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THE COMMON LIMIT OF A QUADRUPLE SEQUENCE
AND THE HYPERGEOMETRIC FUNCTION Fp OF
THREE VARIABLES
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Dedicated to Professor Masaaki Yoshida on his sixtieth birthday

Abstract. We study a quadruple sequence and express its common limit by
Lauricella’s hypergeometric function Fp (i i i, i, 1; 21, 22, Z3) of three vari-
ables. We give a functional equation of Fp, which is the key to get our expres-

sion of the common limit.

81. Introduction

For two positive real numbers ag and by with ag > by, the double se-
quence {a,} and {b,} given as

an +0b
Up41 = = 2 n7 bn—i—l =V anbn7

has a common limit, which is called the arithmetic-geometric mean
M(ag,bg) of ap and by. It is shown by C. F. Gauss that M (ag,by) can
be expressed by the hypergeometric function:

a0 1 11 ,
= :F<_7_71;1_ )7
M(ao,bo)  M(1, ) 22 o

where x = by /ayg.

In this paper, we study a quadruple sequence {a, }, {b,}, {c,} and {d, }
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given by
(a07b0y007d0):(a7b>cvd)v a>b>c>d=>0,
an + by + cn + dy, (an + dn)(bn + cn)
(1) Ap+1 = 1 ) bpi1 = \/ 5 ;
V(an + ) (b + dy) V{(an +bn)(cn +dn)
Cn41 = dn—i—l = :

2 ' 2

We can easily see that it has a common limit p(a, b, ¢,d). Our main theorem
is the expression of p(a,b, ¢, d) by Lauricella’s hypergeometric function Fp
of three variables:

1 (1 111 9

- = 1;1 1—x%1—m§)2.
(1,1, 2, 23) ’

D 17171717 ) _x17

The key for our main theorem is Proposition 1, which is the functional
equation of the hypergeometric function Fp corresponding to the property

ag bo co do by ¢ dy
)
ay agp ag Gop ayp a1 ai

It turns out that

b, ¢, dp 1111 bp\ 2 Cn\ 2 dp\ 2\ 2
n(tom ) ol ptt- () - () - ()
is independent of n. This fact implies our main theorem. In order to
show Proposition 1, we prepare some essential facts for integrable Pfaffian
systems in Section 3 and give the integrable Pfaffian system with respect to
Fp(a, B,7; z) of three variables in Fact 4.
C. W. Borchardt considers in [B] the quadruple sequence

an + b, +c¢, +d, vVapb, +vVend,

Un4+1 = 1 s bn+1 = B
VanCn + v bnd, Vandy, + v ncn
Cn+1 = 9 ) dpt1 = 9

with positive initial terms ag, bg, co, dp. Its common limit B(ag, bo, co, dp)
is expressed in terms of period integrals of a hyperelliptic curve C' of genus
2. J. F. Mestre studies the expression of fixed points under the hyperelliptic
involution on C' by the initial terms and shows that B(ag, bo, co,dp) can be
expressed by the arithmetic-geometric mean M (ag, cp) when ag = by and
cp = dp, refer to [M].
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J. M. Borwein and P. B. Borwein consider in [BB] two double sequences

an + 2b, 3/, a2+ apb, + b2
L L

an + 3b, an + by
Qp41 = T’ bp+1 =1/ bn B ;
1 2

they express their common limits M3(ag, by) and My(ag,bo) by F(3,%,1;2)
and F' (%, %, 1; z), respectively. We remark that the expression of My(ag, bo)
can be obtained by our main theorem as a special case by = ¢y = dp.

As a generalization of M3(ag,bg), K. Koike and H. Shiga give a triple
sequence and express its common limit by Appell’s hypergeometric func-
tion Fl(%, %, %, 1; 21, 22) of two variables z1, 2, refer to [KS1]. They study
an extension of the arithmetic-geometric mean and give its expression by
Appell’s hypergeometric function F; with different parameters in [KS2].

For other studies related to the arithmetic-geometric mean, refer to

Gn41 =

and

Acknowledgment. The authors express their gratitude to Professor
K. Ohara for informing of the correct Pfaffian system with respect to the
hypergeometric function Fp obtained by the system [O].

82. The quadruple sequence
LEMMA 1. The quadruple sequence {ay}, {bn}, {cn} and {d,} given
as (1) satisfies
a>ap_1>ap>by>cp>dy>dyp1>d
for any n € N. It has a common limit, which is denoted by u(a,b,c,d).

Proof. We assume a,, > b, > ¢, > d, > 0 for n € N. Then we have

(4an+1)2 B (4b”+1)2 = (an - bn —Cp + dn)2 > 07
(2b,11)% — (2¢n41)? = (an — by)(cn — dp) >0,
(2¢n41)% = (2dp1)* = (an — dp)(bp — ) >0,
(In+bn+cn+dn a, + an, + a, + an,

< = Qnp,

4 - 4
V(@ +bn)(en +dn) _ V/(dn + dn)(dn + dn)
2 . 2

Up4+1 =

dn+1 = = dy,
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which imply a, > ant1 > buy1 > cng1 > dpgy1 > dy, > 0. Since the se-
quences {a,} and {d,} are monotonous and bounded, they converge. Since

1
an+1 — dn+1 = Z(\/an + bn - \/Cn + dn) 2ap, — \/

1 a —d a—d
:§(an+dn—2\/andn)§ 7’L2 n§2n+17

we have lim,_,(an, — dn) = 0. Thus the quadruple sequence (1) has a
common limit. 0

Remark 1. 1. We have

(4an+l)2 - (4bn+1)2 = (an - bn —cp + dn)27
(4an+1)2 - (4Cn+1)2 = (an —bp+cp — dn)2y
(4an+1)2 — (4dn+1)2 = (an+bp —cp — dn)2.

2. The quadruple sequence (1) quadratically converges, since
1 (an —dy)?

1
il — A1 < =(V2a, — /2dp)? = - —2 "
(n+1 +1_4( a ) 2 (\/an + Vd, )2

It is easy to see that

u(a,b,c,d) = au(l, g, 2, g)a

w(a,b,c,d)
_ (atbtetrd /(a+d)(b+c) /(a+c)(b+d) \/(a+b)(c+d)
_“< VR 2 ’ 2 ’ 2 >

By putting 1 = b/a, x2 = ¢/a, x3 = d/a for these equalities, we have the
following lemma.

LEMMA 2. Let (y1,y2,y3) be the image of (x1,x2,x3) by the map ¢

¢(71,T2,73)
_ <2\/(1+m3)(m1+x2) 2v/(1+m2)(z1+23) 2\/(1+x1)(x2+x3)>
1+z1+xot+xs = 14+z+w0+23 1431 +20+73 '
Then i satisfies the relation
4
2 T o 1733 y L2, X = 17 9 )
(2) 1+$1+x2+x3ﬂ( 1,%2,23) = (1, 91,92, Y3)

for0 < xg < a9 <7 <1.
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§3. Integrable Pfaffian systems

In this section, we prepare some facts of integrable Pfaffian systems.
We consider a system of first-order partial differential equations with r un-
knowns f1,..., f, and n variables x1,...,z, in the following form

3) df (z) = £2(x) f (x),

where z = (z1,...,,) is in an open set U, f(z) = '(fi(z),..., f-(z)) and
2(z) is an r X r matrix whose entries are 1-forms on U. The system (3) is
called a Pfaffian system on U and 2(z) is called the connection matrix of
(3). If 2(x) satisfies the integrability condition

d2(x) = 2(z) A 2(z),
then the system (3) is integrable.

Fact 1. 1. The system (3) has exactly r linearly independent vector
valued solutions if and only if it is integrable.

2. If the system (3) is integrable, then there exists a unique solution f
around u € U such that f(u) = p for a given initial vector p € C".

FAcT 2. For an integrable Pfaffian system (3) and an invertible r X r
functional matriz P(x) on U, the vector valued function g(x) = P(z)f(x)
satisfies the Pfaffian system

dg(x) = [P(2)2(2)P(x)~" + dP(z)P(x)]g(x).

Let fo be a function of n-variables (y1,...,y,) on an open set V. We
assume that the vector valued function

() = t(fow), o §—£<y>)

satisfies an integrable Pfaffian system

on V. Let n be a map from an open set U to V given as

n:Usx=(21,...,20) — y = (m(x),...,m0(z)) €V,

https://doi.org/10.1017/50027763000009739 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009739

118 T. KATO AND K. MATSUMOTO

and let J be the Jacobi matrix of #:

om Im

ox1 tt OTn
_ (57% > i . .

or1 OTn

Fact 3. Ifdet(J) # 0 on U then the function ho(z) = fo(n(z)) satis-

dh(z) = [J(z)J ' +dJJh(x),
where

) = (o) G gt} T= (1),

and 2(z) is the pull-back of 2(y) under the map 7.

84. Lauricella’s hypergeometric function Fp

Lauricella’s hypergeometric function Fp of m-variables z1, ..., 2, with
parameters «, (1, . .., Bm,y is defined as

00 (a le )H;ﬂ 1(5]’7”]’) m an
"1»-%:m>0 (7’2 nJ)H 1(L,ny) +4 j

7j=1

FD(O&,ﬁ,’}/; Z) =

where z = (z1,...,2y) satisfies |z;| <1 (j =1,...,m), 8= (B1,...,0m),
v#0,-1,-2,... and (o,n) = a(a+1) - (a+n—-1)=T'(a+n)/[(a).
This function admits the integral representation:

RS &) R 1 i
Fp(a,ﬁ,%Z)—m/Ot (1) 1;[1_29 FEn)

When m =1, Fp(a, 3,7; z) coincides with the Gauss hypergeometric func-
tion F(«, 3,7;2). We consider Fp(a, (1,82, 0s,7; 21, 22, 23) of three vari-
ables.

Fact 4. The function Fp(a, 3,7;2) of three variables satisfies the in-
tegrable Pfaffian system given as

df = Z Agjdlog(zi — 25) f,

1<i<j<5
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where f = t(f07f17f27f3)7 fO = FD(avﬁvly;z)} fl = Zzg_fj (2 = 17273);
24 =0, 25 =1 and

0 0 0 0 0 1 0 0
Ay — 0 =G B O Ay — 0 14+824+B—-~ 0 0
0 B =B 0] 0 —[2 0 0]’
0 0 0 0 0 —B5 0 0
0 0 0 0 0 0 1 0
a0 =m0 s foo0 b 0
13 o 0 o0 o | 7% 00 148+08—7v 0]’
0 B3 0 =3 0 0 — 03 0
00 O 0 00 0 1
00 0 0 000 —5
A = ; A - )
2710 0 B3 B 710 000 —B
00 B3 —f 0 00 14+p81+p0—7
0 0 0 0
A — —afy y—a—-0 -1 —=p1 —H
15 0 0 0 0 |’
0 0 0
0 0 0 0
I 0 0 0
2 —afy =P y—a—[Fr—1 —F ]’
0 0 0 0
0 0 0 0
0 0 0 0
s =1 0 0 0

—afs —fB3 —f3 y—a—pF3-1

Remark 2. The A;; and A; 41 in the proof of Proposition 9.1.4 in
[IKSY] are wrong. Professor K. Ohara informed us of the correct Pfaffian
system given by the system [O].

§85. Main theorem
THEOREM 1. For any numbers x1, xo, x3 satisfying 0 < x3 < x9 <

r1 <1, we have

1

2
- - ,1;1—:32,1—332,1—3:2),
M(17$17$27$3) ! 2 3

1111
4747474
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where p(1, 1, 9, x3) is the common limit of the quadruple sequence (1) with
initial (1,21,22,23) and Fp is Lauricella’s hypergeometric function.

We put
1111
F ) ) =F <_7_7_7_71; ) ) )
(21, 22, 23) plppp A s
PROPOSITION 1. The function F' satisfies
1+x1+m2+m3
LEnEes b0 5y a1 — a1 —ad)? = (1= g1 — 31— 43)?

2 2 2\ 2
_F <1—SE1—1‘2—|—1‘3> <1—ZE1—|—ZL‘2—1‘3> <1+1‘1—ZL‘2—ZL‘3>
- I+ai+aotas )  \1+ai+zotas )  \1+a1+zotas ’
where (y1,y2,y3) = p(x1, 2, x3) is defined in Lemma 2.

Proof. Put

(&1,62.83) = <

l—21—x90+23 1—214+29—23 1—|—1‘1—1‘2—ZL‘3>
14z +azotas’ 1+a1+xo+as’ 1+z1+20+23)

Then we have

(21, 29, 73) = <1—€1—€2+§3 1-&1+6—&3 1+§1—€2—§3>
T 1+6+&+E& 1+6+6+E& 1+6+8+E& )
I+z1+22tws 1
4 1+&6+86+837

(1—3;%,1—3;%,1—3:%)
_ (4(1+§3)(§1+€2) A(1+86) (& +83) 4(1+§1)(§2+€3)>
(I+& +6a+63)% (1+6+86+83)2 1+ +&+E83)2 )

Thus the equality in Proposition 1 is equivalent to

L+&+6+&F(E,6.6)
_ F<4(1+§3)(§1 +&) 4(1+&2)(6+E3) 4(1+§1)(§2+£3)>
(I+& +6a+83)% (1+6+86+E83)2 T (1+86+E+E83)?
for 0 < & < & < &3 < 1. We show that the Pfaffian systems obtained by
the functions in the both sides of the above equality coincide.

Let £2(z) be the connection 1-form in Fact 4 fora = )y = o = 3 = 1/4
and v = 1. Fact 2 implies that the vector valued function

oF OF OF
_t - = ==
g(a) = (F > ax3>
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satisfies the Pfaffian system dg = (;(x)g, where

0 (x) = PQ(z)P~! +dPP™,

The vector valued function

iy Do M 9o
h(é.) - <h07 861’ 862’ a§3>

for

ho(€1,€2,€8) = V1+& + &+ &F (. 6.63)
satisfies h(0,0,0) = (1,1/2,1/2,1/2) and the Pfaffian system dh = 25(&)h,

where

2(6) = QU2 (&) I +d N JTQ T +dQQ™Y, Ji = diag(1, 261, 26, 263),

Q= , (=V1+4+E+8,

RI=R]=Rl=
oS

¢
and (2 (§) is the pull-back of £2;(x) under the map
(1,62, 63) > (w1, 22, 23) = (£1,63,63).

On the other hand, the vector valued function

Ohg Ohg Ohyg
h = t<h Y A~ ) ae ) —>
(@) 06 98 98

for

h0(§1,£2,§3):F<4(1+§3)(£1+§2) 4(1+&)(€1+E3) 4(1+§1)(g2+§3)>

(14+&+&+8)% (1+61+6+83)%" (1+&6+&+E3)2

satisfies h(0,0,0) = (1,1/2,1/2,1/2) and the Pfaffian system dh = 23(&)h,
where

_ _ 1
(e = (1" +ansi n=(1 ).
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2{(€) is the pull-back of £ (x) under the map

4(1+83)(§1+8&2) 4(1+E€2)(E1+E3) 4(1+§1)(§2+€3)>
(1+&6+E+E63)% (14861 +8+83)2 (1+&+62+83)?

¢ 1 (&1,62,83) — (

and J is the Jacobi matrix of the map ¢'. By a straight forward calculation,
we can show that 25(€) = 25(£). Thus we have the required equality around
3 ::(07070)' U

Proof of Theorem 1. Consider the quadruple sequence (1) with initial
(ao, bo, co,do) = (1,21, 22, x3). Lemma 2 and Proposition 1 imply that

pw(l, @y, @0, x3)F(1 — 22,1 — 23,1 — 23)?
= u(Ly1,y2,y3) F(L— 7,1 — 43,1 — 43)*.
Thus we have
(1, x1, 0, x3)F(1 — 22,1 — 22,1 — 23)?
=t ) - G () ()
for any n € N. Since

. bn . Cn . dn
lim — = lim — = lim — =1,
n—oo an n—oo an n—oo an

and p(1,1,1,1) = F(0,0,0) = 1, we have
pw(l, 1, 9, 23)F(1 — 22,1 — 23,1 — 23)?
2 2\ 2
hm@i@%( () (- ()
n—o0 an’ an’ ap an an
— u(1,1,1,1)F(0,0,0)* = 1,
which is the desired equality. 0

COROLLARY 1. For 1> x1 > a9 > 23 > 0, we have

F(l—a221-231 ‘/
an+l

where we set the initial of the quadruple sequence (1) as (agp,bo,co,dy) =
(1,21, 72, 73).
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Proof. By Proposition 1, we have
F(1-2},1-23,1-a3)

2
= F(l—y?1—y2,1—92
1+$1+$2+333( T Y3 Y3)

B 4ag b c _d_%
- ——=—F R S
ao+bo+co+do al aj aj
2 d2
:,/ 1/ (1 63,1 2)
a3 ag
= H % \p 1_b_”,1_i,1_ﬁ,
=5 Vain a2 a2 a2

which implies this corollary. H

8§6. A specialization

For the case b = ¢ = d, the quadruple sequence reduces to

an + 3by, an + by,
Gp41 = T’ bn+1 =Cp41 = dn+l = bnTa

which is studied in [BB]. It is shown that the reciprocal of the common limit

of the double sequences is F(1 3 11—z ) , where x = b/a and F(«, 3,7; 2)

11
is the Gauss hypergeometric function. By our main theorem, we have
1111 2
F(————l-l— 21421 2)
D R A R x, x, x
1 1 13 2
- - F( 11— ) .
w(l,z,x,x)  My(l, ) 4

Note that the above reduction of Fp to F' can be easily obtained by the
integral representation of Fp.
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