifurcations for this particular value to be representative of those for
K7/Kp > 1. This corresponds to a large portion of the biologically relevant range, as we
discuss in Appendix A. The filament is submerged in an unbounded fluid of viscosity
n. The filament’s centreline position is denoted by Y (s, ¢), where s € [0, L] is the arc
length, and ¢ € [0, 0o) is time. We describe filament deformation using a local orthonormal
basis {f(s, 1), i(s, 1), v(s, t)} at each material point along the centreline. Here, fi(s, t)
and v(s, 7) span the filament cross-section at s, while i(s, t) is constrained to be the unit
tangent vector through

2.1

In the over-damped limit where inertia is negligible, the equations of motion are
provided by the force and moment balances:

A
a + f H + f A = 07
2.2)
oM
—4ix A+t =0,
as
where f and 7 denote force and torque (per unit length) acting on the filament, and

superscripts () and (-)4 indicate the hydrodynamic and active contributions. The
internal force and internal moment on the filament cross-section are denoted by A(s, 1)
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Figure 2. A discretised portion of the filament, showing segments of length AL. The hydrodynamic
mobilities of the segments are approximated by those of spherical particles of radius a.

and M (s, t), respectively. The internal moment is given by the constitutive law (Landau
& Lifshitz 1986)

M(s,t)=Kpg (i X ﬂ) + K7 (f; . a—”) , (2.3)
as as
while A (s, ) enforces the constraint (2.1).

We describe below how we impose the active and hydrodynamic forces and torques
after discretising the filament into segments. For the hydrodynamics, we model the
low Reynolds number mobility matrices for the segments using solutions to the Stokes
equations for spherical particles with radius equal to the cross-sectional radius a. In order
for our results to connect with the previous literature — e.g. Laskar et al. (2013), Chelakkot
et al. (2014), Bayly & Dutcher (2016), Laskar & Adhikari (2017), De Canio et al. (2017)
and Krishnamurthy & Prakash (2023) — we utilise mobility relations for an unbounded
fluid rather than those that incorporate a nearby no-slip surface. This choice allows us to
isolate and compare the effects of differences in actuation on resulting filament motions.

2.1.2. Numerical discretisation

The filament is discretised into N segments of length AL = 2.2a suchthat L = N AL (see
figure 2). In all cases, the filaments have N =20 segments, yielding filament aspect ratio
a/L =0.0227. We discretise (2.2) using a second-order central difference method, and
after multiplying the resulting equations by AL, we obtain the discrete force and moment

balances
FC¢+ FH L FA =,
A 24
T, +T,+T, = 0,

for each segment n, where the superscripts £, C, H and A denote elastic, constraint,
hydrodynamic and active forces and torques, respectively. We have

FS$ =Ani10— An_1 )2, (2.5)
o AL,

T, =7tn X (Aps1/2+ An—12) (2.6)

TE=M,112—M,_1, 2.7)

with half-indices representing the function values at the segment ends. The hydrodynamic
force on segment 1 is F1 = f¥ AL, and the torque is T# =t AL. The hydrodynamic
forces and torques and the active force F ,’1" =f ,’;‘ AL differ in the follower force and surface
flow models, as we explain below.

1031 A48-5
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2.1.3. Follower force model

In the follower force model, filament motion is driven by the active forces F4 on each n.
We will consider two different distributions of follower force. For the tip-driven follower
force model, the active force is applied only at the tip and is zero otherwise, namely,
F ﬁ =—FA%yand F Z‘ =0, n # N. In the distributed follower force model, we apply the
same active force to each segment, such that F2 = — FA%,, for all .

Once the non-hydrodynamic forces are known, the resulting filament motion can be
determined. Due to the low Reynolds number associated with biofilament motion, the
hydrodynamic forces and torques on the filament segments will be linearly related to the
translational velocity V,, and angular velocity 2, on each segment n through

—FH

£]-s []
where V=[V], V], ..., VAITeRN*! and 2 =[], 2],..., 23T eR3*"*! and
similarly F7, TH ¢ R3V*! are the vectors containing all components of hydrodynamic
force and torque, respectively, on all filament segments. Appearing in (2.8) is the
configuration-dependent mobility matrix M € ROV*N relating the forces and torques
on the segments and the resulting motion. Following previous work (Schoeller et al.
2021; Clarke et al. 2024), we utilise the pairwise RPY tensor (Wajnryb et al. 2013)
with the hydrodynamic radius set to a to provide the entries of the mobility matrix and
hydrodynamic interactions between the segments.

Finally, we must ensure that the resulting filament motion satisfies the boundary
conditions at the clamped and free ends. In our discretisation, the clamped end condition is
enforced by additional Lagrange multipliers to ensure Y1 () = 0 and t1(t) = &3. At the free
end, additional conditions are not needed as the follower force at the tip and moment-free
condition are incorporated by setting F A — _FA} N with Ayi1p=0and Myy12=0,
respectively.

2.1.4. The surface flow model

In the surface flow model where entrainment effects are included, we have F fl‘ =0 for
all n, and introduce activity through a mobility relation based on the squirmer model
(Lighthill 1952; Blake 1971). As a result of the surface flow, each segment n attempts to
move in the direction —£, at speed U =2B;/3, where By is the activity parameter that
controls the surface flow strength. As a result, each active segment n generates degenerate
quadrupolar (potential dipolar) flow

uy(x) = (I—3Fufy) Hy, (2.9)

drnr}
where r,=x —Y,, r, = rull, f =r,/ry, and H, = (4/3)7117013 Bit, is the degenerate
quadrupole strength. Using this flow field, we can incorporate the effects of the surface
flow into the segment mobility such that the resulting segment velocities are given by

14 —F# S 0|[H
o] =[] [5 5[] @
where 8 € R3VX3N 5 the squirming matrix, and H = [HT, Hg, R H]Tv]T e R3NVx1
(see Appendix B for details). The off-diagonal components of & are obtained by
evaluating (2.9), while the diagonal entries are of the form —1/(2x na3) and account for

the self-generated velocity. By changing H,, we can control the distribution of activity
along the filament. For the tip-driven surface flow model, we take Hy = (4/3)n na3Blt N
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and H, =0 for n # N. When actuation is uniform along the filament length in the
distributed surface flow model, we have H,, = (4/3)x na3Blf,, for all n.

As in the follower force cases, we apply a clamped-end boundary condition at the base
by enforcing Y {(¢) =0 and £1(1) = é3. At the free end, we again have Ay412 =0 and
Mpyi12=0.

We note that the surface flow model corresponds to the filament model used in Dutta
et al. (2024) to study cytoplasmic streaming. In their model, filament compression arises
from an imposed follower force, but due to the opposite motor force on the fluid, the flow
produced by the filament is only that due to the internal stresses. Equivalently, by dividing
the force balance by the drag coefficient, one can instead interpret the follower force in
their model as a self-generated velocity, and the internal stresses as the forces required to
keep the filament elements from translating. This is the scenario described by the surface
flow model, with the difference being that we also include higher-order force—quadrupole
terms associated with the self-generated velocity.

2.1.5. Differential-algebraic system and time stepping

Once we have computed the segment translational and angular velocities, we can update
their positions and orientations. For the orientations, we recognise that the local basis
{tn, iL,, v,} that is linked to filament deformation is related to the basis in the lab frame
{e1, 2, e3} through a rotation. Thus we track the evolution of these vectors using unit
quaternions ¢ = [qo, 71 =[q0, ¢1, 42, 431 € R*, with llg|* = g5 + 47 + 45 +q35 = 1. The
quaternions map the standard basis to the local frame at each point along the filament via
a matrix rotation R(gq,) = [£,, fL,, V,], where

1-2¢2-2¢2 2(q192 —q093) 2(q193 + q0q2)
R(g)=|2(q1q2+q093) 1—297—2q5 2(q293 — qoq1) | - (2.11)
2q193 — q092)  2(q2g3 + qoq1) 1 —2q} — 243

To update the positions and orientations of the segments, we must integrate the
following nonlinear differential-algebraic system:

dy,
=V, (2.12)
dt
dg, 1
AL . A
0 :Yn+1 -Y, - T (tn + tn+1) , (214)

for each segment n, where g ® p = [q0, g1 ® [po, P1=[q0p0 —q - P, poq + qoP +¢q x P]
is the quaternion product, and the algebraic equations that must be satisfied are the discrete
form of (2.1). We employ a second-order geometric backward differentiation scheme to
discretise the equations in time. We solve the resulting nonlinear system of equations
using Broyden’s method (Broyden 1965) with tolerance 10~'2. A detailed study of this
numerical technique is presented in Schoeller ef al. (2021).

To summarise, at each time step, we obtain M from (2.3), F and T¥ using (2.4),
V and 2 from (2.8) or (2.10) depending on the model, Y from (2.12), and q from (2.13).
We treat A as a Lagrange multiplier for this differential-algebraic system, so that at each
time step, the inextensibility constraint (2.14) is satisfied. In our simulations, the typical
time step size is At = T /400, where T is the period of one cycle for periodic states, or
based on the strongest frequency in non-periodic states.
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2.1.6. Non-dimensional parameters
In the rest of this paper, we use the filament length /* = L as the length scale, relaxation
time t* = L*/Kp as the time scale, and F* = Kp/L? as the force scale. Accordingly,
we introduce

FAL? nL3B;

= bl =
Kp

as the non-dimensional actuation parameters for follower force models and surface flow
models, respectively.

(2.15)

2.2. Dynamical systems analysis

In this subsection, we briefly describe the computational tools that we employ to perform
a dynamical systems analysis of the filament models. In order to use these tools, we
must first introduce an appropriate state vector. Unfortunately, the unit quaternions are
not suitable since the sum of two unit quaternions is not itself a unit quaternion. In
our case, it is therefore convenient to instead employ the effective Lie algebra element
(Clarke et al. 2024) U, € R? for each segment n to describe the rotation of the frame
{t,, IL,, P} relative to a state where the filament is straight and upright such that ¢, = é3,
ft, = e and v, = é; for all n. In simple terms, an effective Lie algebra element is a 3-D
generalisation of the tangent angle formulation that can be employed in two dimensions.
Since the quaternion corresponding to the upright state is

1 1
= |~ = 0’ __70 ) .
=] 750 50 19

with a conjugate gy, = [qo, —E], and the rotation of segment n relative to this state is

given by the quaternion product p = ¢, e ¢;, = [ Do, ﬁ], the effective Lie algebra element
associated with a quaternion g, is

U,, =2 arccos (po) p, (2.17)

where p = p/||P|l. The state vector is then given by U = [UT, Ug, cees UIT\,]T e R3Nx1,
with U1 = 0 to incorporate the clamped-end condition. We refer the reader to Appendix C
for more about properties of the effective Lie algebra element.

2.2.1. Jacobian-free Newton—Krylov method

The filament models display several time-periodic solutions after the steady, upright state
becomes unstable. To find these time-periodic solutions, we first shift our thinking and
consider the filament simulation as a means of computing the flow ¢’(U) that maps
solutions U (0) to U (¢). We then seek effective Lie algebra elements that satisfy

FUT)=¢"U)-U=0 (2.18)

for some non-zero, but unknown period 7. We obtain solutions to (2.18) using a Newton—
Krylov method with a GMRES-hook step, described in Viswanath (2007, 2009). Our
implementation closely follows that of Willis (2019). We continue the iterations until
|F(U, T)|| <1079, with ||-|| as the 2-norm operator.

2.2.2. Linear stability analysis
Along with finding time-periodic solutions, we would like to assess their stability, as well
as the stability of the steady, upright state. The time evolution of the state vector can be
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expressed as

dU
S =rwn. (2.19)

In linear stability analysis, we are interested in the evolution of small perturbations
U around a (steady or time-periodic) base state Ug. Growing perturbations indicate
unstable base states, whereas dampened perturbations indicate linearly stable base states.
We linearise (2.19) around U, and obtain the linearised dynamics for the perturbation as

L ASU (2.20)
dr ’ '
where A= 0 f/dU|y,.
Equation (2.20) is linear and has the principal fundamental matrix solution @ (¢; U(¢))
such that the general solution is U () = @(t; Ug(t)) 6Uy. For a steady base state with
dUg/dt =0,

@(1: Uy(r)) =e'A. 2.21)

If Uy is instead time-periodic such that Ug(t) = Ug(t + T'), then Floquet’s theorem
states that there is a Floquet normal form of the fundamental solution matrix,

&(;Ug)=P(1)e'B, (2.22)

with a T-periodic vector matrix P(¢), and a matrix operator B (Perko 2008). Notice that
under the action of linearised Poincaré maps U (¢t) — U (¢ + T), a periodic state is steady,
and the dynamics of a perturbation after one period is governed by the monodromy matrix
eTB = <P_1(0; Up) @(T; Up). This is equivalent to the fundamental matrix solution
evaluated at ¢t = T. For periodic solutions, the matrix B is analogous to the matrix A
in the steady case.

The stability of a base state depends on the eigenvalues 4; of A or B. A solution
is linearly stable if all of its eigenvalues have non-positive real parts. We calculate the
eigenvalues p; of @(T'; Up), where T is the period for periodic states and a sufficiently
small time for steady base states. We compute the eigenvalues of @ (T'; Ug) using Arnoldi
iteration, which does not require explicit computation of @ (T; Ug), but requires only
its action on a set of vectors. At each Arnoldi iteration, an upper Hessenberg matrix is
calculated, whose eigenvalues approximate those of @ (7T; Up). We record the first 13
eigenvalues as a vector at each Arnoldi iteration, and continue until the norm of the
difference between consecutive iterations is lower than 1078,

The eigenvalues A; are related to the eigenvalues of @ (T'; Uy) via

1
/ll' = ? In (/,Li). (2.23)

2.2.3. Spectral proper orthogonal decomposition
Along with the upright steady-state and time-periodic solutions, the filament models can
also admit more complex solutions, such as quasi-periodic states. To study these states,
we extract their dominant motions at each frequency w using spectral proper orthogonal
decomposition (SPOD). We utilise the implementation developed in Towne, Schmidt &
Colonius (2018), and summarise the procedure in our context below.

Given effective Lie algebra elements U (s, ), V (s, t) and the inner product (U, V), ; =

ffooo fOL V*(s, t) U(s, t) ds dr, with the superscript (-)* denoting the Hermitian transpose,
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SPOD modes are obtained by solving the optimisation problem

E{{U(s, 1), (s, D)5}
max ;
¢ (¢(S, t)a ¢(S, t))S,t
where E{-} denotes ensemble average, for some function ¢ (s, ¢) that approximates U (s, t)
on average. With a Fourier transform ¢ (s, t) = ffooo ¥(s, w) el279! 4, the optimisation

problem in (2.24) can be formulated at each frequency w. The solution to the optimisation
problem is obtained by solving the eigenvalue problem

(2.24)

L
/ Ss,s", 0) ¥, w)ds' = Aw) ¥ (s, w), (2.25)
0

where S(s, s’, w) is the cross-spectral density tensor, defined as the Fourier transform of
the two-point space—time correlation tensor. For further details, the reader may refer to
Towne et al. (2018).

Given time series data of the effective Lie algebra element, we block the data into
multiple realisations using Welch’s method, and take the Fourier transform with a
Hamming window to reduce spectral leakage due to non-periodicity of each block. By
ensemble averaging these Fourier realisations, the cross-spectral density matrix is obtained
for each frequency, and the SPOD modes are calculated by performing an eigenvalue
decomposition of the covariance operator in the frequency domain. The SPOD analysis
based on these methods is performed using the software from Towne et al. (2018), available
at https://github.com/SpectralPOD/spod_matlab.

2.2.4. Bisection method
As we discuss in § 3, we find a range of actuation for which filament dynamics exhibits
bistability. Here, the two periodic states of whirling and beating are connected through an
unstable quasi-periodic state QP1. To compute QP1, we use the bisection algorithm from
Skufca, Yorke & Eckhardt (2006) and Schneider & Eckhardt (2009).

Given two initial conditions U, and U, that converge with time to whirling and beating,
respectively, we compute the bisected initial condition as

Uw+Ub
—2 .

With this initial condition, we evolve the system to long times, and check if the filament
dynamics is attracted to either of the periodic states. Once the solution reaches (criteria
provided in § C.4) either of the states, we update U, or Uj, accordingly, and perform a
bisection again according to (2.26). We repeat this process until |U,, — Up|| < 10-8.

Ugp = (2.26)

3. Results and discussions

We investigate the state space of the four different active filament models as we vary
the actuation. Follower force models use the dimensionless follower force magnitude
f as the actuation parameter, while surface flow models use the dimensionless surface
flow magnitude b;. These two parameters are directly related. A segment with follower
force magnitude f has active force F' A = fKp/L?, while a surface flow segment with b
experiences drag F; =4mabKp/L>. Equating these two forces yields that the follower
force and the surface flow are related through b; ~ 3.5 f.

In exploring filament dynamics, we divide our presentation of the results into two
actuation ranges: low-to-moderate and high. Primary and secondary filament instabilities
occur within the low-to-moderate actuation regime, where previous studies have revealed
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Figure 3. Bifurcation diagrams up to moderate actuation for (a) tip-driven follower force, (b) distributed
follower force, (c) tip-driven surface flow, and (d) distributed surface flow models. Stable states are marked
with solid lines, whereas unstable ones use dashed lines. We observe similar bifurcation patterns and states in
low-to-moderate actuation levels. We plot the non-trivial filament states in figure 4.

similar filament dynamics (De Canio et al. 2017; Laskar & Adhikari 2017; Ling et al.
2018; Clarke et al. 2024). At high actuation, these states are unstable, and we observe
greater differences in the dynamics given by the models.

3.1. Dynamic states at low-to-moderate actuation

We begin by classifying the dynamic states up to moderate actuation, and expand on
previous results by directly comparing the different models. As stated earlier, we consider
two actuation models, namely follower force (FF) and surface flow (SF), and two actuation
profiles, namely concentrated at the tip (Tip) and uniformly distributed along the length
of the filament (Dis). In figure 3, we present the bifurcation diagram for each model up to
moderate actuation, which shows the possible filament states and transitions between these
states. We indicate linearly stable states with solid lines and unstable states with dashed
lines. We use the dimensionless mean bending energy

— 1 (T L 132Y(s, 1) %Y (s, t
Ebz—/ / L1oT¥(s, 1) 97X, 1) 4y 3.1)
T 0o Jo 2 52 ds2

to distinguish different states. By comparing figures 3(a,c) with figures 3(b,d), we see that
the bending energy is overall lower for the tip-driven cases than for the distributed cases.
This implies that models with a distributed actuation profile produce filament states with
higher curvature.

Apart from small quantitative differences, the filament models exhibit similar states
and dynamics in the low-to-moderate actuation regime. In all active filament models, we
observe four common states: upright, whirling, beating and QP1. We plot these states
(except upright) in figure 4. The increasing direction of the time is indicated by darker
filament colours. The pathline of the filament tip is a closed curve for periodic states,
whereas for QP1 it lies on a torus. To aid the viewer, we also plot the shadow of the filament
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Whirling (b) Beating

Figure 4. Non-trivial states observed in all active filament models up to moderate actuation: (a) whirling, (b)
beating, (c¢) QP1. All states are given at by = 284 for the distributed surface flow model (Dis SF). The filament’s
colour gets darker as time passes. The filament’s shadow is given in grey, and its tip pathline is given in blue.
We provide a video description of the states in supplementary movie 1.

at its base. Upright is a steady state (fixed point); whirling and beating are time-periodic;
and QP1 is a quasi-periodic state.

From the bifurcation diagram in figure 3, we see that regardless of the type and
distribution of actuation, we observe a double Hopf bifurcation when the upright state
becomes unstable, creating whirling and beating (see § 3.2 for further details). Later,
whirling undergoes a Hopf bifurcation, and beating undergoes a pitchfork bifurcation;
QP1 connects to whirling at one end, and beating at the other (see § 3.3) through these
bifurcations.

3.2. Primary instability of the upright filament

The upright filament is the trivial state and corresponds to a straight filament aligned
with e3. Actuation produces internal stresses, and like beams under compression, when
these stresses exceed a threshold, the filament buckles. While the critical actuation value is
model-dependent, this instability is observed in each model. We compute the eigenvalues
of the linearised operator around the upright state, and in figure 5 plot the first two
eigenvalues for each model as functions of the actuation parameter. The real and imaginary
parts of the eigenvalues are coloured red and blue, respectively. The vertical dashed line
indicates when the real part of the leading eigenvalue is zero. The leading eigenvalues and
their dependence on the actuation parameter are qualitatively similar in all cases. We note,
however, that the critical value of actuation is higher in the surface flow models. Consistent
with De Canio et al. (2017), this indicates that the hydrodynamic entrainment provides a
mechanism that delays the bifurcation.

In all cases, as the actuation increases, we observe that identical sets of two real
eigenvalue branches (only one set is shown in figure 5) merge. This point marks the
transition of the upright filament from a stable node to a stable focus, i.e. the two sets of two
real eigenvalues transition to two sets of a complex conjugate eigenvalue pair. Due to the
symmetry of the upright state and no preferred directionality in the xy-plane, the leading
eigenvalues are identical complex conjugate pairs, with one eigenmode corresponding to
bending in the xz-plane, and the other to bending in the yz-plane.

These two sets of complex conjugate eigenmodes eventually become unstable at the
same actuation value. As described in Clarke et al. (2024), when this occurs, two periodic
states, whirling and beating, emerge through a double Hopf bifurcation, with whirling
being stable, and beating being unstable. In all models, whirling involves a filament with
time-independent curvature rotating about the z-axis at a constant speed (figure 4a), while
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Figure 5. Leading two eigenvalues of the upright state for (a) tip-driven follower force, (b) distributed follower
force, (c) tip-driven surface flow, and (d) distributed surface flow models. Real and imaginary parts of the
eigenvalues are shown in red and blue, respectively. The double Hopf bifurcation is marked with a vertical
dashed line.

beating is a planar state where the tip traces an infinity-symbol-shaped path (figure 4b).
These states have been observed in the tip-driven follower force model (Chelakkot et al.
2014; De Canio et al. 2017; Clarke et al. 2024) and the tip-driven active colloid model
(Laskar et al. 2013; Laskar & Adhikari 2017).

As stated above, due to the rotational symmetry of the upright state, there are
two decoupled orthonormal eigenmodes at the instability threshold, which individually
describe planar beating oscillations. Without loss of generality, we can define these two
orthonormal eigenmodes using the effective Lie algebra element: one for the xz-plane,
v, (s) =0, v(s), 0], and one for the yz-plane, vy (s) =[v(s), O, 0]T, where v(s) describes
the filament shape. For surface flow models, periodic solutions close to the bifurcation take
the form

Us, 1)~ (Ay v2(s) + Ay vy(s)) /b1 — b e +cec., (3.2)

where b} and w* are the surface flow magnitude and the frequency at the bifurcation,
respectively. The amplitudes A,, Ay € C are determined from the initial value U (s, 0) of
the periodic state. The form of the solution is the same for the follower force model with
b1 replaced by f (see Clarke et al. 2024).

For the motion to remain planar, the eigenmodes must remain in phase, so
Im({A,, Ay)) = 0 for beating. For whirling, A, =iA,, meaning that one mode lags behind
the other by a /2 phase. These results are derived using the connection between filament
states and effective Lie algebra elements in Appendix C.

In figure 6, we plot the leading eigenmode at the bifurcation in the xz-plane at different
phases. The curved filament shape in each model is associated with its buckling; however,
there are some qualitative differences between the modes for the different models.

We investigate further the buckling instability by considering the force balance in the
upright state. Linear stability analysis using resistive force theory (De Canio et al. 2017,
Ling et al. 2018; Schnitzer 2025) reveals that the internal stress distribution appears in
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Figure 6. Leading eigenmodes at the double Hopf bifurcation for (@) tip-driven follower force, (b) distributed
follower force, (c) tip-driven surface flow, and (d) distributed surface flow models. The plots show the
eigenmode on the xz-plane at different phases. A linear combination of the mode with its counterpart on
the yz-plane creates a beating state, while a linear combination with a /2 phase lag creates a whirling state,
as depicted in figure 4.

the linear operator, and hence contributes to the eigenvalues of the primary instability.
Motivated by this, we determine the internal stress for each model, with the aim of
explaining the differences in the mode shapes in figure 6.

In follower force models, the hydrodynamic force and torque are zero due to the absence
of induced surface flow and the filament being at rest. Thus the internal force results
solely from balancing the prescribed active force, given by A(s) = A(L) + st f A (s") ds’
with the appropriate boundary condition at A(L). For the tip-driven case, we take
f A(s) =0 and A(L) = —F4 é3, where F4 is the prescribed dimensional follower force
magnitude. We note that this is equivalent to our numerical framework where instead
activity is incorporated through the body force rather than the boundary condition; see
Ling et al. (2018). Consequently, the internal force distribution is A(s) = —F Ags. In
the distributed case, there is a uniform force distribution f A (s)=—F A/AL e3. Hence
A(s)=—FA(L —s)/AL é3.

In the surface flow model, however, the hydrodynamics plays a role as the internal stress
is obtained by solving a resistance problem. For the surface flow model, the filament

motion is given by
VvV — st _ _FH
[ Q :|—M|:_TH:|, 3.3)

where V' = SH is the surface velocity. In the upright state, V =0 and £ = 0, yet non-
zero hydrodynamic forces arise due to surface flow activity. As a result, internal stresses
are given by the resistance problem

FC 1 st
[Tc} =-M [ 0 ] (3.4)

After solving this linear system for the tip-driven and distributed surface velocities, the
internal stress can be determined by relating F€ to A using (2.5).

In figure 7, we plot the internal stress along the filament at buckling for the different
models. For the distributed models, the stress is accumulated at the base and decays
monotonically as one moves towards the free end. For the tip-driven follower force model,
the stress is constant along the length. For the tip-driven surface flow case, however, after
first increasing only gradually with arc length, the stress exhibits a peak at the free end.
In this case, there is a single active segment that attempts to move towards the filament
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Figure 7. Force distribution along the filament for different active filament models at the double Hopf
bifurcation. Follower force models are plotted in red, while surface flow models are plotted in blue. Tip-driven
models are given as dashed lines, whereas distributed models are plotted as solid lines.

base. As a result, that segment and those that are nearby (due to the non-local nature of
the hydrodynamics) require a larger force in order not to move. Once sufficiently far from
this segment at the free end, the stress profile attains a near constant value.

As a result of the differences in these stress distributions, the eigenmodes for tip-driven
models have a wider tip span (see figures 6a,c), whereas distributed models show narrower
tips and wider bases (see figures 6b,d). Figure 7 also shows that the buckling threshold
is generally higher for surface flow models. The surface flow, in opposing direction of
compression, allows the filament to support larger loads, thus delaying the bifurcation.

3.3. Secondary instabilities and quasi-periodic transition

The double Hopf bifurcation creates two limit cycles: whirling and beating. In this
subsection, we examine the instabilities associated with these periodic states. Near the
double Hopf bifurcation, whirling is stable, while beating is unstable. However, as shown
in figure 3, beating becomes stable and whirling becomes unstable at moderate actuation.
We focus on understanding the changes in the stability of these periodic states, and the
origin of this transition.

Using the Jacobian-free Newton—Krylov algorithm described in § 2.2.1, we track each
state as the actuation increases. Increased actuation leads to higher internal stresses,
filament deformation and bending energy, as shown in figure 3(a) for the tip-driven
follower force model. For whirling, the radius of the circular path of each point along
the filament increases, while for beating, the filament sweeps out a greater area. We also
observe that periodic states tend to have higher frequencies as the actuation increases.

We perform a linear stability (Floquet) analysis for each state along these branches.
The leading eigenvalues from the linear stability analysis of the whirling state are shown
in figure 8. The leading eigenvalue is complex, meaning that whirling becomes unstable
through a Hopf bifurcation. We plot the leading eigenvector of the monodromy matrix
at different phases for each filament model in figure 9. These eigenvectors represent the
instability dynamics, with the time-periodicity of whirling removed. Comparing the mode
shapes for the tip-driven and distributed models (figures 9(a,b) and 9(c,d)), we observe that
the unstable mode shape narrows towards the filament tip for distributed models, while it
is widest at the tip for tip-driven models.
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Figure 8. Leading eigenvalues of the whirling state for (a) tip-driven follower force, (b) distributed follower
force, (c) tip-driven surface flow, and (d) distributed surface flow models. Real and imaginary parts of the
leading eigenvalues are shown in red and blue, respectively. The Hopf bifurcation is marked with a vertical
dashed line.
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Figure 9. Leading eigenmodes at the Hopf bifurcation of whirling for (a) tip-driven follower force,
(b) distributed follower force, (c) tip-driven surface flow, and (d) distributed surface flow models. Different
filament colours correspond to different phases of the mode.

Since whirling can be viewed as a steady state in a rotating frame of reference,
compression and shear forces are time-invariant in that frame. Figure 10 shows the force
distribution for each active filament model. Compressive forces are transferred along the
filament and balanced by the constraint force at the base. Shear is balanced by elastic forces
that arise due to filament curvature, along with the viscous forces as a result of filament
motion. We find that shear is much weaker than compression along the filament. As for the
steady-state profile, we observe that distributed models have an almost linearly decaying
tangential stress distribution (see figure 10). Due to its suspected presence in the linearised
operator, this distribution of tangential stress produces a bottom-heavy mode shape, as
seen in figure 9(d) for the distributed surface flow model. In contrast, the tip-driven models
exhibit an increase in the tangential stress with arc length. Again, the surface flow model
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Figure 10. Compression distribution along the length of a filament for different active filament models at the
Hopf bifurcation. Follower force models are plotted in red, while surface flow models are plotted in blue. Tip-
driven models are given as dashed lines, whereas distributed models are plotted as solid lines. Shear forces are
much weaker than compression, and do not significantly contribute to the dynamics.
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Figure 11. Leading eigenvalues of the beating state for (a) tip-driven follower force, (b) distributed follower
force, (c) tip-driven surface flow, and (d) distributed surface flow models. Real and imaginary parts of the
leading eigenvalues are shown in red and blue, respectively. The pitchfork bifurcation is marked with a vertical
dashed line.

exhibits an additional peak at the free end. This form of the distribution results in a mode
shape with a wide tip (figure 9c¢).

We also assess the stability of planar beating, which appears in all models as an unstable
solution after the filament buckles. Figure 11 shows the leading eigenvalues from the
stability analysis for the beating state. In all cases, the leading eigenvalue is purely real,
so beating becomes stable through a pitchfork bifurcation. For our stability calculations,
we use base states that beat in the xz-plane. Additionally, as the resulting eigenmodes
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Figure 12. Leading eigenmodes at the pitchfork bifurcation for (a) tip-driven follower force, (b) distributed
follower force, (c) tip-driven surface flow, and (d) distributed surface flow models. The base beating state for
each model is at the same phase (when the tip of the filament is at its leftmost position) to remove phase
dependency of the Floquet modes. The instability mechanism is out-of-plane tipping, as the most unstable
mode is a planar filament state lying orthogonal to the beating plane.

will be dependent on the phase of the base state, we set ¢ = 0 in our stability calculations
to correspond to the instance when the filament tip attains its maximum amplitude in
the —x-direction. The unstable modes at the bifurcation for each model are shown in
figure 12. We see that the eigenmodes are planar, but in the yz-plane, orthogonal to the
base state. This indicates that as actuation decreases, planar beating becomes unstable
through out-of-plane tipping.

These two bifurcations transition filament dynamics from a range where only whirling
is stable to one where only beating is stable. Bridging these two bifurcations is the
quasi-periodic state QP1; see figure 3. In this study, we find that while QP1 is a generic
feature of active filament models, its stability appears to be sensitive to the details of the
model. In the tip-driven surface flow model, whirling and beating undergo supercritical
bifurcations, with a stable QP1 emerging from the Hopf bifurcation and annihilating at
the pitchfork bifurcation. In contrast, all other models feature subcritical bifurcations,
leading to bistability between whirling and beating, and an unstable QP1. In these cases,
we obtain the unstable QP1 state using the bisection algorithm. From figure 3, we observe
that distributed models have a wider range of bistability. In Clarke et al. (2024), the tip-
driven follower force filament anchored to a no-slip surface was instead found to exhibit a
stable QP1 state, indicating that this change in hydrodynamics is sufficient to change the
stability of QP1. In addition, it has been shown that even in an unbounded fluid, increasing
the filament aspect ratio by adding more segments in the discrete filament model is also
able to stabilise QP1 (Clarke 2025).

We track QP1 throughout its existence as actuation increases, plotting its shape over
time for the tip-driven surface flow model in figure 13. We see that QP1 carries the
characteristics of both whirling and beating (see supplementary movie 1). Close to the
Hopf bifurcation, at by =741.1, QP1 is a wobbly whirling state (see figure 13a), with
the tip following a near-circular path. As the actuation increases, beating characteristics
become stronger. At b1 = 744.9, near the pitchfork bifurcation (see figure 13¢), QP1 beats
in a plane that is slowly whirling about the z-axis. Its tip pathline is similar to that of a
beating. For stable QP1 states, the strength of the whirling mode decreases with actuation,
while that of the beating mode increases. Conversely, for unstable QP1 states, the strength
of the whirling mode increases with actuation, while that of the beating mode decreases
in the bistable regime.

Examining the tip pathline of the QP1 state in figure 14, we see that it lies on a
torus, which gives a qualitative indication of the quasi-periodicity of this solution. To
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Figure 13. The QP1 state throughout its existence for the tip-driven surface flow model: (@) close to Hopf
bifurcation at by =741.1, (b) at an intermediate value b; = 743.0, (c) close to pitchfork bifurcation at by =
744.9. The filament’s colour gets darker in the increasing direction of time. Filament shadow is given in grey,
and its tip pathline is given in blue.

Figure 14. The tip pathline of the stable QP1 state at b; = 741.1 for the tip-driven surface flow model. The
filament tip follows a path on a 2-torus.

examine this state quantitatively, we extract dominant frequencies and modes of QP1
using the SPOD approach described in § 2.2.3 (Towne et al. 2018). The SPOD spectrum
(which is the leading eigenvalue given by SPOD at each frequency) of QP1 for the
tip-driven surface flow model with b; =741.1 is shown in figure 15(a). Here, QP1 has
two incommensurate dominant frequencies, consistent with its quasi-periodic nature.
These frequencies, 40.8 nL*/Kp and 29.4 nL*/K g, are close to those of the whirling
and beating states, 40.8 nL*/Kp and 35.3 nL*/K p, respectively, at the same actuation.
The remaining peaks in the frequency spectrum reflect nonlinear interactions of the two
dominant frequencies.

Figures 15(b,c) show the two leading SPOD modes of QP1. At this actuation, which is
close to the Hopf bifurcation where whirling becomes unstable, the leading SPOD mode
(figure 15b) resembles a whirling state, which can be considered as the primary motion
of QP1 at by =741.1. Figure 15(c) shows the second mode, which is the leading mode
associated with the second dominant frequency. We notice that this mode is planar and
has a shorter wavelength than the eigenmode at the double Hopf bifurcation (figure 6¢).
This suggests that the second SPOD mode corresponds to a secondary buckling instability,
which triggers the transition from whirling to beating. As the surface flow magnitude
increases, the compression along the filament exceeds a critical load, leading to buckling
with a wavenumber higher than that observed in the double Hopf bifurcation. This is
consistent with the Floquet analysis, which also yielded higher wavenumber modes (see
figure 12).
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Figure 15. (a) Dimensionless SPOD frequency spectrum of the stable QP1 at b; = 741.1 (close to the Hopf
bifurcation) for the tip-driven surface flow model. The SPOD mode shapes associated with (b) the first and
(c) the second dominant frequency. The filament shapes in different phases of a mode are plotted in different
colours. Filament shadow is given in grey. The dimensionless frequencies of whirling and beating states at
by =741.1 are 40.8 and 35.3, respectively.

3.4. Instabilities and dynamics at high actuation

Up to moderate actuation, we observe that all filament models exhibit the same
dynamic states. As shown in §§ 3.1-3.3, each model undergoes similar bifurcations
that ultimately lead to a stable beating state. At higher actuations, however, beating
becomes unstable, and we encounter instabilities that yield different states for the different
models.

The states encountered at high actuation for the different models are summarised in the
bifurcation diagrams shown in figure 16. In each, the stable beating state is plotted in
red. The leading eigenvalues from the stability analysis of the beating state are shown in
figure 17. Each model undergoes distinct bifurcations, and reaches a different state at the
highest actuation values. These states are shown as green curves in figure 16: a chaotic
state for tip-driven models, a periodic bent-beating state for the distributed follower force
model, and a quasi-periodic state QP2 for the distributed surface flow model. We now
describe the states exhibited by each model.
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Figure 16. Bifurcation diagrams for (a) tip-driven follower force, (b) distributed follower force, (c) tip-driven
surface flow, and (d) distributed surface flow models at high actuation. Green full circles mark bifurcations. At
the lower limit of each subplot, a stable beating state is plotted. The final state exhibited by each model (which
is model-dependent) is plotted in green.

3.4.1. Transition to chaotic states for tip-driven models

For the tip-driven models, we observe a myriad of states and transitions that emerge at
high actuation, consistent with previous studies on the tip-driven follower force model
(Ling et al. 2018; Clarke et al. 2024). In the discussion that follows, we focus exclusively
on the tip-driven surface flow model, thoroughly mapping its instabilities and bifurcations,
as this case has not been reported previously.

To begin, we explore the dynamics when filament motion is restricted to a plane. Here,
we find three states connected by two saddle-node bifurcations, shown in figure 18(a). The
three coexisting beating states plotted in figure 19 are beating, inter-beating and buckled-
beating. Beating and buckled-beating are bistable, and the unstable inter-beating solution
forms the branch that joins these two states.

In our discussion, we set time such that a beat cycle starts and ends (=0 and t =T)
when the filament tip attains its maximum amplitude in the —x-direction; the filament
tip is on the z-axis at t =T /4 and t = 37T /4, and attains its maximum amplitude in the
x-direction at t = T /2. In the beating state, the filament remains curved throughout the
beat cycle (see figure 19a). In inter-beating and buckled-beating, the filament is nearly
upright at t =T /4 and t =37 /4. This is especially noticeable in buckled-beating (fig-
ure 19¢). At these instances, the nearly straight filament experiences compression that trig-
gers dynamics reminiscent of a higher wavenumber buckling event. This is reflected in the
downward motion of the filament tip. Nonlinear effects follow this buckling transient, and
the filament continues along the rest of its beat path. Comparing figures 19(b) and 19(c),
we observe that buckling occurs along a shorter section of the filament in inter-beating,
and begins after the tip crosses x = 0. Tracking the unstable inter-beating branch shows
that the buckled section of the filament decreases in length with increasing actuation.

When we allow for fully-3-D filament motion, more complex bifurcations (figure 18b)
are observed. Evaluating the stability of these two-dimensional (2-D) states in three
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Figure 17. Leading eigenvalues of the beating state for (a) tip-driven follower force, (b) distributed follower
force, (c) tip-driven surface flow, and (d) distributed surface flow models at high actuation. Real and imaginary
parts of the leading eigenvalues are shown in red and blue, respectively. The bifurcations are marked with
vertical dashed lines.
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Figure 18. Close views of the transition regime of the bifurcation diagram in figure 16(c) for the tip-driven
surface flow model. Green full circles mark bifurcations. (a) In two dimensions, we observe a saddle-node
transition between three beating states: beating, inter-beating and buckled-beating. (b) In addition to these, we
observe two more bifurcations in the 3-D model where bent-beating and QP3 emerge. After this transition, the
state spaces of 2-D and 3-D dynamics are the same. At a higher surface flow value, we observe a transition to
a planar chaotic state. We plot these states in figures 19 and 20.

dimensions, we find that beating becomes unstable before its annihilation, and buckled-
beating emerges as an unstable state. Furthermore, we discover two new states: bent-
beating and QP3, as visualised in figures 20(a,b).

First, we observe a supercritical pitchfork bifurcation at b1 = 2106, and the creation of
bent-beating. Bent-beating is similar to beating, but the tip of the filament curves out of the
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Figure 19. (a) Beating, (b) inter-beating and (c) buckled-beating states coexisting in the transition regime at
b1 = 2220, obtained using the tip-driven surface flow model. All three of the states are planar, hence exist in
both two and three dimensions. The tip pathline of the filament is plotted in blue. The filament colour gets
darker as time increases. We provide a video corresponding to this figure in supplementary movie 2.
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Figure 20. Filament states at high actuation: (a) bent-beating, (b) QP3, (c) chaotic beating. The plotted states
are obtained using the tip-driven surface flow model at b; = 2220, b1 = 2270 and b; =4020. The tip pathline
of the filament is plotted in blue. The filament colour gets darker in the increasing direction of time. We provide
a video description of this figure in supplementary movie 2.

beating plane (see figure 20a). We find that the leading unstable mode is orthogonal to the
plane of the beating state, leading to 3-D dynamics. The bent-beating branch (orange in
figure 18b) is stable throughout its existence. By increasing the surface flow magnitude, we
see that the out-of-plane tip deflection peaks at b; = 2172 then declines, with bent-beating
eventually merging back into beating at b1 = 2242.

A second unstable mode of beating emerges as the surface flow magnitude increases
and produces a supercritical pitchfork bifurcation at b1 = 2234. As this occurs before the
annihilation of bent-beating, beating becomes unstable to two modes, and continues to be
unstable throughout. Then QP3 emerges from this bifurcation (grey in figure 180), and is
destroyed at b1 = 2456 in yet another supercritical pitchfork bifurcation with the buckled-
beating state. Plotted in figure 20(b), QP3, albeit quasi-periodic, is different from QP1
and QP2 (discussed in § 3.4.2): QP3 exhibits dynamics that combine out-of-plane tipping,

1031 A48-23


https://doi.org/10.1017/jfm.2026.11259

https://doi.org/10.1017/jfm.2026.11259 Published online by Cambridge University Press

LR. Ozdemir, B. Clarke, Y. Hwang and E.E. Keaveny

(a) (b) (c)
0.4 0.4 0.4
T 02 02 02
% 2 0.2 (()) 2 % 2 0.2
0 02 O ' T 02 0T
x/L y/L y/L x/L

Figure 21. The QP2 state with increasing actuation for the distributed surface flow model, at (a) b1 =709.9,
(b) by =2366 and (c) by = 4732. The filament’s colour gets darker as time passes. Filament shadow is given in
grey. We provide a video description of this figure in supplementary movie 3.

as seen with bent-beating, with the periodic buckling encountered in the 2-D periodic
states in figure 19. The buckling mechanism is weak around b1 = 2234 (near beating), and
becomes stronger as the actuation increases towards b; = 2456 (near the buckled-beating
state). Tipping—buckling coupling causes sudden changes in the beating plane, seen in the
top view in figure 20(b).

We note that the bifurcation patterns are simpler for the tip-driven follower force
model. When beating becomes unstable at f =358, we observe only the bent-beating
state, compared to the many states observed in the tip-driven surface flow model (see
figures 16a,c). The leading eigenvalue is real in figure 17(a) (as it is in the case of the
tip-driven surface flow model), and due to the symmetry breaking in the out-of-plane
direction, we observe a pitchfork bifurcation. We suspect that the greater variety of states
exhibited by the surface flow model is related to the stress peak at the filament tip that
arises in this model, and presumably produces shorter-wavelength buckling events.

The final state observed in tip-driven models at the highest values of actuation that
we consider is a chaotic state (green in figures 16a,c). This state arises as multiple
buckled-beating eigenmodes become unstable over a small actuation range. It exhibits
high-wavenumber instabilities near the filament tip (see supplementary movie 2) and exists
in both two and three dimensions (figure 20c¢).

3.4.2. Dynamics of distributed actuation models at high actuation

We find that when the actuation profile is uniform along the filament, the bifurcation
patterns at high actuation are very different from those of tip-driven models. In both of the
distributed actuation models, we find that a single attracting state emerges after beating
becomes unstable (see figures 16b,d). As in § 3.4.1, we start by classifying the dynamics
for the surface flow model.

Figure 17(d) shows the leading eigenvalue (a complex conjugate pair) at high actuation,
revealing a supercritical Hopf bifurcation for the distributed surface flow model. We
identify a new quasi-periodic state, QP2. Figure 21 tracks QP2 along its branch as the
actuation increases. Near b =634, QP2 exhibits in-plane beating combined with an
out-of-plane motion, evident from the nearly planar shadow of the filament with some out-
of-plane components (see figure 21a). Since this instability is absent in two dimensions,
we conclude that the out-of-plane instability is the main mechanism driving the creation
of QP2.

As actuation increases, the shadow of the filament changes from planar to circular,
indicating a balance between the primary modes of QP2. The filament forms a rotating
helix-like shape (figure 21¢). Presumably as a result of the surface flow, the filament is
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Figure 22. (a) Angular speed of the filament tip about the z-axis, for the QP2 state at b; = 3310 for the
distributed squirming model. The filament shapes in the four instances marked are plotted from (b) top view
and (c) side view. The rotation directions of the filament are indicated by black arrows.

inclined to move towards the base and generate further compression, resulting in a more
shortened shape overall (compare figures 21(a) and 21(c)).

A notable feature of QP2 is the handedness of the filament coils. Coils form at the base
and advect towards the tip. Given the handedness of the helix-like shape and the overall
rotation of the filament, it is inclined to move towards its base. This further increases
compression at the base, and triggers buckling. This creates kinks that also travel towards
the tip and lead to the reversal of the coiling direction. Due to reversal, the handedness
directions above and below a kink are opposite to each other.

We track the angular position 6 of the filament tip extracted from its x- and y-
coordinates, and from it compute the angular speed 6. The angular speed of the filament tip
in figure 22(a) shows reversals linked to changes in coiling direction at the base. We mark
four instances, and plot the filament shape at those instances together with the rotation
directions in figures 22(b,c). The time stamps are in sequential order and are separated
by five tip reversals. In the first instance (blue circle), the filament has a positive angular
speed with left-handed coils without kinks. In the second instance, the angular speed of
the tip is negative while the base rotates anticlockwise. The filament has left-handed coils
near the base, and right-handed coils close to the free end, with a visible kink in between.
The third instance returns to fully left-handed coils (see supplementary movie 3(c)). These
transient reversals of handedness are unique to QP2 and the distributed surface flow model.
Increasing actuation further reveals that QP2 is robust, remaining the only stable state that
we find. We also track the unstable beating state, and find no additional instabilities at
higher actuation.
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Although both distributed actuation models exhibit a single stable state at high
actuation, the characteristics of the transition are different. The distributed follower force
model undergoes a supercritical pitchfork bifurcation (see figure 17b), leading to bent-
beating (see figure 20(a), discussed in § 3.4.1). Unlike in the tip-driven follower force
model, bent-beating is robust to increasing actuation. These attracting states in both
distributed models suggest that the uniform actuation profile stabilises the filament against
high-wavenumber instabilities. This is, presumably, due to the peak stress being near the
base rather than the free end.

4. Conclusions

In this paper, we carried out a bifurcation and stability analysis of various active filament
models, discovering new states and identifying transition mechanisms. We considered
a single active filament clamped at its base in an unbounded domain driven by two
actuation models (follower force and surface flow) and two actuation profiles (tip-driven
and distributed). We described the instability mechanisms that lead to new states and
transitions.

Our computational analysis provides physical insight into active filament dynamics
for these different actuation models. Examining the filament dynamics starting from
zero actuation, we found that all models exhibited similar initial states and transitions.
This indicates that the qualitative features of the dynamics and their bifurcations are
independent of actuation type or profile, with the mechanism of instability in each case
being buckling in the presence of rotational symmetry. The motion of the surrounding
fluid in the surface flow case had a stabilising effect, delaying the primary and secondary
instabilities. Distributed actuation yielded a stress profile that has its maximum value at
the filament base, leading to unstable mode shapes that are narrower at the tip. Bistability
between whirling and beating was observed in all models except the tip-driven surface
flow model. The existence of QP1 is a generic feature; however, its stability is sensitive
to model details. Using SPOD, we found that the transition regime involving whirling,
beating and QP1 is linked to secondary buckling, with compression playing the primary
role in the bifurcations.

A more surprising outcome of our study occurs at high actuation, where we find that
the filament dynamics differs due to actuation profile. Tip-driven models exhibit different
periodic or chaotic solutions, while distributed models exhibit states robust to increasing
actuation. In particular, we found an interesting coiled state (QP2) in the distributed surface
flow model that featured a rotating helix-like shape that changes handedness. Physically,
we suspect that these differences in the states exhibited by the models are linked to
the stress distributions that we explored in more detail at lower actuation. There, the
distributed models had a stress profile that decreased towards the free end. Tip-driven
models had the opposite profile, with the stress increasing towards the free end. We
suspect that this profile triggers high-wavenumber instabilities at high actuation. We note
that the torque supplied by the internal stresses after buckling (i.e. £ x A in (2.2)) in tip-
driven models is generally expected to be larger at the tip than that in distributed models.
Additionally, given the clamped boundary condition at the base, the tangent vector rotation
is also less restricted at the filament tip. Thus the larger internal stress observed around the
tip in tip-driven models, coupled with the ease with which the filament tip can rotate, likely
results in large filament deformations, ultimately producing chaotic beating dynamics.

The filament models that we investigated are biologically relevant for understanding
microtubule-generated flows. Microtubules have bending rigidity approximately
22 pN pwm?, and can exceed 40 pum in length (Gittes et al. 1993). Their motion is driven
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Figure 23. The period-averaged flow magnitude of the beating state for different active filament models. The
chosen actuation values are f =396.5 and f = 109.7 for follower force models, and b; = 3691 and b| = 634.1
for surface flow models, which are at the bifurcation point (marked in figure 17) leading to the annihilation of
the beating state. Regardless of the model, the flow decays as 1/r.

by dynein motors exerting forces up to 6 pN, which can induce buckling and drive
dynamic states (Shingyoji et al. 1998; Ling et al. 2018). These correspond to follower force
magnitudes up to f =440, or equivalently surface flow magnitudes up to approximately
b1 = 1530 in our dimensionless units. These values fall within the parameter range
studied. While the distributed surface flow model most faithfully reflects motor protein
activity on flexible filaments involved in cytoplasmic streaming, the states that we observe
are exhibited by many different active biofilaments. One well-known example is ciliary
beating (Gibbons 1981), which can be found throughout the natural world, including in
the human body in organs such as the fallopian tubes (Xiao et al. 2017), the lungs (Smith
et al. 2008b) and the brain (Worthington & Cathcart 1966; Guldbrandsen et al. 2014;
Zhang et al. 2015). While cilia are typically found to undergo beating that is largely planar
(though asymmetric), nodal cilia (Smith et al. 2008a) involved in embryonic development
instead exhibit whirling. Another perhaps less well-known example is filopodia — actin-
rich, filamentous tubular structures that cells use to probe their surroundings. Motion of
these structures is driven by actin polymerisation, as well as activity of the motor protein
myosin along the actin. Myosin activity in particular drives filopodia whirling, as well as
coiling and buckling dynamics (Leijnse et al. 2022) reminiscent of the QP2 state found
with the distributed surface flow model at high actuation. While the details regarding the
underlying forcing mechanisms for cilia and filopodia differ from the models explored
here, the emergence of similar dynamic states points to some overall generic features of
these systems that may provide a common avenue for instabilities to arise.

While our study has focused on the filament dynamics, it is important to note that the
resulting flow fields for the follower force and surface flow models differ significantly, even
in cases where the filament dynamics appear similar. For example, in the upright state, the
follower force is balanced by internal stresses, resulting in no net fluid flow. In contrast, the
surface flow model generates considerable fluid motion. After buckling, filament motion
in the follower force model will produce a fluid flow; however, the flow generated by the
surface flow model remains considerably stronger. As an example, figure 23 shows the
period-averaged flow magnitude of the beating state at actuation values where beating
annihilates: f =396.5 and f = 109.7 for the follower force models, and b; = 3691 and
b1 = 634.1 for the surface flow models. For tip-driven models, these states correspond to
the onset of chaotic dynamics. All active filament models exhibit a 1/r decay in the far
field, with the distributed surface flow model producing the strongest flow.
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An important scenario that we have not explored here is the filament being attached to
a no-slip surface. We can perform a comparison for the tip-driven follower force model
between the results from this study and those from Clarke ef al. (2024), where a no-slip
surface is included. In doing so, we see that at low actuation, the initial double Hopf
bifurcation is largely unchanged. There is a modification of the transition between whirling
and beating. While the no-slip surface allows for a stable QP1 branch, and without the
surface it is unstable, in both cases the QP1 branch exists for only a very small range of
follower force values. At higher forcing when beating becomes unstable, we find that the
series of bifurcations and states reported here (critical value of the forcing and emergence
of bent-beating followed by chaotic behaviour) corresponds very closely to those exhibited
by filaments with a much higher aspect ratio (L/a =220) when the no-slip surface is
included. In Clarke et al. (2024), the aspect ratio was increased by increasing the length
of the filament while keeping the cross-sectional radius fixed. This results in the forced tip
being located further away from the surface, reducing its hydrodynamic effect. For lower-
aspect-ratio filaments, the bent-beating state did not appear after beating became unstable,
therefore we see that the nearby surface has an effect on the nature of this transition. For
the surface flow model, especially for the distributed case, we expect the no-slip surface
to have a stronger effect as it would alter substantially the flows generated by the internal
stresses, even at low actuation before the filament buckles. This could, for example, reduce
the stabilising effect of entrainment that produced a delay in the initial buckling. We expect
the study of the hydrodynamic effects of a no-slip surface on the bifurcations to form an
important aspect of our future research.

Finally, although the differences in the flow fields for the different models largely do
not affect the qualitative dynamics and bifurcations at low actuation, this may not be the
case when multiple filaments interact. Indeed, when multiple filaments are present and
fluid entrainment is incorporated as in Dutta et al. (2024), for example, hydrodynamic
interactions are able to alter the bifurcations that are observed, and most notably change
the initial double Hopf bifurcation to a pitchfork bifurcation where the filaments are
found to bend in the same direction (Stein ef al. 2021; Dutta et al. 2024). This is not
observed with the follower force model where there is no entrainment and only coordinated
beating or whirling has been seen to emerge (Westwood & Keaveny 2021; Su & Keaveny
2024). When the double Hopf bifurcation is suppressed, the fluid—structure interactions of
fluid entraining filaments have been shown to contribute to the emergence of large-scale
streaming flows that could aid transport within cells (Dutta et al. 2024). Our future work
will focus on examining these and related bifurcations that occur in biofilament clusters, as
well as bifurcations and instabilities in models driven by active shearing (Oriola, Gadélha
& Casademunt 2017) and incorporating structural features such as anisotropy (Clarke,
Hwang & Keaveny 2025).

Supplementary movie. Supplementary movie is available at https://doi.org/10.1017/jfm.2026.11259.
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Appendix A. Effect of twist

In this work, we have set the the twist modulus equal to the bending modulus such that
K7/Kp = 1. Using values for the geometry and material parameters of microtubules from
the literature, Clarke et al. (2024) estimated the range of this ratio to span several orders
of magnitude, 0.002 < K7/Kp < 350. Based on this, Clarke et al. (2024) performed
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simulations for filaments driven by a tip-driven follower force with K7 /Kp = 0.01, 1, 100.
Filament dynamics and the resulting states remained qualitatively similar, except for the
case Kr/Kp =0.01, where some differences in the whirling-to-beating transition were
observed. Assuming this trend to also be exhibited by the other models that we explore in
this paper, we expect the dynamics to be largely unaffected by choice of K7 /K p provided
that K7/Kp > 1, which corresponds to a large portion of the relevant range.

Appendix B. Derivation of the slip velocity correction
B.1. Single force-free squirmer

The squirmer is a spherical swimming body that imposes instantaneous velocity boundary
conditions to the surrounding fluid due to effective surface deformations (Lighthill 1952;
Blake 1971). A force-free, neutral squirmer swimming in the é-direction applies the
force quadruple (Ishikawa, Simmonds & Pedley 2006; Delmotte et al. 2015h) H =
—(4/3)na’ Byé on the fluid, and generates a Stokes flow that satisfies

0=—Vp+nViu+HV ), (B1)
0=V .u, (B2)

where r is the position relative to the squirmer centre, » = ||r||, and # = r /r. The solution
to this system reads

1 fn
u(r):W (I-37F)H. (B3)

We obtain the squirmer-induced velocity #’ of a nearby particle with hydrodynamic
radius a using Faxén’s relations (Kim & Karrila 2013):

112
u = (]1+ gvz) u(r). (B4)

Since in this case the contribution of the Laplacian term is zero, the induced velocity is
simply u(r) and given by (B4). On the other hand, the self-induced velocity of a squirmer
is (2/3)Bje.

B.2. Hydrodynamically coupled squirmers
For an N-squirmer system, we have

0=—Vp+nViu+) HV3éx-Y))), (B5)

1

where H; = (4/3)mna’B;t;. Here, we choose the swimming direction & = —f such that
each squirmer tries to move towards the base of the filament. Then the flow induced on
segment j by segment i (i # j) is
1 IR
u' (r,-j:Y,-—Yj)— (]I—3r,-jr,~j) Hj:Sinj (B6)

N 4 nr?j

for a squirming interaction matrix S;; € R3*3, We remark that i, j are not matrix indices,
but denote segment indices. Similarly, self-interactions can be expressed as

1H; =S;H;. (B7)

/
u (rijj) =—
( ll) 27'[7’)(13
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Using (B6) and (B7), we can group all H; under a general swimming vector H =
[HT, ..., H]TV]T eR3Vx1 and a general swimming matrix S € R3NX3N with block
entries S;;. Then the translational and angular velocities due to the segment surface flows

can be expressed as
Vv’ S O0||H
=[5 3][8] ®

Appendix C. The effective Lie algebra element

It is sufficient to track the tangent angle along the filament to describe the 2-D filament
dynamics. However, in three dimensions, a different approach is required to describe the
evolution of a local frame at each point along the filament centreline. In our numerical
framework, following Clarke et al. (2024), we use unit quaternions to describe local
rotations of the coordinate frame, and effective Lie algebra elements for the state space
representation of the dynamics.

Given the equilibrium quaternion, which describes the upright filament, i.e.

1 1 i 1 1
qe{i:[ﬁ’o’_ﬁ’o} . with qzq:[ﬁ, 0, ﬁ, 0:| s (Cl)
the effective Lie algebra element associated with a quaternion ¢ is defined as
U =2 arccos (pg) P, (C2)

where g 0 g7, = [po, P] and p =p/IIPI.

C.1. Connection to the position vector
Given an effective Lie algebra element U (s) associated with the kth filament segment,
the corresponding quaternion is given by

g =exp (U(sk)) @ g,y (C3)

where exp (U) = [cos(|| Ul/2), sin(JJU||/2)(U /|| U ||)]. Then the centre position of the kth
segment is found recursively as

AL R N
XkZXk—1+T (R(qx)e1+R(qr_1)&1), (C4)
where the action of the rotation matrix on an arbitrary vector v is defined as
[O, R (¢g) v] =qe [0, v] oq”. (C5)

Then the position of a segment centre is

Xk:XI‘l‘% (R (41)+R(¢Ik)+ZI§R(‘Ii)> e

2

k—1
AL N A "
=X+ —vec (qlo[O,el]oq’i‘+qko[0,e1]oqz+2 E qio[O,el]oq;"),

2 2
(Co)
where the vec operator takes the vector part of the quaternion. Notice that each quaternion
multiplication term corresponds to the tangent vector of the respective filament segment.

1031 A48-30


https://doi.org/10.1017/jfm.2026.11259

https://doi.org/10.1017/jfm.2026.11259 Published online by Cambridge University Press

Journal of Fluid Mechanics
We investigate some special cases of the effective Lie algebra element to show its

connection to the tangent vectors, and hence the position and geometry of the filament.

C.2. Special cases of effective Lie algebra element

C.2.1. Case l
If the effective Lie algebra element of a segment is of the form

U(s,t) = [U1 (s,1),0, 0] , €7
then the associated tangent vector of a segment is

t(s,1)=08& —sin[|U(s, 1)] & +cos [U(s, 1)]| &

. . n . (C8)
=0e; —sin|U; (s, t)| e2 + cos|U; (s, t)] 3.

This form of effective Lie algebra element relates to planar motion in the yz-plane.
C.2.2. Case Il
If the effective Lie algebra element of a segment is of the form
Us, 1) =[0, Us(s, 1), 0], (C9)
then the associated tangent vector of a segment is

(s, 1) =sin |U(s, 1)] & +0&: 4 cos |U(s, 1)| &3

. « R N (C10)
=sin|Us (s, t)| e1 + 0 ey + cos|Us (s, t)] e3.

This form of effective Lie algebra element relates to planar motion in the xz-plane.

C.2.3. Case IlIl
A natural generalisation of the previous cases is their sum, i.e. an effective Lie algebra
element of a segment is of the form

U(s, 1) =[Ui(s, 1), Ua(s, 1), 0] . (C11)
The associated tangent vector of a segment is
- Us(s, 1) . A Ui(s, 1) . A A
t(s,t) = ———sin||U(s,t)|| 61 — ————sin ||U(s, t)|| e2 +cos |U(s, )| e3.
1UGs, )l UG, Dl

(C12)
In the case where | U (s, t)|| is time-independent, such that U 12 (s, 1)+ U22 (s, t) =c(s) for
a function c(s), the tangent vector follows a circular path restricted to a z = constant plane.
This is a model for a whirling-like motion of the filament.
On the other hand, if the norm of the Lie algebra element changes but U, /U = constant
(or U1 /U, = constant, whichever is well-defined), then the motion is restricted to a plane.
The angle that the plane makes with the x-axis is § = — arctan(U;/U>).

C.24. Case IV
The effective Lie algebra element in its most general form is

U(s, t) =[Ui(s, 1), Ua(s, 1), Us(s, )] . (C13)
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The resulting tangent vector is

n Uy Us (1 —cos|UJ) U, . .
10 [IIUII o ot ”U”] “
[Uz Us (1 —cos U Uy
i vl U]
|:U3 Us (1 - cos [U])

U1 U]

sin ||U||:| ér (C14)

+ cos ||U||] es3.

C.3. Connection to periodic states

As shown in §C.2, certain types of the effective Lie algebra element induce certain
restrictions on the filament dynamics. Here, we generalise these results as two examples
of filament states.

C.3.1. Decomposition of beating state

Beating is a planar state, which can be described as a time-periodic bending of the
filament. Since it is essentially a 2-D state, a segment’s tangent vector can be expressed by
only one time-dependent variable:

£(s, 1) =sin (¢ (s, 1)) cos O &1 — sin (¢ (s, 1)) sin O &x + cos (¢ (s, 1)) &3, (C15)

where 6 determines the beating plane, and ¢ (s, ) is the beat function. From § C.2.3, we
take U (s, 1) = ¢ (s, t) sin 6 and U (s, t) = ¢ (s, t) cos 6. Then the associated effective Lie
algebra element is

U(s,t)=[¢(s, 1) sin6, ¢ (s, 1) cos 6, 0]
=sin6 [¢(s, 1), 0,0] 4+ cos6 [0, (s, 1), 0].

Notice that we restrict neither the filament shape nor its time-dependency. Here, we only
assume (owing to periodicity) that ¢ (s, t) = ¢ (s, t + T), where T is the beating period.
This decomposition also demonstrates that the summation of two beating signals (with
unit modulus) corresponds to rotations about the z-axis.

(C16)

C.3.2. Decomposition of whirling state
The tangent vector of a whirling filament can be described without loss of generality as

i(s,1)=Ae siny(s)e; — Ae siny(s) & + cos ¥ (s) é3 + c.c. (C17)

for some arbitrary A € C with |A| = 1. Here, tan ¢/ (s) is the time-independent angle
that the tangent vector makes from the meridional point of view. From §C.2.3, we
take U7 (s, 1)*> + U3 (s, 1)> = ¢>(s), and obtain Ui (s, 1) =iA e ¢ (s) and Us(s, 1) =
A " 4 (s). Then any whirling Lie algebra element can be decomposed as

U(s, 1) =[iA ¥ (s) e, Ay(s) e, 0] +c.c.
= (1A [¥(5).0,0] + A [0, ¥(s), 0]) € +c.c.

Each of these effective Lie algebra elements describes planar filament dynamics — one
on the yz-plane, and another on the xz-plane. They are identical in shape, up to a /2
rotation about the z-axis. The periodic time dependence is separated from space; therefore,
the filament shape is, in a sense, ‘frozen in time’, and whirling is a solid body rotation.

However, another interpretation of this result is that these effective Lie algebra elements
individually describe a beating filament. The beating has the frequency w/(27), and
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the filament has a specific shape described by ¢(s). The coefficients associated with
each signal have the same magnitude, but are orthogonal to each other in the complex
plane. Therefore, a /2-delayed combination of two beating signals creates whirling.
Furthermore, the sum of any two beating signals is not necessarily a whirling state, in
that whirling requires time and space to be separated in the beating function.

C.4. Use in the bisection method
Given Uy, (s, t) = [Uy,w(s, 1), Uz, (s, t), 0] for whirling, we have

Ut (5) + U3, (s) =c(s) (C19)
for some c(s) € R. Similarly, given Uy(s, t) = [U1 (s, t), U2 5 (s, t), O] for beating, we
have

Uip(s) _ .
Ua,p(s)

for some constant ¢ € R. After a sufficiently long time, a solution satisfies either (C19)
or (C20), which we use as convergence criteria.

(C20)
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