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Abstract Let E be an ordinary elliptic curve over a finite field Fq of ¢ elements. We improve a bound
on bilinear additive character sums over points on E, and obtain its analogue for bilinear multiplicative
character sums. We apply these bounds to some variants of the sum—product problem on E.
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1. Introduction

We fix an ordinary elliptic curve E over a finite field IF; of ¢ elements.
We assume that E is given by an affine Weierstrass equation

E:*+ (a1 4+ a3)y = 2% + asx?® + aux + ag,

with some aq,...,as € F, [20].

We recall that the set of all points on E forms an abelian group, with the point
at infinity O as the neutral element. As usual, we write every point Q # O on E as
Q = (2(Q), 4(Q)).

Let E(F,) denote the set of Fy-rational points on E and let P € E(F,) be a fixed
point of order T.

Let Z7 denote the residue ring modulo T' and let Z7 be its unit group.

We use the ideas of Garaev and Karatsuba [8] to improve the bound of [1] on bilinear
sums of additive characters with z(kmP) as argument, where k£ and m run through
arbitrary sets IC, M C Z%.. We also use a result of Chen [4], which in turn is based on a
result of Perret [16], to estimate similar bilinear sums of multiplicative characters.
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We combine this bound with an argument of Garaev [7] to study two versions of the
*

sum-product problem on E. We show that, for any sets A, B C Z%., at least one of the
sets

§ = {2(aP) + 2(bP) : a € A, bGB}’} (1)

T ={z(abP):a € A, be B}
is large. Furthermore, in some ranges of #.4, #B and T we obtain a matching lower

bound.
Finally, we also show that at least one of the sets

X = {z(aP)x(bP):a € A, be B},}

(1.2)
Y ={z(abP):a€ A, be B}

is large.
These problems are motivated by a series of recent results on the sum—product problem
over F,, which assert that, for any sets A, B C Fy, at least one of the sets

G={a+b:acA beB} and H={ab:ac A be B}

is large (see [2,3,6,7,10-13,19] for the background, various modifications of the original
problem and further references).

We note that yet another variant of the sum-—product problem for elliptic curves has
recently been considered in [18] (which in turn is based on the estimate of some other
bilinear character sums given in [17]). It is shown in [18] that, for sets P, Q C E(F,), at
least one of the sets

{z(P)+2(Q): PeP, Qe Q} and {z(P®Q):PeP, Qe Q} (1.3)

is large, where @ denotes the group operation on the points of F.

Throughout the paper, the implied constants in the symbols ‘O’ and ‘<’ may depend
on an integer parameter v > 1. We recall that X < Y and X = O(Y') are both equivalent
to the inequality | X| < ¢Y with some constant ¢ > 0.

2. Bilinear sums over elliptic curves

Let ¢ and ¢ be a non-trivial additive character and a non-trivial multiplicative character
of F,, respectively.
We consider the bilinear sums

T,k M) =S| 3 p(k)ﬁ(mm(x(kmpn'?
kel ' meM

Wyl M) = 3| 3 si0tm)staliomp))
ke ' memM

where KK, M C Z%., p(k) and 9(m) are arbitrary complex functions supported on K and
M with
lp(k)| <1, ke, and [¢(m)| <1, me M.
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The sums T, y(¢, K, M) were introduced and estimated in [1]. Here we obtain a
stronger result by using the approach to sums of this type given in [8].

Theorem 2.1. Let E be an ordinary elliptic curve defined over Fy, and let P € E(F)
be a point of order T'. Then, for any fixed integer v > 1, for all subsets K, M C Z7. and
complex functions p(k) and 9(m) supported on K and M with

lp(k)| <1, ke K, and |9(m)|<1, meM,
uniformly over all non-trivial additive characters ¢ of F; we have
Tp ﬁ(wJC, M) < (#]C)171/21/(#M)(u+1)/(V+2)T(z/+1)/u(1/+2)q1/4(1/+2) (log q)l/(u+2).

Proof. We follow the scheme of the proof of [8, Lemma 4] in the special case when
d =1 (and also Zr plays the role of Z,_1). Furthermore, in our proof K, M and Z% play
the roles of X, L4 and U, in the proof of [8, Lemma 4], respectively. In particular, for
some integer parameter L with

1< LK T(logq)_2 (2.1)

we define V as the set of the first L prime numbers which do not divide #E(F,) (clearly
we can assume that, say, T > (log ¢)?, since otherwise the bound is trivial). We also note
that in this case

maxv = O(#V1ogq). (2.2)

ve

Then we arrive at the following analogue of [8, Bound (4)]:

1-1/2v
7,00, K, M) < BRI S e,
# tezs

where
2v

=y

zEZLr

S 9wt xa(vt)(e(z0P))

veY

and x ¢ is the characteristic function of the set M. We only deviate from that proof at
the point where the Weil bound is applied to the sums

. 2v
2mia (= 4o ¢
i vj 1/2
Yo (25 - 3 o)) g
j=

zEH Jj=v+1
where #H is an arbitrary subgroup of F; and vy, ...,vq, are positive integers (such that
(Vy41,...,02,) is nOt & permutation of (vq,...,v,)). Here, as in [1], we use instead the

following bound from [15]:

Z w< z(v;Q) — Z x(va)) < max U?q1/27 (2.3)

1<j<2
Qen, Nj=1 j=v+1 SIS
Q0
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where H is a subgroup of E(F,) (in our particular case H = (P) is generated by P)
and vy,..., vy, are the same as in the above, that is, such that (v,41,...,v9,) is not a
permutation of (vi,...,v,).

Now, since #E(F,) = O(q), using an argument similar to that given in [8] and recall-
ing (2.2), we obtain

M<Y S <ﬁXM(ujt)>T+ PR (

v1€V v, €V Nj=1 v1EV v, €V M=

2v

XM(th)) q"*(#V1ogq)*.
1
Therefore,

M, < ( > XM(Ut))VT + ( D xm (vt)>2yq1/ 2(#Vlogq)”.

veY veVY

This leads to

()12 1/2v
T,.9(10, K, M) < BTV T t;Z*

S m <vt>)1/2

veEVY

1-1/20
169 it (#V1og ) Vg™ (Z XM(vt)>-

+
#V tezs “wey

On the other hand, we have
> (Z XM(vt)> = H#MH#V,
teZh Nvey

and by the Cauchy inequality we get

Z <ZXM(Ut)>1/2 s (#Z})1/2< Z ZXM(Ut)>1/2

teZy, “veV teZy vey
STV (#M#V)2,

Thus,

F#) V2 oi1)a 1/2 1-1/2 /v 1/4
Ty (6, K M) < S T PR HM)Y + ()2 (#V10g ) g 12 M.
(2.4)

Let

I T(+1)/(v+2)
N qu/(2v+4) (log q)2/(7)+2)(#M)1z/(v+2)J :
We note that if L =0, then

Tw+1)/(v+2) < ql/(2”+4)(log q)2/(v+2)(#M)v/(v+2)

< ql/(2v+4) (log q)2/(v+2)TU/(v+2)
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and thus
T < ¢"*(logg)*.
It is easy to check that in this case
(H/C) 1 =1/2% (M) (D A P A1) [0 (v42) 1 /4(042) (Jog g) 1/ (0+2)
HIKHM
> (#]C)—1/21/(#M)—l/(u+2)T(V+1)/V(V+2)q1/4(1/+2) (log q)l/(l/+2)

> T—1/21/T—l/(v+2)T(u+1)/u(y+2)q1/4(u+2) ( 1/(v+2)

log q)
— T1/2042) 1/404) (1og g) 1/ D) >

9

and thus the result is trivial.
We now assume that L > 1 and choose V to be of cardinality #V = L. Then we have

T(+1)/(v+2) T(+1)/(v+2)
ql/(2v+4) (log q)2/(v+2) (#M)v/(v+2) > #V Z qu/(2v+4) (IOg q)2/(v+2)(#M)v/(v+2) ’

and L < T(log q)~2 provided that ¢ is large enough. Now the result follows from (2.4). O

We also have the same result for sums of multiplicative characters.

Theorem 2.2. Let E be an ordinary elliptic curve defined over Fy, and let P € E(F)
be a point of order T. Then, for any fixed integer v > 1, for all subsets K, M C Z%. and
complex functions p(k) and ¥(m) supported on K and M with

lp(k)| <1, ke K, and |9(m)| <1, me M,
uniformly over all non-trivial additive characters 1 of IFy:
Wp ﬁ(ip,’C,M) < (#’C)1—1/21/(#M)(V+1)/(1/+2)T(u+1)/u(y+2)q1/4(u+2) (lOg q)l/(u+2).

Proof. The proof is fully analogous to that of Theorem 2.1 and so we only briefly
indicate a few changes.
First of all we notice that the proof of [15, Lemma 3|, which implies that the sums

v 2v
Zx(va)_ Z m(va)v U1y-., V20,
Jj=1 j=v+1

are non-constant rational functions of components z(Q) and y(Q) of @ of degree
O(maxigj<ar U?) (unless (vy41,...,v2,) i a permutation of (vi,...,v,)), extends to
the products

v 2v
HJT(U]Q) H Z‘(’l}jQ)_l, V1y---,V20,
j=1 j=v+1
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at the cost of only minor changes. Furthermore, using the bound of Chen [4, Propo-
sition 1] instead of the bound of [14] used in [15], we obtain the following analogue

of (2.3):
v 2v
Z @(Hl‘(l@@))@( H 1'(11]@)) < max ’U2 1/2
QEH, j=1 =1 1<5<2v

Q#0

where ¢ is the complex conjugate character (we also recall that p(z~!) = @(2) for any
z € F}). The rest of the proof follows that of Theorem 2.1 without any changes. (|
3. Lower bounds for sum—product problems on elliptic curves

Theorem 3.1. Let A and B be arbitrary subsets of Z%.. Then for the sets S and T,
given by (1.1), we have

LSHT > min{q#A, (#A)2(#B)5/3¢~1/T=4/3log ¢)~2/3).

Proof. Let
H={ab:a €A be B}

Following the ideas in [7], we now denote by J the number of solutions (b1, ba, h,u) to
the equation
z(hby'P) + x(bgP) =u, by,bo €B, heH, ucS. (3.1)

Since the vectors
(b1,b2, h,u) = (b1, be,aby, z(aP) + x(baP)), a € A, by,by € B,
are obviously all pairwise distinct solutions to (3.1), we obtain
J > #A#B)%. (3.2)

To obtain an upper bound on J we use ¥ to denote the set of all ¢ additive characters
of F, and write ¥* for the set of non-trivial characters. Using the identity

N {1 - (33)

Ry 0 otherwise,

we obtain

J—ZZZZ > (@ (hby ' P) + (b P) — u)

b1EB baeB heH uesS wEJI

= Z S S v P) Y plahaP) Y w(-u

¢€w bi1€B heH b2€B ueS
B>#S#H 1
_ #BHSHA | S Y Y vt P) Y wla2P) 3 ().
q z/)EJ/* bieBheH ba€B ueS
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Applying Theorem 2.1 with p(k) = 9(m) =1, K =H and M = {b~' : b € B} and also

taking v = 1, we obtain
> w(a(hby ' P)) ‘<<A,

b1€B heH
where
A= (#H) 2 #B)?PT ¢ (log )12
Therefore,
B)*#S#H
M+ AN Y weP)| | Y v(-u (3.4)
Yevr* ' beB ueS

Extending the summation over 1 to the full set ¥ and using the Cauchy inequality, we

obtain
2 2
ST S w@®P)| | > (w) <JZ > (a(bP JZ > w(u) (3.5)
YeTx ' beB u€eS YEY | beB Yev ' ueS

Recalling the orthogonality property (3.3), we derive

> wa(bp

»ev | beB

= q#{(b1, bg) S B2 by = £by (HlOd T)} < q#B.

Notice that by = —by (mod T') has been included, since z(P) = x(—P) for P € E(F,).

Similarly, ,
DD w(u)

Yev 'uesS

< q#S.

Substituting these bounds in (3.5), we obtain

S 1S wor))| | 3 wlw)

YeP* ' beB ueS

<L q\/ #B#S,

which, after substitution in (3.4), yields

2
o BBPHSHEH

p A(#8) /2 (#B)!/*. (36)
Thus, comparing (3.2) and (3.6), we derive

2
(#B) #S#H .

p AH#S)V2(#B)? > #A#B)*.

Thus, either

(#BP;@&S#H > BAHB) (3.7)
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AFH#S) P (#B)? > #A#B)>. (3.8)

If (3.7) holds, then we have
#HSH#HH > q#A.

If (3.8) holds, then, recalling the definition of A, we derive
(#8)' 2 (#H) 2 H#B)PT¢1 2 (log )1° > #A#B)*.
It only remains to note that #7 > 0.5#H to conclude the proof. (]

We now consider several special cases.

Corollary 3.2. For any fixed ¢ > 0 there exists 0 > 0 such that if A,B C Z%. are
arbitrary subsets with
qlfs > #A > #B > T4/5+6q1/10,

then for the sets S and T, given by (1.1), we have
HSHT > (#A)°H0.

In particular, if T > ¢'/2*¢, then there is always some range of cardinalities #.4 and
#B in which Corollary 3.2 applies non-trivially.

Corollary 3.3. If A,B C Z}. are arbitrary subsets with
#A=#B>T"2q""(logg)'/*,
then for the sets S and T, given by (1.1), we have
#HSHT > q#A.

We now obtain the multiplicative analogue of the above results for the sets X and Y,
given by (1.2).

Theorem 3.4. Let A and B be arbitrary subsets of Z}.. Then for the sets X and Y,
given by (1.2), we have

#XHY > min{g A, (#A)° (#B)* g~V OT log ) 7*/°}.

Proof. Let
G={ab:ac A, be B}.

We remove, if necessary, at most two elements a € A, b € B for which z(aP) = 2(bP) = 0,
and denote by I the number of solutions (b1, bs, g, w) to the equation

z(gby ' P)x(b2P) =w, bi,bo €B, g€G, weE X.

As before, we notice that

I > #A(#B)*.
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To obtain an upper bound on I we use @ to denote the set of all ¢ multiplicative
characters of F; and write $* for the set of non-trivial characters. Using the multiplicative

analogue of (3.3):
1 1 ifz=1,
LS ()= {

9= 155 0 otherwise,
we obtain
I=> > 2 2 =1 LS lalghy PPy

b1€B b2eB geG wEX Lp€<15
Y S wela P X wal2P)) 3 plw)

q peP b1eB geg beB weX
B)?#SH#HH

= GEESHR LS S S ela@i P) Y elehaP) Y pw)
q T pED* bieB geg byeB weX

Applying Theorem 2.2 instead of Theorem 2.1, and proceeding as in the proof of
Theorem 3.1, we derive the desired result. |

Accordingly, we also obtain the following result.

Corollary 3.5. For any fixed € > 0 there exists § > 0 such that if A,B C Z} are
arbitrary subsets with
—e > #A > #B > T4/5+Eq1/10,

then for the sets X and ), given by (1.2), we have
HXHY > (#A)*.
Corollary 3.6. If A, B C Z} are arbitrary subsets with
#A=#B>T"?q" " (logq)"/*,
then for the sets X and ), given by (1.2), we have
HXH#Y > q#A.

4. Upper bound for a sum—product problem on elliptic curves

We now show that in some cases the sets S and T are not very big.
As usual, we use ¢(T') = #Z% to denote the Euler function.

Theorem 4.1. Let ¢ = p be prime and let T > p3/*+¢. Then there are sets A =B C
Zi of cardinality
o(T)?

=#B=(1 1
A= #B= (1+0(1) £
such that for the sets S and T, given by (1.1), we have

max{#S, #T} < (V2 + o(1))/p#A

as p — o0.
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Proof. We recall the bound from [14] of exponential sums over subgroups of the
group of points on elliptic curves, which, in particular, implies that, for any subgroup G
of E(F,), the bound

Z exp(2midz(G)/p) < p'/? (4.1)
Geg
holds uniformly over all integers A with ged(\, p) = 1.

Let p(d) be the Mébius function, that is, p(1) = 1, u(m) = 0if m > 2 is not square-free
and pu(m) = (=1)*0™ otherwise, where w(d) is the number of distinct prime divisors of
d>219,§16.2].

Using the inclusion—exclusion principle, we obtain

T T
Z exp(2widz(aP)/p) = Zu Z exp(2widz(aP)/p)

) a|T a=1,
gcd(a,T):l d|a
T/d
= u(d) ) exp(2mirz(bdP)/p).
T b=1
Using (4.1) and recalling that [9, Theorem 317]
1=,
d|T
we derive
T
Z exp(2midz(aP)/p) < pt/?tol),
a=1,
ged(a,T)=1

Combining this with the Erdds—Turdn inequality [5, Theorem 1.21], we see that, for any
positive integer H, there are Hp(T)/p + O(p'/?t°(M)) elements a € Z with z(aP) €
[0, H — 1]. Let A = B be the set of these elements a. For the sets S and T, we obviously
have

#S <2H and #T < o(T).
We now choose H = ¢(T)/2. Since T > p*/**¢ and also since [9, Theorem 328]

PT) >
e P17 o1’
#A=#B = =+ 0@ = (14 o(1) =
as p — 0o. Therefore,
max{#8, #T} < (V2 + o(1))V/p#A,
which concludes the proof. O
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We note that if 7' > p?3/24+¢ | then the cardinality of the sets A and B of Theorem 4.1
is

#A =#B = T2+o(1)p71 > T1/2p7/16(10g‘p)1/4,

and thus Corollary 3.3 also applies and we have

(V24 0o(1))V/p#HA > max{#S, #T} > VH#SHT > /p#A,

showing that both Corollary 3.3 and Theorem 4.1 are tight in this range.

5. Comments

We note that, using Theorems 2.1 and 2.2 with other values of v in the scheme of the proof
of Theorems 3.1 and 3.4, respectively, one can obtain a series of other statements. How-
ever, they cannot be formulated as a lower bound on the products #S#7T and #X#) .
Rather, they only give a lower bound on max{#S,#7} and max{#X,#)Y}, which,
however, may in some cases be more precise than those which follow from Theorems 3.1
and 3.4, respectively.

We note also that we do not have any upper bound for the sets X and ), given
by (1.2). Some analogue of Theorem 4.1 can also be obtained for such sets, but only
when F, contains a subgroup of a desired size.

Certainly, extending the range in which the upper and lower bounds on #S and #7
coincide is also a very important problem.

Finally, we note that, using the bound of [16] (see also [4]) on multiplicative character
sums along an elliptic curve, one can obtain an analogue of the estimate of [17] for the
bilinear multiplicative character sum with z(P® Q) over P € P, Q € Q for two arbitrary
sets P, Q@ C E(F,). In turn, this allows the derivation of an analogue of the results of [18],
obtained for (1.3), and also for the sets

{z(P)z(Q): PeP, Qe Q} and {z(PP®Q):PeP, Qe 9}
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