
FAITHFUL REPRESENTATIONS OF LIE GROUPS II

MORIKUNI GOTO

The present paper is a continuation of Part I.n In the introduction of Part

I we have explained our main problems and sketched their results. In the pre-

sent part we shall proceed to give complete proofs of them.

Notations and definitions in Part I shall be retained.

Semi-simple f.r. Lie groups

5. Let Σ be a field and let a and b be matrices of degree n and m res-

pectively with coefficients of Σ We denote by a x b the Kronecker product

of a and b9 and by αW the &-times Kronecker product of a:

<3lXl = lj (the unit matrix of degree 1),

ato = a x a x . . . x a f or & > 0.

Let now εl9ε2, . . . , εn be the sequence of all eigen-values of a, repeated as

many times as their multiplicities. Then ejf'ίJ) e2

l(2) . . . εn

im is an eigen-value of
n

tfto if /(l),ί(2), . . . are non-negative integers such that Σ*(./) = #• Suppose

now that βW is the unit matrix (of degree n). Since every eigen-value of βW

is 1, we have si = e2 = . . . = εn = e, where e is a β-th root of unity. Let eι be

an eigen-vector of a: aeγ = εeγ, and let e2 be a vector, linearly independent of

ex. We operate «W to e? x £J x . . . X β\ and get «̂ 2 = εe 2 easily. Hence if βΓ&j

is ίftβ ίimϊ matrix, then a = el« ^/z r̂̂  e* = l Using this fact we shall prove

the following algebraic

LEMMA 8. Let Σ °e a n algebraically closed field, and let © be a group com-

posed of non-singular matrices with coefficients of Σ L^ n o w ® be a finite

central invariant subgroup of(§>. Then we can construct a faithful representation

of ©/©, which is an induced representation of ® on a certain tensor space, where

we assume that the order of 2) is indivisible by the characteristic of Σ

Proof It is clearly sufficient to prove the lemma in case when the order q

of Φ is a prime number. Let d (# e) be an element of 2). Since ® is comp-

Accepted by Mathematica Japonicae in September 1948; resubmitted to this Journal in the

original form on March 9, 1950.
J) Goto [22].

https://doi.org/10.1017/S002776300002287X Published online by Cambridge University Press

https://doi.org/10.1017/S002776300002287X


92 MORIKUNI GOTO

letely reducible because q does not divide the characteristic of

assume that d is of the form

> 0

we may

where e is a tf-th root of unity and i(s) =fc i(t) mod. q if 5 # t. Since gd

any element g of (§, every eigen-space of d is allowable by ©:

J 0

= dg for

Clearly, we can determine non-negative integers aιs (/ = 1,2, . . . , ft — 1

s = 1,2,.. . . ,h) such that a solution (xl9. . . ,ΛΓA) of the congruence equations

aiiXi -f Λ/2ΛΓ2 + . . . -f Λ/ΛΛΓA = 0 mod. q / = 1,2, . . . , ft — 1

satisfies the relations

ΛΓS = w/(5) mod q s = 1,2, . . . , ft

for a suitably chosen integer ?#.

Now an induced representation of © is given by

(g* 0

I 0 g*

where

0

and

X . . . X

X . . . X

0 £ , [ « * - « ] X . . . X ghί
ah-lh] y

Let 3 be the kernel of the representation. Since zs

[<7J is the unit matrix for

2 G 3 , w e have
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/ε/(1)lid) 0

z =

, 0 βΛ*:

Now since z** is also the unit matrix we get that

«/i/(l) + aι2f(2) + . . . -f aihf(h) Ξ 0 mod. q9 I = 1,2, . . . ,h - 1

so that from the definition of aι* there exists an integer m such that

/(s) = mi(s) mod. <? s = 1,2,. . . , h.

Hence we have 2 E ® , i.e. 3 - ©. That © S 3 is obvious, q.e.d.

LEMMA 9.2) £^f © be a semi-simple f.r?] Lie group and let ©* be a Lie group

homomorphic with ©. Then ©* is also f.r.

Proof. We may suppose that ©/9ΐ ^ ©*, where 5JΪ is a closed invariant sub-

group of ©. Let G be the Lie algebra of ©, and let 9ΐo be the connected com-

ponent of 9ί containing e. As the Lie algebra N of 31 is an ideal of semi-simple

G, there exists an ideal M of G such that

We denote by ΪR the subgroup of © generated by M. Then since ilf is semi-

simple as an ideal of a semi-simple Lie algebra and © is f.r., Corollary to Theo-

rem 2 in Part I implies that W is closed. Now from

3R/5W n 3lo ^ β/SRo and ®/3to/5R/5Ro ̂  ®/5R ,

©* is homomorphic with 9Jί: 5R ~ ©*. On the other hand since the Lie algebra

of %R is isomorphic to that of ©*, 9Jΐ and ©* are locally isomorphic, so that the

kernel 5) of the homomorphism Tl ~~ ©* is discrete. Then in virtue of Lemma

5 in Part I our assertion is a direct consequence of Lemma 8, q.e.d.

6. A Lie algebra G is called complex if G is isomorphic with a Lie algebra

over the field C of complex numbers, and a Lie group is called complex when

its Lie algebra is complex. When the structure of a Lie algebra G is given by

G = PXi + PXi + . . + PXr, lXi,Xjl = Σ TijsXs , Tijs G P ,

where Xi, . . . , Λrr constitute a basis of G, the complex Lie algebra Gc difined by

Gc = CXi + Cffo + . . . + Ctfr , [ΛΓi, ΛΓy] = Σ

2> Cί Malcev [13].
s^ A connected Lie group is called faithfully representable (f.r.) if it admits a continuous

faithful linear representation. See Part I.

https://doi.org/10.1017/S002776300002287X Published online by Cambridge University Press

https://doi.org/10.1017/S002776300002287X


"94 MORIKUNI GOTO

is called the complex form of G, and conversely G is called a real form of Gc.

A complex Lie algebra may have no real form at ail, or have several real forms.

Note that a Lie algebra is semi-simple if and only if its complex form is semi-

simple.

Let G* be a complex semi-simple Lie algebra. H. Weyl has, in his funda-

mental papers on semi-simple Lie groups,4) proved the following important re-

sults : We can select a suitable basis ΛΓJ , x2,. . . , xr with respect to C so that

G* = Cx, + CX2 + . . . + Cxr, lxi,xβ = ΣTijsXs, Πjs e P
s

and moreover any Lie group which is generated by the real form

K = PX} + jPΛΓ2 + . . . + Pxr

is always compact. Such a real form, called a compact form of G*, is unique

up to inner automorphisms.

Now consider a general real form of G*.5) Take an involutive automorphism

τ, r2 = l r , of a compact form ϋf, and decompose i£ into eigen-spaces of τ:

K = K\ -f- ϋΓ_j,

where ϋfj, A"-j are eigen-spaces of τ belonging to eigen-values 1 , - 1 respec-

tively. Now the subalgebra of G* given by

G = ϋf, + V ^ l JΓ-,

is a real form of G*, and conversely all real forms of G* can be obtained in

such a way. Now isomorphic real forms of G*, considered as subalgebras of G*,

are conjugated with respect to automorphisms. Therefore since any local auto-

morphism of a simply connected Lie group can be extended to an automorphism

in the large, in the simply connected complex semi-simple Lie group generated by

<?*, isomorphic real forms of G* generate isomorphic subgroups.

Next, we shall call a complex semi-simple Lie algebra complex simple if it

has no proper complex ideal distinct from 0. It is easy to see that a complex

simple Lie algebra, as well as a real form of a complex simple Lie algebra, is

simple. Let G be a simple Lie algebra and Gc the complex form of G. Then

only the following two cases are possible.61

Case 1. Gc is simple. Then G is a real form -of Gc, which is complex

simple.

Case 2. Gc is not simple. In this case G itself is complex simple.

From now on we shall call a real form of a complex simple Lie algebra real

4> Weyl [23].
5> Cartan [20]. See also Gantmacher [21].

*> E. g. Gantmacher [21].
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simple, A real, or complex simple Lie group is defined correspondingly.

Let now @* be a complex Lie group and G* the Lie algebra of ®*. We

shall call a subgroup © of ©* generated by a real form G of G* a ratf /om

of @*3 and call ©* a complex form of @, While a Lie algebra always has one

anci only one complex form, a Lie group may have no complex form at all, or

have sevex*al complex forms.

LEMMA 10, Let % be a linear Lie group. If © is compact or real simple,

then there exists a complex-linear Lie group ©c which contains © as a real form.

Here we shall call a linear Lie group complex-linear if its linear Lie algebra

contains any complex multiple of its matrix.

Proof. Let G = P%ι + . . . - + - Pxr be the linear Lie algebra of ®. It is clearly

sufficient to show that xfs are linearly independent with respect to C.

First suppose that © is compact Then since any compact linear group is

equivalent to a subgroup of the unitary group, there exists a matrix a such that

a~ιGa is composed of skew hermitian matrices. Suppose now that a}Xi -f a*x2

+ . . . + ocrXr = 0 αf-εC. Then we have α 1 β- 1 *jβ+ cc*arlxia + . . .

•f ara~ι%ra = 0β Now since every a~ιXia is skew hermitian, we have flFjflΓ1*^

-f α flΓ1*** + . . + Έra"xxra = 0, so that #JΛΓJ + #2#2 + . . . + ά r ^ = 0,

where a denotes the conjugate complex number of a. Then the linear indepen-

dence of ATj's with respect to P implies that oc\ = a% — . . . = ar = 0.

Next let G be real simple. We know that its complex form Gc is simple.

Hence the complex-linear Lie algebra spanned by Xi, Cxs -f Cx* + . . . -f Cxr,

forms a faithful representation of Gc, q.e.d

7β Let G be a Lie algebra and let © be a corresponding connected Lie group.

If @ is f.r. and any f.r. Lie group %, generated by G, is homomorphic with ©,

we call © a linear covering group of G, or of an f.r. Lie group generated by G?

or merely with respect to its structure.

THEOREM 3. For any simple Lie algebra G there exists one and only one

linear covering group @. Furthermore any local isomorphism of © to any f.r.

Lie group can be extended to a homomorphism in the large, in particular a local

automorphism of © can be extended to an automorphism,

The linear covering group of a complex simple Lie algebra is simply con-

nected, and that of a real simple Lie algebra can be obtained as a real form of

the simply connected group generated by its complex form.

Proof. A compact Lie group is f.r,7) in virtue of the theory of almost pe~

E. g. Chevalley [8], Chap. VI.
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riodic functions. Let G* be a complex (semi-) simple Lie algebra and K its

compact form. Since K always generate a compact group by the above men-

tioned theorem of Weyl, there exists a simply connected linear Lie group $

generated by K. Now by Lemma 10 there exists a complex-linear Lie group ffc

which contains $ as a real form, whence the Lie algebra of ®c is isomorphic

with G*. The space of $ c, the direct product of that of $ and the Euclidean

space of a certain dimension, is also simply connected. Therefore a simply

connected complex (semi-) simple Lie group is f.r.

Next let G be a real simple Lie algebra, and let © be the simply connected

Lie group corresponding to G and 3 the center of ©. Denote by @c the simply

connected Lie group corresponding to the complex form Gc of G, and by © a

real form of @c whose Lie algebra is G. The structure of © is then determined

uniquely. (See §β.) Let now 3 be a discrete invariant subgroup of © so that

•©A3 = © Since © is f.r. and the center of © is isomorphic to 3/3? the index
Λ

C3 : 3] must be finite by Lemma 5 in Part I.

Now let © be an f.r. Lie group corresponding to G. The existence of a

complex form ©c of © can be assured by Lemma 10. Since in the homomor-

phism @c ̂  ©c there corresponds © to @, we have © -» ©. Hence @ is a linear

covering group for G. We note also the fact that the order of the center of ©

is not less that that of ©.

Suppose now that a linear representation /, © 3 i?->/(£% gives a faithful

representation of ©, and let a be an automorphism of @. The kernel of the

representation of © given by

~ (f(8) 0
8

o fir)
is clearly 3 0 3" = ®. Since ®/S) is f.r., we have that [3 : ©] ^ [3 : 3] < °° .

Since © is contained in 3 we get 3 = 3 σ = ® ? namely 3 is characteristic. The

uniqueness of the linear covering group of G may be proved by a similar argu-

ment.

Next let © be an f.r. Lie group generated by G, and let ψo be a local iso-

morphism of © to ©. Since 3 is a characteristic subgroup of ©, there exists a

homomorphism φ so that ψ = ψo locally, q.e.d.

In virtue of Lemma 9 and Theorem 3 we can count up all simple f.r. Lie

groups, since all simply connected complex simple Lie groups are known.

For example in the four grand classes An,Bn,Cn {n = 1,2,. . . ) and Dn

{n = 3,4,. . . ) of complex simple Lie algebras given by Lie-Kilίing-Cartan,s)

8> E. g. Cartan [3] .
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we are familiar with the simply connected groups for the classes An and Cn i.e.

the unimodular groups and the symplectic groups,9) and for Bn and Dn the

classes of the proper orthogonal groups, the so-called spin representations10)

give us simply connected groups.

The necessity of the second example of non-f.r. Lie groups given by Cartan?

J1)

i.e. an arbitrary proper covering group of ©ί(2,P), is now clarified, because

©ί(2,P) is, as a real form of the complex unimodular group, which is simply

connected, a linear covering group of itself.

THEOREM 4. For any semi-simple Lie algebra G there exists one and only

one linear covering group ©, and © has the property stated in the first half of

Theorem 3 for a simple Lie algebra.

Moreover @ is decomposed into a direct product of simple Lie groups. If G

is complex, © is simply conneted.

Proof. Decompose G into simple ideals: G = d + . . . + Gs, and let @, be

the linear covering group of Gi. Then the direct product

© = ®, x . . . x ©s

is clearly the uniquely determined linear covering group of G, and other asser-

tions are easy to prove by an analogous argument as in Theorem 3, q.e.d.

Now we can easily prove the following

COROLLARY 1. A connected semi-simple Lie group is f.r. if and only if every

(closed) simple invariant Lie sudgroup is f.r.

Next let © be a topological group. In the introduction of Part I we defined

a notion of an (I)-group. We repeat the definition: If there exists a set of

closed invariant subgroups {9ϊα} of ® such that

1) ®/9ΐα is f.r. and 2) fϊ 9?« = e,

then © is called an {I)-group.

COROLLARY 2. A connected semi-simple Lie group is f.r. if it is an (I) -group.

Proof. Let g be a connected semi-simple (/) -group and © the universal

covering group of ©, and let © be the linear covering group of the Lie algebra

of @. We may suppose that © = ®/3) and © = ®/3. Let z be an element of 3.

Since ®/9ΐ« is f.r. there corresponds to z the unit element in the homomorphism

®(^@) ~®/9ϊβ, namely z®E9ΐα, whence z Φ i D because Π9ίβ is the unit

^ E. g. Weyl [24],
10> Cartan [6].
J1> Cartan [6]. Cf. §4 in Part I.
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element. Therefore we have 3 ϋ ® > namely (§ is f.r., q.e.d

Solvable f.r. Lie groups

8. We first prove the following

LEMMA 11.12) A simply connected solvable Lie group is f.r.

Proof. Let G be a solvable Lie algebra. Then there exists a linear Lie

algebra d isomorphic with G. Next since G/D(G) is commutative, we may

easily prove that there exists a linear Lie algebra G2, composed of nilpotent

matrices, which is isomorphic with G/D(G). Then the repressntation of G

given by

ί G ι ° )
to GJis obviously faithful. Furthermore in this representation there corresponds a

nilpotent matrix to any element of D{G) by a theorem of Lie, and to any

element which does not belong to D(G) there corresponds a non-zero nilpotent

matrix in the representation G2. Hence the linear Lie algebra generates a

simply connected linear Lie group by Lemma 6 in Part I, q.e.d

LEMMA 12. Let © be a linear Lie group and let "it be a closed invariant sub-

group, £> a closed vector subgroup of ®. Suppose that ® = &% § n 9t = e. If a

discrete subgroup © of £> is contained in the center of (S, then ®/Sδ is f.r.

Proof Let m be the dimension of §. It is clearly sufficient to prove the

lemma when m = 1. We may suppose that £> is a one-parameter group exp λx9

where x is a matrix and λ a real parameter, furthermore that % is generated

by exp x = d. We decompose the vector space M on which ($ operates into

eigen-spaces with respect to x:

M = MΛ + Mi + . . . ,

where or, /9,. . . denote eigen-values of x. Next we sum up eigen-spaces whose

eigen-values are the same mod. 2 7rV^T:

. . . mod.

α(2) = /3(2) = . . . mod.

M = Mi -f Mi -f . . . is then clearly the eigen-space decomposition with respect

t o d = expx9 whose eigen-values are exρα(l) = exp/3(l) = . . . , expo:(2), . . . .

12> Cartan [5].
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Since d is contained in the center, the eigen-spaces Mi {I = 1,2,. . , ) are allow-

able by ©, and hence © is decomposed into the representations induced on Mi.

Now define matrices Xj and #3 by the equations

X\eι = a{l)eι for */ e Λfi / = 1,2, . . . ,

tfs£p = p£P for g p G M p p = a,β,. . . ,

and put

Xo = X - ΛΓ3 , # 2 = #3 ~ #1 ,

then we have

X = XQ + ΛΓi + Xo ,

where x's are mutually commutative, xQ is nilpotent, and xx and #2 are semi-

simple.1^ Since the eigen-values of x2 are all integral multiple of 2πV — 1, we

have exp x2 = 1« where w denotes the dimension of M, and hence

6? = e x p ΛΓO e x p ^ j .

Then since d is contained in the center, we can easily prove that the matrix x0

is commutative with any matrix of (§. Hence we have

[exp λ (x0 + AΓJ), ©] = 0,

for any real number λ. Therefore the correspondence defined by

© "Bg= expλx h -» expλx2 h /jseϊl

gives a representation ©* of ©. Let 3 be the kernel of the homomorphism.

The relations 91 o 3 = e and © ϋ 3 are now obvious.

Next since (S/SD9Ϊ is a one-dimensional toroidal group, there exists a linear

representation ©** of © such that the kernel coincides with ©9ϊ. Hence the

representation of © given by

,0 ©**,

is clearly a faithful representation of ®/©, q.e.d.

LEMMA 13. L ί̂ & be a connected Lie group and 9ΐ <z nilpotent Lie invariant

subgroup. Then any compact subgroup of 9Ϊ is central in ©.

Proof. Let G be the Lie algebra of ©, and iV the subaigebra of G corres-

ponding to 9L Then an inner derivation of G induced by an element of N is

always nilpotent. Hence the linear group 51*, corresponding to 5ί in the adjoint

representation of ©, is simply connected, by Lemma 6 in Part I, and contains

no compact subgroup except e. Hence a compact subgroup $ is contained in

the kernel of the adjoint representation, i.e. the center, q.e.d.

^ A matrix is called semi-simple if it has simple elementary divisors.
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THEOREM 5.14) Let © be a connected solvable Lie group. The following con-

ditions are all necessary and sufficient for © to be f.r: I )©=2ί9l21n9ϊ = έ?,

where 2ί is a {maximal) compact subgroup and 31 is a closed simply connected

invariant subgroup. 2) C(©)( = 75(©)) is simply connected. 3) The center of

C(©) is connected and simply connected. 4) 21 n /}(©) = e, where % is a maxi-

mal compact group of ©. We note here the fact that a compact connected sol-

vable Lie group is commutative, and hence a toroidal group.

Proof. Let G be the Lie algebra of © and A a subalgebra of G corresponding

to a maximal compact subgroup 91. First we shall proceed to prove the following

implications: (© is f.r.) -* 4) -* 1) -* (® is f.r.)

Let © be f.r. Since there corresponds a semi-simple matrix for an element

of A, and a nilpotent matrix for an element of D{G) in any representation of

©, we have An D{G) = 0. On the other hand the commutator group Z>(©) is

closed and simply connected by. Lemma 7 in Part I. Hence we get 21 n D(®)

= e, i.e. 4).

Next from 4) we have An D(G) = 0, and hence there exists a subspace N

of G such that iV ϋ D(G)9 G = A + N AnN = 0. AT is then obviously an ideal.

Let © be the universal covering group of © and let % 31 be (closed) subgroups

of © generated by A, N respectively. Then the simple connectedness of the

factor group ®/!K by Lemma 3 in Part I implies that Si n 31 = e. Let © be

the kernel of the hornomorphism © ~~ ©. Then S) is obviously contained in 21

because 2ί is a maximal compact subgroup of ©. Hence N generates a closed

simply connected group 31 in ©. That 2ί n 91 = e follows immediately. Thus

we get 1).

Now suppose that the condition 1) is satisfied. Then by Lemma 11 the uni-

versal covering group of © is f.r., and using Lemma 12 we get a faithful repre-

sentation of ©. Thus we have the equivalence of the faithful representability,

1) and 4).

Now from the simple connectedness of the adjoint group of a connected nil-

potent Lie group and by Lemma 3 in Part I we can easily prove that 2) is equi-

valent to 3). Next from 1) we get 2) because C(@) is contained in % Suppose

now 2) is satisfied for ©. Then £>(©) is, as a Lie subgroup of the simply con-

nected C(®), closed, and hence coincides with C(©), q.e.d.

From Theorem 5 and Lemma 13 we get the following

COROLLARY 1.15) A connected nilpotent Lie group is f.r. if and only if it is

14) Cf. Malcev [11], [13].

"> Cf. Birkhoff [19].
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a direct product of a compact group and a simply connected Lie gronp.

COROLLARY 2. A connected solvable Lie (I)-group is f.r.

Froof. Let © be a connected solvable Lie group. Suppose that © is not f.r.

Then the center of C(©) contains a compact group $ ( # e) by Theorem 5. Since

M is mapped into the unit matrix in any linear representation of ©, © is not an

{/)-group. q.e.d.

Remark. A connected non-f.r. solvable Lie group has no locally isomorphic

{univalent) representation.

F.r. Lie groups

9. Let G be a Lie algebra and R the radical of G, and let R} be the inter-

section of R and D(G). Then the factor algebra G/Ri is decomposed into a

direct sum of a semi-simple ideal S and the center Z:

S + Z S n Z = 0 [ S , Z ] = 0

Let S be the linear covering group of S, and Z the w-dimensional vector group,

where m denotes the dimension of Z. The direct product 3 x 3 is then clearly

f.r., and furthermore there exists a faithful representation of S x 3 such that the

-center of the corresponding linear Lie algebra consists of nilpotent matrices.

Let Gj be the linear Lie algebra of such a representation. Let now G2 be an

arbitrary faithful representation of G. Then the representation of G defined by

0 G2)

is of course faithful.

Let now © be the linear Lie group generated by G*. Then we may easily

prove that the radical 9ί of © is simply connected in such a way as in the proof

of Lemma 11. Let S be a maximal semi-simple Lie subgroup of ©. Since 8

is closed and the center of β is finite in virtue of § 4 in Part I? S π fί is also

a finite group, whence the simple connectedness of §1 implies that S π 9ί = e.

On the other hand since © has a representation which is isomorphic to ©, we

get that S r̂ @/3ί ~~ @, whence we have S r̂ (§> comparing the orders of the

centers of ® and @.

Now we shall prove that our © is a linear covering group of G. First let

© be the universal covering group of © and let © be any f.r. Lie group corres-

ponding to G. We may suppose that ®/φ = © and @/3 = ©. Now let & be

a maximal semi-simple Lie subgroup of @. Since the space of © is a direct

product of the space of S and the Euclidean space, 3 is contained in ©. Since
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), a maximal semi-simple Lie subgroup of ©, is f.r.? we get

that I π Φ i S , whence 3 is contained in ©: 3 ϋ ©. Hence © is homomorphic

with ©, namely © is a linear covering group. Here we note the fact that the

discrete invariant subgroup 3 is characteristic, which will be seen easily. Now

the uniqueness of the linear covering group for any Lie algebra may be proved

as in the proof of Theorem 3.

Next let © be a linear covering group and 9ϊ a Lie invariant subgroup of

©. An analogous argument as in Lemma 3 in Part I shows that 51 is closed

and 5i and ©/9Ϊ are both linear covering groups.

From the above considerations we may easily prove the following

THEOREM 6. For any Lie algebra G there exists one and only one linear

covering group ©.

The radical §t of © is simply connected, and a maximal semi-simple Lie sub-

group © is a linear covering group such that

In particular, a linear covering group of a complex Lie algebra is simply con-

nected.1^

Any local homomorphism of a linear covering group onto any f.r. Lie group

can be extended to a homomorphism in the large.

Remark. A connected Lie group is homomorphic with the linear covering

group of its Lie algebra if its maximal semi-simple Lie subgroup is f.r.

THEOREM 7.17) Let © be a connected Lie group and 9ί the radical of ©. If

a maximal semi-simple Lie subgroup © and 9ΐ are f.r., then © is also f.r.9 and

vice. versa.

Proof. Let G be the Lie algebra of © and R the radical of G. Since the

radical 3f is f.r. and solvable there exist closed subgroups % and 3ΐ' of 3ί such

that

3t = 3ER', 2ίn3ί' = έ?,

where 31 is a toroidal group and 9ΐ' is simply connected and invariant in 3ϊ.

Let h(λ) be an everywhere dense one-parameter subgroup of 5ί: h(λ) = 21, and

let x be an element of G which generates h{λ). Now we decompose G and R

into eigenspaces of the inner derivation δx induced by x. Since δx is semi-simple

because of the compactness of 2ί, we may put

J6> Matsushima [15].
17> Malcev [13].
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G = Go -f Gι, 5ΛGo = 0 , δχG\ = G j ,

R= Ro + Rι, dxR0 = 0 , d*ff, - Λ,,

where Go and i?0 are subalgebras. Since it is clear that Go n R ^ Ro and Go + i?
= G, we have

Go/Ro *= G/R (semi-simple).

Hence Ro is the radical of Go. Let S bε a maximal semi-simple subalgebra of

G. Then S is evidently maximal semi-simple in G. Let A be the Lie algebra

of %. Since δ*G0 = 0 , we have [Λ, Go] - 0, and in particular [A, SJ = 0. Now

let us consider ϋ? as an S-module. Then A and £>(/?) are both S-modules such

that A π D(R) = 0. Hence from the complete reducibility of R there exists a

submodule N containing D(R) such that

R = A + N, A n iV= 0

JV is, as an ideal of R and an S-module, an ideal of G. Let now 5Ϊ be the sub-

group of © generated by N. 51 is easily seen to be closed and simply connected.

Thus we get the decomposition

3Ϊ = 215Ϊ 2ln5ϊ = e,

where 51 is a toroidal group and 9ΐ is a closed simply connected invariant sub-

group of ©.

Next let © be the subgroup generated hy S. Since the center of © is finite

in virtue of Lemma 5 in Part I because © is f.r., © is closed by Theorem 2 in

Part I. Then the compactness of 2ί implies that ©21 is closed. Now since the

center of ©Sί is compact and 9ΐ contains no compact subgroup except e, we

have ©21 n 9Ϊ = e, whence © is topologically a direct product of ©2ί and 9Ϊ:

Let now ® be the linear covering group of G. Then by the remark to Theo-

rem 6, © is a covering group of (S. Let ©, 2X and 51 be subgroups of ® gene-

rated by S, A and JV respectively. Then © = S2ί5ί and the space of ® is the

direct product of the spaces of ©, % and 51. Since 51 is simply connected, we

have ® ϋ © $ , where © denotes the kernel of the homomorphism © ~ ®.

S) Matsushima in [15] proved the following theorem: Let ® be a connected Lie group and
£> and Ik closed subgroups. Let H, N be their Lie algebras. Then % is f.r. if the follow-
ing conditions are satisfied. 1) 91 is a simply connected solvable invariant subgroup and
§ is f.r. 2)@ = φ9feφΠ9l = β. 3) N is completely reducible as an H-module. Using
this theorem we get another proof of Theorem 7, because &% which is a direct product
of f.r. <3 and a toroidal group 5ί mod. a finite group, is f.r. by Lemma 8, and our N is
clearly a completely reducible ( S + A)-module. We note also the fact that our Theo-
rem 7 and our decomposition © = (<SsΆ)yi show the validity of the converse of the above
Theorem of Matsushima.
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Now let S3 be a maximal compact subgroup of 8, and B its Lie algebra.

Then $ = 332ί is obviously a maximal compact subgroup of ©3ί, and the Lie

algebra K of $ coincides with A + B. Let S be the subgroup of @ generated

by B. Since 6 is a covering group of @ of finite order, 33 is compact. Now

since £ is a maximal compact subgroup of @9I, we may easily conclude that

$ = S9t 2 φ . Let Λ be of w dimensions. Then 3ί is the w-dimensional vector

group. Hence © is, as a discrete invariant subgroup of a direct product of a

compact group and an w-dimensional vector group, of rank at most m. On the

other hand, ©j = © o 31 is obviously a free commutative group of rank m.

Hence the factor group ©/Si is finite. Now since ®9i is a closed invariant sub-

group and % is a vector group, Lemma 12 shows that ®/®j is f.r. Then, ©/©i

being a finite group, the relation

© s ©/© ̂  ©/©,/©/©,,

implies the faithful representability of © by Lemma 8, q.e.d.

COROLLARY 1. Lei © £e ΛW f.r. Lie group, and $ a maximal compact sub-
group of ©. Then there exists a closed simply connected solvable subgroup €> of
© such that

Proof. The assertion was proved by K. Iwasawa19) for adjoint groups of
semi-simple Lie groups. By our Lemma 5 in Part I it is also valid for semi-
simple f.r. Lie groups. Then the decomposition of an f.r. Lie group © :

given in the proof of Theorem 7, easily implies our corollary, q.e.d.
Next let us call an f.r. group © completely reducible if any linear represen-

tation of © is completely reducible. Semi-simple, or compact f.r. groups are
completely reducible, but a vector groop is not.

Let © be a completely reducible f.r. group and G its Lie algebra. By a
theorem of Cartan, an irreducible linear Lie algebra is a direct sum of a semi-
simple ideal and its center which is composed of scalar matrices. Using this
we can readily prove that G is decomposed into a direct sum of its center
Z and a semi-simple ideal S: G = S+Z. [S,Z] = 0. Now let @ and 3
be subgroups of © generated by S and Z respectively. Assume that 3 is not
compact. Then the finiteness of the center of © by Lemma 5 in Part I obviously
implies that there exists a closed vector invariant subgroup of © which is a
direct factor. Hence © is not completely reducible, contrary to the assumption-

"> Iwasawa [10].
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Thus 3 must be compact. Since the converse proposition is clear, we have the
following

LEMMA 14. An/.r. group © is completely reducible if and only if the radical

of © is compact.

Now the following corollary is an immediate consequence of Theorem 7. (CL

also Note13) of p. 103).

COROLLARY 2. Let %be a connected Lie group. It there exist closed subgroups

% and 9Ϊ of © such that © = %3l %d3i = e, where % is a completely reducible

f.r. group and 9ΐ is a simply connected solvable invariant subgroup, then © is f.r.,

and vice versa.

10. In this § three theorems shall be proved concerning f.r. Lie groups.

THEOREM 8. A connected Lie group is f.r. if it is an (I)-group.

Proof. Let © be a connected Lie group and let © and 9ϊ be a maximal semi-

simple Lie subgroup and the radical of © rospectively. Suppose that © is an

(Z)-group. Then © and 3ί are also (/)-groups. Now Corollary 2 to Theorem 4

and Corollary 2 to Theorem 5 imply that © and 91 are both f.r., whence © is

f.r. by Theorem 7, q.e.d.

THEOREM 9. Any f.r. Lie group is isomorphic with a closed subgroup of the

general linear group of a certain degree. In other words, for any f.r. Lie group

there exists a topologically isomorphic linear representation with respect to the

induced topology.

Proof. Let © be an f.r. Lie group and 9ί the radical of ®. The commutator

subgroup D(&) is closed and the radical 9ϊj of J9(@) is simply connected by Lemma

7 in Part I. Denote by % a maximal compact subgroup of 9t. Then there exists

a closed simply connected invariant subgroup 31 such that 9ΐ ~ ?I5t, % n 9ΐ = e,

and 9ΐ ϋ 9ίj. As 2ί is compact, *HD(®) is a closed invariant subgroup. Let

© = (©21)91, S3ί n m ^e

be a decomposition as in the proof of Theorem 7. Since 62(9tj coincides with

locally and they are both connected, we have

whence %D{®) π 31 = 9?j. Now from

we see that ®/2ίD(®) is a vector group. Hence there exists surely a repre-

sentation of © such that the kernel coincides with 21D(®) and whose linear Lie
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algebra consists of nilpotent matrices. Let ©* be such a representation.

Next let (S** be a faithful representation of ($. The representation defined

by
©* 0

0 &

is of course faithful. On the other hand in this representation any non-zero

element of the Lie algebra of 51 is represented by a matrix with non-zero 0-eigen-

space, whence 5i is closed in the general linear group by Lemma 6 in Part L

Since 31 is compact, the radical 3ϊ = 9ί9i is also represented by a closed group.

Thus Lemma 5 and Theorem 2 in Part I imply our assertion, q.e.d.

Remark. The above two theorems give us apparently weaker but equivalent

definitions of f.r. groups.

Examples of non-f.r. Lie groups have been given by Cartan and Birkhoff.

(See § 4 in Part I and § 7). Here we shall prove a theorem which shows the

necessity of the above examples, namely the following

THEOREM 10. A connected Lie group (S is f.r. if and only if the following

two conditions are satisfied.

1) All simple Lie subgroups are f.r.

2) The radical of C(®) is simply connected.

Proof. If (8 is f.r., the above two conditions are obvious. Conversely let us

suppose that 1) and 2) are satisfied. Let © be a maximal semi-simple Lie sub-

group of © and 3ϊ the radical of ©. Since any simple invariant Lie subgroup

of © is f.r., © is also f.r. by Corollary 1 to Theorem 4. Now since C(9f) is con-

tained in the radical of C(®), it is simply connected, whence 3ϊ is f.r. by Theo-

rem 5. Therefore the theorem follows from Theorem 7, q.e.d.

Nagoya University
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