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RATIONAL POINTS ON LINEAR SLICES OF
DIAGONAL HYPERSURFACES

JORG BRUDERN aNDp OLIVIER ROBERT

Abstract. An asymptotic formula is obtained for the number of rational points
of bounded height on the class of varieties described in the title line. The
formula is proved via the Hardy—Littlewood method, and along the way we
establish two new results on Weyl sums that are of some independent interest.
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81. Introduction

The varieties alluded to in the title line are defined by pairs of equations

(1.1) Zajx;?:z:bjszo
j=1 j=1

in which the natural numbers k, s and the integers a;,b; are fixed once and
for all. We shall be concerned with deriving an asymptotic formula for the
number N (P) = Nap(P) of solutions to (1.1) in integers z; satisfying

(1.2) 4l <P (1<j<s).
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52 J. BRUDERN AND O. ROBERT

The cases k =1 and k = 2 are part of the classical theory. When k& =1, the
equations (1.1) describe a lattice and the asymptotic evaluation of N(P) is
elementary. When k = 2, one inserts the linear equation into the quadratic
one to eliminate a variable, thus reducing the problem to that of counting
those integer points where an integral quadratic form vanishes. For the latter
problem, there is a vast literature to which we have nothing to add. Thus,
we concentrate on the cases where k > 3.

THEOREM 1. Let k >3, let s > 28 +2, and suppose that a; 70 (1<j<s).
Suppose that the pair of equations (1.1) has nonsingular solutions in R and
in Qp, for all primes p. Then there is a positive number €(a,b) such that

(1.3) Nap(P)=¢(a,b)P 1 4 O(P*"(log P)7?).

In algebraic geometry, it is more customary to count rational points on
the projective variety defined by (1.1). A rational point on (1.1) corresponds
to an integral solution with (x1;xz9;...;x5) = 1. The latter is unique up to
sign, and its natural height is defined by max|z;|. By Mobius’s inversion
formula, the number of rational points on (1.1) with height not exceeding
P equals

% S u(d)(N(P/d) —1).

d<p

Subject to the conditions in Theorem 1, this expression is asymptotic to
1
5C(s—k—1)7'¢(a,b) P,

as expected.

Theorem 1 should be considered as part of a program to establish simi-
lar asymptotic formulas for intersections of diagonal hypersurfaces, at least
when the dimension is suitably large (see [6], [9], [10], [23], [32], [33], and
the references therein). Recent groundbreaking work of Wooley [35]-[37] on
Vinogradov’s mean value theorem has a revolutionary impact in this area.
At the time of writing, publicly available descriptions of Wooley’s “efficient
congruencing” provide conclusions similar to Theorem 1 but subject to a
condition slightly milder than s > 2(k —1)2 when k > 6. However, progress is
still ongoing, and Wooley has now announced results that have the potential
to supersede Theorem 1 for all £ > 5. In the light of this, the main interest
is in the cases k =3 and k =4, but our proof for £ =4 works equally well
for k> 4.
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When k = 3, the condition on s in Theorem 1 is s > 10. As in the qua-
dratic case, one may substitute the linear equation into the cubic one to
obtain a cubic form in nine or more variables. For cubic forms in nine vari-
ables, important work of Hooley ([18]-[20]) provides an asymptotic formula
for the number of its integral zeros within a suitable expanding region, pro-
vided that the form is nonsingular, a condition that may in some cases be
relaxed to allow the singular locus of the form to consist of isolated linearly
independent ordinary double points. However, as one readily checks, the
projective cubic defined by

10 10

§ : 3_§ : o
Tj = x;=0

Jj=1 Jj=1

has 126 singular points and hence provides an example covered by Theo-
rem 1 but not by Hooley’s work. When k = 4, one may again insert the linear
equation into the quartic one. This leads to a quartic form that one may
analyze by the methods of Birch [1] and Browning and Heath-Brown [4],
but this strategy apparently requires s to be as large as 40 or thereabouts
and is therefore is not competitive at present.

We prove Theorem 1 by a 2-dimensional version of the Hardy—-Littlewood
method. Our argument rests on a new mean value theorem for the generating
function

(1.4) fla,f)=>" e(aa” + Bx)

<P

that we now describe. Fix a number 6 with 2!7%k < 6 < 4/5, and then
take Q = PY. Let m denote the set of real numbers a € [0, 1] for which the
inequality |ga — a] < QP~F with ¢ €N, a € Z is possible only when ¢ > Q.

THEOREM 2. Let k> 3. Then

1 k
//\f(a,m}z 2 dadf < P+ (log P) 2.
0 Jm
Theorem 2 should be compared with the celebrated estimate
(1.5) /]f(a,0)|2k do < P¥ F(log P)~2
m

due to Vaughan (see [26, Theorem B] for k=3 and [27, Theorem A] for
k>4, with a slightly different power of log P; for refinements see [2], [14]).
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Vaughan’s approach involves a considerable refinement of the conventional
proof of Hua’s lemma (see [29, Lemma 2.5]). Certain divisor sums require
treatment by mean value estimates for Hooley’s A,-functions to propagate
an initial saving through an induction. The initial saving itself comes in
through a sieving of the variable of summation in (1.4) and an appeal to a
paucity estimate for the Diophantine equation

k k k k

originally obtained by Hooley in [15], [17], [21] (see also [24], [34]). We are
able to keep the architecture of Vaughan’s treatment largely intact, now
building on a paucity estimate for the pair

ok dak ek =yf bk, st s trs=y s

(see [31] for k=3, [11] for k > 4; see also [3]). Once Theorem 2 is established,
it is fairly routine to derive Theorem 1. We postpone a more comprehensive
discussion of several complications to the appropriate stage of the argument.
No direct attack on the problem considered here, via the circle method,
seems to have been launched in the past, but there is related work of
Parsell [23]. Parsell considers more generally a pair of diagonal equations

anah 4t agak = byl 4+ bl =0

and applies smooth number technology within a circle method approach to
verify the Hasse principle for this pair of equations when s is suitably large.
Such a strategy typically supplies a lower bound for the number of solutions
within a box which is of the expected order of magnitude. In the special case
n =1 which is the theme of this paper, Parsell proves the Hasse principle
for k=3, s> 10 and for k=4, s > 17, among other results. It is interesting
to note that in the case k =3 his method fails to give a lower bound for
N (P) of the expected size, a defect that is now cured by Theorem 1.

Before we move on to proofs of Theorems 1 and 2, we briefly comment on
the condition in Theorem 1 that all a; be nonzero. It suffices to require only
that at least 2* of the a; are nonzero. In fact, the presence of isolated linear
variables in (1.1) facilitates the exercise. However, it seems difficult to relax
this condition further without improving (1.5), and some lower bound on
the number of nonzero a; is definitely necessary. To see this, consider the
system

(1.6) 523 4 9x5 + 1023 + 1223 = 21 + 2 + -+ + 219 = 0.
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Here, the cubic equation (when considered in the variables z1,...,z4 only)
violates the Hasse principle (see [7]). Thus, there are real and p-adic non-
singular solutions of (1.6), but a solution x € Z!° satisfies 1 = 19 = 23 =
x4 =0, and it follows easily that there is a positive constant C such that
N(P) = CP5 4 O(P*), in contrast to the leading term of size P*~*~! in
Theorem 1.

NoTATION. Throughout this paper, small italics a,b,... denote integers,
and ¢ is a natural number. The letter p is reserved for primes, and k is a
natural number with k£ > 3. Real numbers are denoted by small Greek letters
«, fB,.... These conventions apply whenever these symbols do not obviously
denote functions. Whenever ¢ occurs in a statement, it is asserted that the
statement is valid for any fixed positive value of €. Note that if A < P¢ and
B <« P?, then we may conclude that AB <« P®. The leading parameter is
P, and all statements are true whenever P exceeds a certain real number
P, that depends only on k.

Vectors are in boldface; x = (x1,...,xs), and the dimension s will depend
on the context. To avoid ambiguity, the greatest common factor of a¢ and b
s (a;b).

The number of u € NV with ujus - - -uj = n is denoted by d; (n), and we
write d(n) = da(n) for the number of divisors of n. Similarly, Hooley’s func-
tions are defined by

Aj(n)= max #{uENj:uluQ---uj:n,§i<loguiSfi—i-l (1§2‘<j)},

El’nng—l

and again we put A(n) = Ag(n). Further, Q(n) denotes the total number of
prime factors of n, counted with multiplicity. Less standard, but common
in related literature, are the abbreviations

(1.7) L=1logP, K =2k1 J=2/"1

§2. The generating function

Central to the major arc analysis is a good approximation to f(a,f)
when «, 8 are near rational numbers a/q, b/q. The approximating function
is built from the expressions

a P
(2.1)  S(q,a,b) :Ze (az® + bx) )/q), v(g,g)—/ e(&th + ¢t)dt
z=1 0
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For frequent use later on, recall the estimates

(22)  Slg,a,b) <g® VR (e, ) < P(1+ PHgl+ Pl T
of Hua that are valid for any real numbers &, ( and natural numbers a, b, q
subject to (¢g;a;b) =1 (see [29, Theorems 7.1 and 7.3]).

THEOREM 3. Let g € N, and let a,b € Z, with (a;q) = 1. Let o, f € R, and
let = (a/q)+¢&, B=(b/q)+ ¢, with [(| <1/(2q). Then

(23)  fla,B) =g "S(g,a,b)v(&, ) + O(¢*V/Fe(1 4 PHe) 2,
If further €| < 1/(4kqP*1), then

(2.4) fle, B) =q7'S(q,a,b)v(&,¢) + O(¢F~1/F+e),

While we still work under the condition that k > 3, it may be worth point-
ing out that the conclusions in Theorem 3 and their proofs below remain
valid when k = 2. However, when k = 2, a stronger version of Theorem 3
(with € = 0) was obtained recently by Vaughan in [30]. Apparently, Theo-
rem 3 is new for all £ > 3, and the best estimate available hitherto is the
special case of [29, Theorem 7.2], which gives (2.3) with the error term
inflated to 1+ P¥|¢| + P|(|. It is vital for our later work that both ¢ and |£|
occur in (2.3) with exponents below 1.

Proof. Our proof of Theorem 3 is an adaptation of a standard argument
for the classical Weyl sum f(«,0). We follow Vaughan [29, pp. 43-44] quite
closely, but differences in detail justify a moderately detailed exposition.
By (1.4), (2.1), and orthogonality of additive characters, one confirms the
initial identity
(25) fap) =7 3 Saab-nf(acl).

—q/2<r<q/2

We apply a truncated Poisson summation formula to f(&,(+ (r/q)). The
phase F(t) = &tF 4 (¢ + (r/q))t has derivative F'(t) = kéth=t + ¢+ (r/q),
which is monotonic for ¢ > 0, and for 0 <t < P and |r| < ¢/2, one has
|F'(1)] < k|| PF1 +1/(2¢) + (1/2). With H = [k|¢|PF~1] + 2, we have now
verified the hypotheses of [29, Lemma 4.2], which gives

flectt)= 3 vfect ] —n)+OlogH).

|h|l<H
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One uses this within (2.5). On writing » — gh =m and M =q(H + (1/2)),
this produces

f(avﬁ)zl Z S(q,a,b—m)v(f,(—l—%)—i—E,

q —M<r<M

in which

Ex log H Z ‘S(q,a,b—r)|.
Ir|<q/2

Here, one isolates the term m =0 and then applies (2.2) to all other terms
to conclude that

f(aa B) - q_IS(Q7a7 b)’U(f,C)

< Uk 1<%:<M‘v(§7<+ %) ‘ 4 gD ke 100 .

(2.6)

We proceed to deduce (2.4). In the admissible range for £, one has H = 2. We
take F(t) = &tF + ((+(m/q))t in [25, Lemma 4.2]. One has F'(t) = (m/q)+ R
with |R| <3/(4q) for 0 <t < P, so that F’ does not change sign and satisfies
|F'(t)] > |m|/(4q). The estimate provided by [25, Lemma 4.2] then shows
that v(&, ¢+ (r/q)) < ¢/|m|, and (2.4) is immediate from (2.6).

It remains to prove (2.3) for |£] > 1/(4kqP*~1), as we now assume. Let F
be as before. Its derivative F’(t) = két*~1 4- ¢ 4 (m/q) is still monotonic for
t >0 but may have a zero in [0, P]. We therefore apply a stationary phase
argument. For 1 < |m| < M, let 7 (m) be the set of all ¢ € [0, P] where
|F'(t)] > |m|/(4q). This is an interval or the union of two intervals, so that
[25, Lemma 4.2] still shows that

(2.7) /9( )e(F(t)) dt < q/m|.

It remains to estimate the contribution from [0, P]\ .7 (m). If this is
nonempty, then ¢ € [0, P]\ .7 (m) satisfies

[kett1 4+ 2| < Im],
q 4q
This implies that
3[m| k-1 5|m|
2.8 ST < ket <
(2.8) 4q_|£ +( < Iq
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For 1 <|m| < M, let

o (|m |\ (k—2)/(2k=2)
5= d(m) = g/ (172]) .

q
We claim that

(2.9) / e(F(t))dt <t
[0,P\T (m)

To see this, first note that an argument similar to the above shows that
the set of all 0 <t < P with § < |F'(t)| < (|m|/4q) contributes O(6~1). For
the remaining ¢, one has |k&tF~1 + ¢ 4+ (m/q)| < 6, and if ty,ts satisfy this
inequality, one finds that k|¢|[tA~1 — t57'| < 26. But (2.8) together with
I¢] <1/(2¢) implies that t;‘.’_l > (Im|/4k||q), so the binomial expansion
yields

26 r4k|€|q\ (k=2)/(k=1) 1
t—to] < — -
=2l < 77 () 5
Hence, the set of ¢ € [0, P] with |F’(t)] < ¢ has measure O(1/0), and (2.9)
follows. On combining (2.7) and (2.9) to an estimate for v(§,( + (m/q)), we

find that

|m|

SNUESICIOIETD DETENED DI

1<|m|<M m<M m<1+2kg|€| Pk—1
2
<<q1+5(1—|—Pk|§|)1/ )

In view of (2.6), the desired bound (2.3) is immediate. U

We now apply Theorem 3 to establish a strong form of Weyl’s inequality
for f(a,B). Recall (1.4), (1.7), and the definition of m in Theorem 2.

LEMMA 1. Uniformly in B €R, o € m, one has
|f(a, 8)] < PE-1Li*e,

Proof. The proof is essentially that of [26, Lemma 1], suitably general-
ized to k > 3. However, our analysis relies on Theorem 3 rather than [29,
Theorem 4.1], and some care is required to accommodate the weaker error
estimates. In particular, it turns out that mimicry of the argument outlined
in [26, p. 131] leads to a satisfactory bound only in the case when k > 4,
which we temporarily suppose from now on.
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Let 6 = 1/(100k), and let o € m. By Dirichlet’s theorem, there are coprime
a,q with 1 < ¢ < P*7179 and |ga — a| < P19~F, First suppose that ¢ < P*
where p = (k+4)/(k+ 3). One checks that ((k—1)/k)u<1—1/K holds
for all k> 4. Hence, by Theorem 3 and (2.2),

(2.10) flo,B) < qf—l/’“P(1 + P’f)a - ng/k + pI-VK,

Since o € m, we have ¢ > Q or |a —a/q| > Q/(¢P*), and in both cases it
follows that

(2.11) fla,B) < Q= Vrp 4 pI-VE « plol/E

as required.
This leaves the case where ¢ > P*. Then |a —a/q| < P'*97#=* and one
checks that 1+ —pu=—-1/(k+3) + 9 < —1/K. Consequently,

Flanp) = 1(5:8) = 3 elBo)(elaa) —e(Tat) ) < PE.
z<P

Thus, we are reduced to estimating f(a/q, ). We begin by observing that
the substitution y =« 4+ h produces

1fB) = e(aly® —2*) + By —))

z,y<P
(2.12) = eBh) Y. ela((z+n)*—ab))
|h|<P 1<z<P

1<z+h<P

<P+ > | Y ela(@+nt-at))|

0<|h|<P 1Zz<P
1<z+h<P
Note that  is absent in this inequality. We now take o = a/q and repeat
Weyl differencing in the usual way. Then, as in [26, p. 131], one arrives at

k!ahl s hk—l H_1>

f(a/q,B)|" < PE-1 4 PE. > min(P, -

1<h; <P
1<j<k—1

and one may then complete the estimation in the same way as in the
final part of the proof of [26, Lemma 1], but using Hall and Tenenbaum
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[13, Theorem 70] for Ag_1(n) instead of referencing Hooley [16. Theo-
rem 1.B]. This completes the proof of Lemma 1 when k > 4.

Now suppose that k& = 3. More care is required in the part that relies on
Weyl differencing. On applying Cauchy’s inequality to

Z Z e(ax® + pz),
u=1 <P
r=u mod 2

one finds that

fp) <2 Y elala® — 3P+ Bla—y)).
T,y<P
r=y mod 2

and the substitution 2z =z 4y, 2h = z — y transforms this to

f(a <9 Z Z (28h)e(2ah(32% + h?)),

|h|<P/2 zeI(h)

where I(h) is the subinterval of [1,P] described by the inequalities 1 <
z+h<P,1<z-—h<P.It follows that

‘f <2 Z ‘Z 6ahz ‘

|h|<P/2 z€I(h)

<2P+4 Z ‘Z 6ahz ‘

1<h<P/2 zeI(h

By Cauchy’s inequality,

‘f(auﬁ)‘ <P*+P Z ‘Z (6achz? ‘

0<|h|<P/2 z€I(h)

The double sum over h,z here is the same as the one estimated in [26,
Lemma 4] with H = P/2, except that, in that lemma, 6« is 3 and the range
for z is 1 < z < P. An inspection of the proof shows that these changes are
irrelevant and that the conclusion is still valid in our context. Moreover,
similar to an earlier comment, the use of [13, Theorem 70] within the proof
of [26, Lemma 4] reduces the factor L*7+¢ in that lemma to L'*%. Hence,
on choosing 1 < ¢ < P29 and a € Z with lgae — a| < P92 the augmented
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form of [26, Lemma 4] now shows that | f(c, 8)|* << P3L'*¢ holds in all cases
where ¢ > P79, When ¢ < P'*9, then Theorem 3 and (2.2) yield (2.10) for
k =3, and one then also confirms (2.11) for k£ =3. The proof of Lemma 1
is complete. O

We close this section with a technical observation concerning the expo-
nential sum defined in (2.1).

LEMMA 2. Let p be a prime, and suppose that a, b are integers with p | a
and ptb. Then, for all | €N, one has S(p',a,b) = 0.

Proof. On substituting « = p'~'y 4+ z in (2.1), one finds that

-1

i L) PL by S F4b
S(pl’a,b):;e<%+p—f>:;e(%);e<%—lz):O. .

§3. Preparatory mean value estimates

We begin with certain divisor sums that are routinely estimated by van
der Corput’s method. Let t € N, put x = (x1,...,2¢), and define the sums

t

(3.1) Axy)=) (@ —y)  Mey) =) (2f —y).

=1 j=1

LEMMA 3. Let t € N, [ € N. Then, there exist positive numbers § and n

such that
Z d(M(XaY))l < P2tLT]>
x; <Py <P
M(x,y)#0
(3.2) S
z;<Py;<P
M(x,y)#0
S dM(xy) < P2,
z; <Py; <P
M(x,y)#0
A(x,y)=0
(3.3) T
Z d(M(X,y)) eéQ(M(x,y)) <<P2t—1L”.
z;<Py;<P
M(x,y)#0
A(x,y)=0
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Proof. The first estimate in (3.2) is a special case of [22, Theorem 3], and
the second can be established by a development of the underlying method
(see also [27, Lemma 1]). To verify the first bound in (3.3), substitute y; =
Z;;ll(xj —y;) + x¢ into M(x,y). Then the sum on the left-hand side of
(3.3) does not exceed the sum

t—1 t—1

k\ 1l

S Y aSe et (e,
1yt <P Y1,y <P j=1 Jj=1

and the desired bound again follows from [22, Theorem 3]. Finally, once
again a development of the method also yields the second estimate in (3.3).

0

We now consider the pair of Diophantine equations
(34)  di+al+ai=ui+yb+us,  m+mtaz=y+ytus

Let I'(P) denote the number of solutions of (3.4) with 1 <z; < P,1<y; <P
such that x1,xs, 3 is not a permutation of y1,ys2,ys. Then, by Vaughan and
Wooley [31] when k =3, and by Greaves [11] when k > 4, there exists v >0
such that T'(P) < P3~7. With this value of v, this immediately implies the
following estimate.

LEMMA 4. For % C{1,2,...,[P]}, let U(P) denote the number of solu-
tions of (9.4) with x; € %, y; € % . Then

U(P) < (#%)> + P37,

The next lemma should be compared with the classical lemma of Hua
(see [29, Lemma 2.5]) in the theory of Waring’s problem.

LEMMA 5. There is a positive number n such that whenever 2 < j <k,
then

1,1 . o
/ / [f(0, B)[* P dadB < P71 LY,
0J0

Proof. Let j = 2. By orthogonality, the integral equals U(P) with % =
[1, P]NZ so that this case of Lemma 5 is a consequence of Lemma 4.
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We now suppose that the conclusion of Lemma 5 has been established
for a particular value of j with 2 < j < k, and we proceed by induction.
Recall that J =271 and return to (2.12). Repeated Weyl differencing via
Cauchy’s inequality then gives

35)  |fap) <P ST ST N e(ahnhiQu(x)),

|h1|<P |hj|<P x€l(h)

where I(h) C [1, P] is a suitable interval and Qy € Z[X] has degree k — j.
Now let r(I) denote the number of solutions of

(3.6) hy---hiQn(x) =

with all variables hq,...,h;,z subject to the summation conditions in the
preceding display. Then

£, 8))* < PPN " (D)e(—ad).
leZ
By (1.4),
1f(e.8) = Y e(aM(x,y) + BA(x,Y)),
z; <Py; <P

1<i<J+1

where A and M are the forms defined in (3.1) with ¢ = J + 1. Hence, by
orthogonality,

Lt 4J42 ;
(3.7) /0/0 £, 8)[ 2 dads < PP=1 Y r(M(x,y)).

x?y
A(x,y)=0

One has 7(0) < P7, and r(I) < d(]I[)’*! for [ # 0. Hence, the contribution
to (3.7) of all terms where M(x,y) # 0 can be estimated by (3.3) and does
not exceed P*/~J L. This leaves the solutions of M(x,y) = A(x,y) =0, and
by orthogonality again, these contribute to (3.7) at most

1 r1
P2J1/0/0 (e, )] dadB < P LN,

This completes the induction step and the proof of the lemma. 0
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Let k denote a positive number sufficiently large in terms of k, and write
(3.8) D=L% D' =pl6r,

Let & denote the set of all n < P with no prime factor in the interval [D, D'].
Then, uniformly for d < P and m € N, the number Eg,,(P) of n € & with
n =m mod d satisfies

Ploglog P
3.9 Eqm(P) <
& VS Sog@P/D)
(see [27, Lemma 2] or [12, Theorem 3.4]). We now define the exponential
sum
(3.10) h(a, ) =Y e(az” + Ba).

€L

The next lemma is a considerable refinement of the preceding lemma and
crucial for all later work.

LEMMA 6. Let 2<j<k. Then
1,1 . .
J A T R e
0Jo

Proof. When j =2, this follows from orthogonality, Lemma 4, and (3.9).
Now suppose that the estimate is known for a particular value of j with
2 < j < k, and proceed by induction. The argument to follow is very similar
to that of [27, pp. 14-19], so we shall be brief whenever the modifications
to [27] are evident.

We begin by applying Weyl differencing to (3.10). The first differencing
is performed as in (2.12) and delivers the initial inequality

‘h(a,ﬁ)}2§#5+ Z ‘ Z e(oz((quh)kfa:k))‘.

0<|h|<P z€&
z+hes
Since j > 2, we have to difference further to reach the inequality
(e, B)|* < PY ==Y (#&) + P i1 S S e(ahy - hjQi(x,h)),

1§|hi\<P T
1<i<j
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in which the sum over x is subject to the constraints x € & and z + h; € &
(1<i<j), and Q; is as in (3.5). Now multiply with |[h(a, 8)[* T2 and
integrate. Then, recalling that J = 2/~1, one finds that

-

(3.11) < PY il (g // h(a, 8)*"* dad
P2J 7j—1 Z M(X y))
X,y
A(x,y)=0

where r(l) has the same meaning as in (3.6), M and A are defined by (3.1)
with t =J + 1, and x,y € & are subject to M(x,y) # 0. By the induction
hypothesis, the first term on the right-hand side does not exceed

< p2J-lpe—i p2l—itlpe-1-j(i-1)/2 P4ijL5717j(j+1)/2’

as required. In view of (3.11), the induction will be complete once the

inequality
(3.12) > r(M(x,y)]) < PP LGN/
x7y
A(x,y)=0

is established; here and later the sum is subject to the same conditions as
n (3.11). Let D = L* be as in (3.8). The contribution to (3.12) arising from
summands with [M(x,y)| < (P/D)* is small. To see this, we use Cauchy’s
inequality to infer that

(3.13) > r(M(x,y)|) < (TiTy) "2,
A(x,y)=0
1<IM(x,y)|<(P/D)*

where

Ti= 3 d(Mexy))?

A(x,y)=0

and 75 denotes the number of all 1 < x;,y;, < P, 1<:i<J+1 with

(3.14) Ax,y)=0, 1<|M(x,y)| < (P/D).
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By (3.3), we have Ty < P?/*1 7. With any solution x,y counted by T5, we
associate the numbers

J+1 J+1
UZZ(%—%‘% wZZ(?Jf—xf)-
=2 =2

Let T4 denote the number of solutions counted by Ty where 0 <u < P/D,
and let T3 denote the number of those solutions counted by T» where P/D <
u < JP. Then, by symmetry in x and y, it follows that

Ty <2(Ty+T3).

To estimate T3, we consider one particular choice of xo,...,Z541,Y3,...,
y+1; there are O(P?/~1) possibilities for this. The conditions that 0 <u <
P/D leave O(P/D) choices for ya. Once these variables are fixed, u is also
fixed, and so x; — y1 = u leaves O(P) choices for the pair z1,y;. This shows
that Ty < P?/1/D.

The initial treatment of Ty is similar. Fix one of the O(P?”) choices for
Xy s TJ41,Y2,y - Y41 With w> P/D. This fixes u and w, and by (3.14)
it remains to count the x1,y; with x1 —y; =u, |25 — y¥ —w| < (P/D)*. We
eliminate x; and consider the inequality

(3.15) |(y1 +w)* =yt —w| < (P/D)".
Let z; and 23 be two solutions (for y;) of (3.15) with 1 < z; < z9 < P. Then
(3.16) ’(22+u)k—z§—(zl —|—u)k—|—zﬂ <2(P/D)*.
A direct computation yields
(g 4+ u)* — 28 — (2 + )k + 28

= k(k—1) /O /o_ (214 ¢+ &F2dcde

>k(k—1) /Ou /:Hl CF2d¢de = ku(zg — 21)F L.

Recalling that one has u > P/D in the current context, one infers from (3.16)
that 2z — 21 < P/D. This shows that (3.15) has at most 2(P/D)+1 solutions
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in ;. Collecting together, we see that Ty < P?/*1/D, that Tp < P?>/*1/D,
and by (3.13) that

(3.17) > r(M(x,y)|) < P2/HL0==)/2,
A(x,y)=0
IM(x,y)|<(P/D)*

We are reduced to estimating

(3.18) T= > r(|M(x,y)]).
A(x,y)=0
IM(x,y)|>(P/D)k
Let o(n) denote the number of solutions of the system |M(x,y)| = n,
A(x,y) =0 with z;,9; € & (1<i < J+1). Then g(n) =0 for n > (J +1)P¥,
and the definition of 7(n) shows that for (P/D)* <n < 2JP* one has
r(n) < (loglog P)?Aj41(n). It follows that

(3.19) T <L Ajii(n)o(n).
Let v be a (small) positive number, and let § be as in Lemma 3. Let
ovL
Y =exp( ).
P (n+k?)log L

Let
M={neN:p|ln=p<Y}, N ={neN:p|ln=p>Y}

Then, any n € N has a unique factorization n = n*n! with n* € .#, nf € ..
Note that n* > P” implies that Q(n)logY >logn* > vL, so that §Q(n) >
(n+ k?)log L. By (3.3),

(320) > Aj(n)e(n) <Y d(n)¥ 2 o(n) LT1H « pRIHILR

n*>pv

which is acceptable. For the complementary portion of (3.19), we have

Y Aj(mem) < D> Ajra(mn)e(mn)

n* <PV meM neN
m< PY
< D Aja(m) Y djp(n)e(mn).
meHN neN
m<PY

We now require the following simple observation.
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LEMMA 7. Let k>3, and let v > 0. There exists a number Ly depending
only on k and v with the property that for any 2<j<k—1 and any n <
2JP* there is a divisor n1 of n with n1 < P¥ and djri(n) < jLoS(n)

(Although not highlighted as a lemma, the conclusion of Lemma 7 is
established in, inter alia, [27, starting on p. 16 after (3.15)]). 0

We apply Lemma 7 to the inner sum in the previous display and obtain

Y Ajia(n)e(n)

n*<Pv
(3.21) "
< Y Ajpa(m) D m N ().
meN nieN n=0 mod mn1
m<Pv ny <PV

It will be convenient to write d = mn;. Then, the conditions active in (3.21)
imply that d < P2 < /P. Further, thesum 3", _ ..+ - 0(n) does not exceed
the number of solutions of

J+1 J+1
(3.22) Z:(JL‘Z — ;) =0, Z(xf —yF)=0mod d
i=1 i=1

with z;,y;, € & (1<i<J+1). Let a,b be a solution of the pair of congru-

ences
J+1 J+1

(3.23) Z(ai —b) = Z(af —b¥)=0mod d,
i=1 i=1

and choose x;,y; € & with x; =a; mod d for 1 <i < J+1 and y; =b; mod d
for 1 <14 < J. Then determine y;1; through the linear equation in (3.22).
By (3.23) it follows that y;+1 = byy1 mod d, and by (3.9) we infer that
the number of solutions to (3.22) with x;,y; € & and x; = a; mod d, y; =
b; mod d (1 <i < J+1) does not exceed O((P/d)?>/ 1 Ls=1727). We conclude
that

Z Q(n) < P2J+1La_1_2jd_1_2JS(d),

n: dln

where S(d) is the number of incongruent solutions to the pair of congruences
(3.23). Since S(d) is multiplicative, we deduce from (3.21) that

(3.24) > Aju(n)e(n) < PPTHLTIE 5,

n*<Pv
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in which
==Y Ajy1(m)S(m) - Lo S (n)
=1= 1r2J =2 = ir2g -
me.H m neN n
m<PY n<Pv

Further progress depends on upper bounds for S(d) that we now derive. By
(2.1) and orthogonality,

d d

(3.25) Sd)=d 2" [S(g,a,0)[*

a=1b=1

But j > 2, so that 2J + 2 > 6, and then

d d
S(d) <d* =53 "N "[8(g,a,b)|" = d* 1Sy (d),

a=1 b=1
where Sy(d) is the number of solutions of the congruences

3

3
Z(Uz — ;) = Z(uf - vlk) = (0 mod d.

=1 =1

In particular, Sp(d) is a multiplicative function. We now have

= Aj+1(m)So(m) = jLQ(n) So(n)
g1 < E " , =2 < oy .
meH neN
m<Pv n<Pv

By (2.1), whenever d = (q; a;b), one has S(q,a,b) =dS(¢/d,a/d,b/d). Hence,
on noting that Sp(d) equals the right-hand side of (3.25) with J =2, and
then collecting terms according to (q;a;b), one readily confirms that

(3.26) Solm) _ > Ala),

mA
qlm
where
I 6
(3.27) Al=q® D [S(gab)|.
a,b=1
(a;b;9)=1
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By (3.26) and Mobius inversion, A(g) is multiplicative. We shall prove
momentarily that the series

(3.28) Z g+1(Q)7 Z jLoQ

q=1 qeN

converge and that the second series (which depends on P) is bounded above
by a constant depending only on k. Once this is established, the proof of
Lemma 6 is swiftly completed. Indeed, the familiar inequality A (uw) <
Aji1(u)dj1(w) now implies that

=, < Z ]+1 ZA Z AJ’Jrul(u) Z A(Q)derl(Q)’

meH glm u<Pv q<Pv q

and by (3.28) the sum over ¢ is bounded. Also, by Hall and Tenenbaum [13,
Theorem 70], the sum over u is O(L'™¢), whence Z; < L1*¢. Similarly,

LoQ(n LOQ( A

- j ot . (9)

Eg < E E A(g E E jRoa) :
neN q|n ueN qeN q
n<Pv u<Pv q<PpPv

Here again, the sum over ¢ is bounded, and

Z H (1—1-2] ><< loglogP)

ueN Y <p<Pv
uPv

LoQ(u
]0

so that =5 < Lf. On collecting together, it follows that the expression on
the left-hand side of (3.24) is O(P*T1Ls=%7). But 2J > 1+ j(j 4+ 1)/2 for
j > 2, and therefore, by (3.24), (3.19), and (3.20), the sums (3.18) and (3.17)
(with k =1+ k?) are both sufficiently small to imply (3.12). This completes
the proof of Lemma 6.

In preparation for the discussion of the series in (3.28), we require an
upper bound for A(q). By multiplicativity, it will suffice to consider the
case where ¢ =p' is a prime power. In this case, one infers from (3.27) and
Lemma 2 that

o
(3.29) A =p "> 37150 a,b)[°

a=1 b=1
pta
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For a crude bound, note that whenever p{a one has p~'S(p',a,b) < p~/¥.
This is slightly stronger than (2.1) but follows from the proof of [29. Theo-
rem 7.1] or from [8], for example. By (3.29), it follows that

Pt p
Ap") <p 2HESTS S ab) [

a=1b=1

and by orthogonality, one derives the estimate
(3.30) p AR < p k.

We proceed to establish the alternative estimate
(3.31) p A <p?

that is valid for all primes p with p{ k. Indeed, by [29, Lemma 4.3], one
has S(p,a,0) < p'/? whenever p{a, and when ptb [29, Lemma 4.1] gives
S(p,a,b) < p'/2. By (3.29) it follows that A(p) < p~'. This already confirms
(3.31) when [ =1, and by (3.26) one also finds that

(3.32) So(p) < p".

Now let [ > 2, and consider a solution of the system of congruences
(3.33) Z(ul —v) = Z(uf —oF) =0 mod p!

with 1 < wu;,v; < p'. Such a solution is said to be nonsingular modulo p if
the array

ku’f_l kug_l ku§_1 —kvf_l —kvg_l —kvlg_l
1 1 1 -1 -1 -1

has rank 2, modulo p, and otherwise singular modulo p. Note that for pt k,
a solution is singular modulo p if and only if
(3.34) ub =kt =ub T =0 = 0b T =08 mod p.

It follows that there are at most (k — 1)*p>~—* singular solutions of (3.33),
because for each of the p' choices for u;, the remaining variables will satisfy
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(3.34), leaving at most (k — 1)*p*~* possibilities for wusg,us,vi,vs by the
theory of power residues. The value of v3 mod p' is then fixed through (3.33).

When p 1k, we count the nonsingular solutions to (3.33) with u’ffl 2
v]f_l mod p with the aid of Hensel’s lemma. Indeed, each such solution,
when reduced modulo p, corresponds to one of the O(p*) solutions counted
by So(p), and at most O(p*~*) of them will reduce to the same solution

modulo p, because for a solution u,v of the system

k k

u"” —v"® =a mod p, u—v=bmod p
with pfuf~! —v*~1 there is exactly one pair uy,v; with 1 <wuy,v; < p! and
ulffvlfzamodpl, uy — v1 = bmod p'.

A similar argument applies for counting nonsingular solutions with ulf_l %
ugfl mod p, so that, by symmetry, there are at most O(p*) nonsingular
solutions of (3.33). It follows that Sp(p') < p* + p*~*. We now ignore the
condition p{a in (3.29) and use orthogonality to deduce that

A < p™So(ph) < 1+ p
For [ > 2, this contains (3.31), as required.

We are ready to discuss the first of the two series in (3.28). The easy
bound d;41(p') < (I + 1)? coupled with (3.30) suffices to recognize the sum

(3.35) 5 ) 200
=0 p

as a convergent one, and if one uses (3.31) for p>k >1>1 and (3.30) for
[ > k, then this sum is seen to be of the form 1+ O(p~2). The sums (3.35)
are the factors in the Euler product for the sum (3.28), so that the latter
indeed converges.

A similar argument applies to the second sum in (3.28). Rewritten as an
Euler product, this sum becomes

0 !
(3.36) 11 ZjLol%.

p>Y =0

When P is sufficiently large, one has jLop=4/k < 1/2 for all p >Y, so that

(3.30) yields
Lo

l .
ZjLOlLI;) <<Z(;4/k)l <pt

>k 1>k
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On using (3.31) for 1 <[ <k as in the previous discussion, one again finds
that the Euler factors in (3.36) are of the type 1+ O(p~?2), thus confirming
the claims concerning the second sum in (3.28).

84. The principal proposition

Our next result is a version of Hua’s lemma with a logarithmic saving,
similar to Vaughan [27, Theorem B].

LEMMA 8. Let k>3, let K =2F"1, and let t = (3K/2) + 2. Then

11
/ / |f(, B)|" dadp < P12 173,
0J0

Note that Theorem 2 follows on combining the conclusions of Lemmas 1
and 8.

The proof of Lemma 8 will occupy this and the next two sections. Only
the initial steps of the proof work for all values of k. Let I denote the integral
that is estimated in Lemma 8. On noting that t is the arithmetic mean of
K + 2 and 2K + 2, one deduces from Lemma 5 and Schwarz’s inequality
that

(4.1) I < P12,

A similar argument may be applied to the exponential sum h(a, ). An
application of Schwarz’s inequality combined with Lemma 6 yields

1 rl
(42) | [ st daas < iy,
0 J0

We now apply a differencing argument that reduces the estimation of I to
that of the integral considered in (4.2). The main ideas are adopted from
Vaughan [27].

By orthogonality, I is the number of solutions of the pair of equations

3K/2 3K/2
(4.3) F =@ -y, w—y=) (-
i=1 =1

with z,y, z;, y; all constrained to the interval [1, P]. Also, when % is a subset
of {(z,y) € N?: 1 < x,y < P}, let [(%) denote the number of solutions
counted by I that have (z,y) € % .
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Recall the parameters D = L* and D' = PY/%% For 1 <z < P, let m(x)
be the smallest prime factor of x that exceeds D if such a factor exists, and
otherwise put m(z) = co. Consider the sets

o ={(z,y) eN*: 2 < Py < P, (w;y) > D},

B={(z,y) eN*: 2 <Py <P (z;y) <D,m(z) < D'},

¢ ={(2,y) eEN*: 2 < Py < P,(;y) <D,m(y) < D'}.
If a solution to (4.3) is counted by I, but the pair (z,y) is not in the union
of &, A, and €, then we have © < P, y < P, (z;y) < D,m(xz) > D', and
m(y) > D’. In particular, x € & and y € &. Consequently,

I<I(A)+I(B)+1(€C)+1(& xE).

Moreover, by symmetry, (%)= 1(¢), and so
(4.4) I <4maxI(Z),
where £ runs through the sets &/, %, and & x &.

First, suppose that I < 4I(& x &). Then recalling (3.10), orthogonality
shows that

1 rl1
154/0/0 (o, B[ (e B)| 2 dads

< 4(/01/01!h(a,ﬁ)\tdadﬁ)m(/Ol/ol\ﬂa,ﬂ)!tdadﬁ)l2”.

Here Holder’s inequality was used to infer the second inequality. The second
integral on the right is I, and therefore,

1
I§2t/01/0 |h(a, B)|" dadB.

Hence, in this case the desired estimate for I is a consequence of (4.2).
Next, suppose that [ <41(<7). We define

(4.5) Fla, W)= > e(ow® + pw)

w<W
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and sort the pairs (z,y) € &/ according to the value of d = (z;y). Then,
by orthogonality, a consideration of the underlying Diophantine equations
reveals that

bt 2 t—2
1) <3 [ [ I5tad s Pl ) daas.

d>D

The initial assumption and Holder’s inequality yield

<4y (/1/1 | f(ad¥, Bd; P/d)|" da dﬂ) Yo
0J0

d>D

We use the bound for I provided by (4.1), and for the remaining integral
on the right-hand side here a consideration of the underlying Diophantine
equations shows that (4.1) again supplies a bound, this time with P/d in
place of P. One then finds that

I < Pt7k71/2L77 Z d7(2t72k71)/t <<Pt7k71/2L77D71/8'
d>D

Hence, for x > 8(n+ k?) this shows that I < Pt_k_l/QL_kz, which is accept-
able.

It remains to consider the case where I < 41(%). The initial steps are
along familiar lines. Recall the definition of %, and sort the solutions of
(4.3) counted by I(Z) according to the value of p =m(z). Then D < p < D',
and the condition that (z;y) < D implies that p{y. Hence, I(#) does not
exceed the number of solutions to the equation

3K/2 3K/2
(46) () =y =D (&F—ub),  pw-y=) (zi—u)
i=1 i=1

in primes p with D < p < D’ and natural numbers w,y,z;,y; satisfying
w < P/p and

(4.7) y<P, <P, y<P  pty

Let Ips denote the number of solutions of (4.6) constrained to (4.7), and
M <p<2M, w< P/M. Then, on splitting the range for p into dyadic
intervals, one finds that there is some M with D < M < D’ and

(4.8) I <AI(B) < LIy
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We now recall (4.5) and write

fp(a76)zze(ayk+ﬁy)a g(oz,,@)Zf(a,B,P/M)
y<P
ply

Then, by orthogonality,

Lt t—2
(49)  Iu= Y /0 /0 900, p8) o~ —B)| f (e, )] 2 davdl5.

M<p<2M

One may reduce the estimation of I to bounding the integral

1 1
(4.10) 0,= /O /0 1ol )] P2 g0, pB)| < davdB,

which can be brought into play via Holder’s inequality. Indeed, on noting
that |fp(—c, —8)| = |fp(a, B)], one readily finds that

1 r1
[ [ attams) e -)\ 5. 5] daas

) (K+4)/(t(2K+4))

1,1
S@;/(KH)II_(%) </0/o ‘fp(a,ﬂ)‘tdadﬂ

On considering the underlying Diophantine equations, it is immediate that
the integral on the far right is bounded by I. Hence,

1 p1
/ / o0 0, p8) o (— v, —B)| flev )] 2 davdp < @/ (KD 5642)
0J0

By orthogonality, the integral on the left is nonnegative. We may sum over
p to infer first, from (4.9), that

1/(K+2)
Iy < (IM)(K+1)/(K+2)< Z @p) 7
M<p<2M
and then, by (4.8), that
(4.11) I < LEPMEFE N e,
M<p<2M
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The next step is to show that whenever D < M < D', then

(4.12) DR iV e )
M<p<2M

Once this is established, it suffices to recall that D = L* and to combine
(4.11) and (4.12) to finally conclude that I < P**F=1/2L=** holds in this
last case as well, provided only that x is large enough.

We shall estimate the sum in (4.12) by a differencing argument. When
k > 4, the problem at hand can be approached by combining ideas con-
tained in Vaughan [27] and Wooley [32]. The rather technical details are
provided in the next section. For k = 3 this argument collapses, and we
present an alternative approach via the Hardy—Littlewood method in the
following section.

§5. Efficient differencing

Throughout this section we suppose that k > 4. Then K/4 > 2, and K /4 is
even. We will use this frequently. We prepare for the differencing operation
with a technical estimate concerning certain congruences. For p > k, let
Z,(a,b) be the set of solutions z = (21, 22,...,2x/4) to the simultaneous
congruences

(5.1) zf+z§+--'+z§/4zamodpk, z1+22+ -+ 2K/4 =bmod p,
with 1 < 2z <p* and pfz; for all 1 <i < K/4. Also, let

Zy,= max #%,(a,b).

LEMMA 9. Let p >k >4. Then

7, < pUERH—-1
Proof. First, suppose that k =4. Then K/4 =2. Consider the solutions

w1, we of

(5.2) wi +wj = a mod p, w1 + we = b mod p,

with 1 <w; <p—1 (i=1,2). Here, one may eliminate ws. Then w; satisfies
a polynomial congruence of degree 4, which has at most four solutions. For
any solution z of

zf‘—l—zézamodp‘l, z1+ 23 =bmod p
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that is counted by Z,, there is a solution w of (5.2) with z; = w; mod p.
However, for a fixed solution w of (5.2), there are p® choices for z; with
1< z5 < p* and 23 = wy mod p, and for any such zo, there are at most four
solutions of 2 + 25 = a mod p* with pfz; and 1 < z; < p*. This shows that
Zp < 16p3, as required.

Next, suppose that k> 5. Let Z,(a’,0') denote the set of solutions 21, 22,
z3 of the congruences

(5.3) K428+ 28 =d/ mod pF, 21 + 22 + 23 =0 mod p,
with pt 212023 and 1 < z; < pF for i =1,2,3. The bound

S 2k—1
(5.4) #2,(d V) <p

holds uniformly for a,b € Z, p > k. This can be seen as follows. In the system
of congruences

(5.5) wh + wh +wh = a’ mod p, w1 + wo + w3 = b mod p

one may eliminate ws. But wf +wh + (b’ — wy —wq)*

and when 2 | k, the degree is k and the leading coefficient is 2. Hence, we find

is a polynomial in w1,

at most kp incongruent solutions of (5.5). When k is odd, and wy # b’ mod p,
then the degree is k — 1 and the leading coefficient is k(' —ws), so that (5.5)
can have at most (k— 1)(p — 1) solutions with wy # b’ mod p, and further
p solutions with ws = b mod p. Hence, in all cases there are at most kp
solutions. Any solution of (5.3) reduces to one of (5.5). There are p?+—2
choices of 29, 23 mod p* with z; = w; mod p. Now solve for z; from the first
congruence in (5.3). Since p{ 21, there are at most k solutions for z;. This
confirms (5.4). To complete the proof of the lemma, it now suffices to take

l k k /
O =0—zf— =2 b=b—z24—— 2K

in (5.4) and to sum over zy, ..., 2k/4 trivially.

We now return to the main theme. Let p be a prime with M <p <2M.
The goal is to estimate ©,, as defined in (4.10). By orthogonality, O, is the
number of solutions to the pair of equations

K/4 1+K/2 K/4 1+K/2
(5.6) S @E-yh=p" 3 @b, Y-w=p Y wi-v)
=1 i=1 i=1 i=1
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in natural numbers x;,y;, u;,v; constrained to

(5.7)
v; < P/M, ptziy; (1<i<K/4).

Note that solutions to (5.6) satisfy

58) :rlf+w'§+‘--+x’;</4Eyf+y§+-“+y§(/4modpk,
T+ T2+ + T =Y1+ Y2+ oo+ Y2 mod p.

The following argument is an elementary variant of a very similar expo-
nential sum technique underpinning [32, proof of Lemma 2.2]. For given
data n,m, z1,..., 2K/4, let ®,(z,n,m) denote the number of solutions to

K/4 1+K/2 K/4 1+K/2

fo+pk Z uf:n, in—i-p Z U; =M
i=1 i=1 i=1 i=1

satisfying the relevant conditions in (5.7) and x; = z; mod p*, for 1 <4 <
K /4. Then, by (5.8) and the discussion preceding this observation,

P p

Z YN S e znmf.

n,m=—c0 a=1 b=1 z€%,(a,b)

By Cauchy’s inequality and Lemma 9,

pk

0, < Z ZZZP Z |<I>][,(z,n,m)|2
b=1

n,m=—oo a=1 b= z€Z, (a,b)

(5.9) < = Z S | @p(zn,m)|?

n,M=—00 z mod pk

< p(Kk/4)—k—1\I,p’

where ¥, is the number of solutions to (5.6) and (5.7) with the additional
constraints that

(5.10) zi=y; mod p* (1<i<K/4).
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Now let

(5.11) Gla,f)= Y ela@ —y") +B—y).
z<Py<P
x=y mod pk

By orthogonality,

1 r1
(5.12) v, < /O /O Gl B)5"g(ap”, Bp)|* T dadB.

G(a,f)=[P]+2Re Y e(a(z"—y")+Bx—y),
y<x<P
2=y mod pk

which implies that

K/4 K/4
(5.13) |G(a,B)|" <<PK/4+‘ S e(a(mk—yk)+5($—y))’
y<ax<P
=y mod pk

We use this in (5.12) and apply Lemma 5 to deduce that
(5.14) U, < U+ PRA(P/M)KF2RLn,
where

1,1 K/4 K42
v :/ / Y et =)+ B -y)| " lewa,pB)[ P dads.

070 y<z<P
=y mod p*

By orthogonality, W7, is the number of solutions of the pair of equations

K/4 1+K/2

S (=0 -y =p" D (uf —vf),
=1 =1

K/4 1+K/2

S (Dimi—y)=p > (ui—w)
i=1 =1

subject to (5.7), (5.10), and z; > y;. We write

s=mi+y,  hi=p F(@i—y).
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Then, since 2z; = z; + pkhi and 2y; = z; — pkhi, one finds that
28 (zf —yf) = pp(zi i),
where ¢, is the integral polynomial
op(z,h) = p~ ((z + hp")" = (z = hp")*),

and we may then conclude that \I/;7 does not exceed the number of solutions
of the system

K/4 1+K/2
D (“1op(zihi) =28 Y (uf —of),
=1 =1
K/4 1+K/2
PPN (0= Y (i — )
i=1 =1

in which the variables are subject to
1<h;<PMF, 2 < 2P, u; < P/M, v; < P/M.

Now write H = PM~* and introduce the exponential sum

ZZ e(app(z,h) + Bhp"1).

h<H 2<2P

Then, once again by orthogonality,

(5.15) // |Fy(a, B)] <" g(2%, B)[ T davdi.

We have now completed the first differencing step. The differencing was
efficient because the congruences (5.8) reduce the potential reservoir for the
variables z;, y; by a factor p— 51
We proceed by taking further differences. By Cauchy’s inequality,

!F <HZ)Z agopzh

h<H z<2P

, and one recovers this through Lemma 9.
‘2

Note that § is absent from the right-hand side. Thus, we may proceed as
with the usual proof of Weyl’s inequality (see [29, Lemma 2.4]) to confirm
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that there are certain natural numbers ¢(!) (depending also on p which we
suppress) with

c(0) < PPIMTF () < di(l) (1#0),
and such that

(5.16) | Epla, 8)] /% < PERMO=E2DES (1)e(al).
l

At this point it might be worth recalling that in the current context one
has k£ > 4 and that therefore § is indeed absent from this bound, for all &
under consideration. To bound the integral

v // IFy(a K/2}g 5)‘K+2dad6,

one inserts the inequality (5.16) and then separates off the contribution
arising from [ = 0. This term will contribute to V' at most

<« PEF (K2 // (25, 8)| K+2 ads.

We may apply Lemma 5 to the integral on the right and then conclude that
this contribution to V does not exceed

< (PK—kM(l—(K/Q))k)(Pk—lM—k)(P/M)K-i-Q—kan

< P2K7k+1M(l*(K/Q))k*K*ZLn.

By orthogonality, the terms that correspond to [ 0 produce a term not
exceeding

< PE—kp(—(K/2)k Z dg(uf —of +-- + UI(CK/2)+1 - UfK/Z)H)

Ui, V4
in which the variables are restricted by u; < P/M, v; < P/M, and
up — v+ UK )1 — V(K /2)+1 = 0.
By Lemma 3, this does not exceed

< (PK_kM( (K/2 )(P/M)K-i-an < PQK k+1M( (K/Q))k‘—l—KLn.
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Collecting together yields

v < P2K_k+1M(1_(K/2))k_1_KLn.

By (5.15) and Holder’s inequality,

1,1 1/2
nggvl/?(/o/o |g(2ka,ﬁ)’K+2dadﬁ> :

and another use of Lemma 5 produces

(5.17) \1;; < P3K/2-k+3/2  r(1—(K/2)k/2—K—3/2+k/2 1.
By (5.9) and (5.14), we may now conclude that

> 0, < MEROTH (max W) + PRA(P/M)KF2ELT),
M<p<2M b

As is readily checked, this establishes (4.12), as was required to complete
the proof of Lemma 8. 0

86. Inefficient differencing

In this section we establish the case k =3 of Lemma 8. Our approach
needs substantial revision because Lemma 4 provides optimal control on
the sixth moment of Weyl sums, and if one differences two blocks of two
variables beyond this as would be needed for efficient differencing, then one
works with ten variables. But when k& = 3 one has ¢t = 8. One could, at least
in principle, study a tenth moment, but savings can then be expected only
if differencing is performed over minor arcs only. This would entail con-
siderable complication in detail, and we prefer an eighth moment for con-
sistency with our work in the previous section. Fortunately, the inevitable
loss of a factor M in an inefficient differencing can be restored in part by
averaging over the auxiliary prime p. The technique elaborates on ideas of
Vaughan [26].

We now return to (4.10), temporarily fix a prime p with M <p <2M,
and observe by orthogonality that ©, equals the number of solutions of the
Diophantine system

- a3+ Pyt + s +ys) =25 + 07 (U3 + uE +ud),
z1+p( +vy2 +y3) =22+ p(ya + ys + Ys)
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with variables constrained to
z; < P, y; < P/M, pfx122.

Any solution of (6.1) satisfies 23 = 23 mod p? and z; = x5 mod p. Since
p{x1T9, this implies that z1 = x5 mod p®. By Lemma 4, the number of
solutions with x1 = x5 amounts to at most O(P(P/M)3). By symmetry, it
now suffices to count solutions where x; > x5. According to the preceding
comment, we put x1 = xs + hp® with h >0, and z = 21 + z2. Then (6.1)
transforms to

62 h(32% + h?p%) = 4(y? + 5 + 43 — vl — v3 — d),

hp® =1+ Yo+ Y3 — Y1 — Y5 — Yo

Let = denote the number of solutions of (6.2) subject to
2 < 2P, yi < P/M, h<H, M<p<2M,
where H = PM~3. Then, on summing over p, the above argument yields

(6.3) Y 0, <2E+0(PM?).
M<p<2M

Let
Fla)= )Y e(3az®),  E(a,p)= > elap’+pBp),

2<2P M<p<2M
and recall that ¢g(«, 8) = f(«, 8, P/M). Then, by orthogonality,

1,1

(6.4) == / / 3" Fah)E(ah?,Bh)|g(4a, B)|° dadg.
0J0 2%

Note the similarity with (5.15).

We apply the Hardy-Littlewood method to estimate =. Let § > 0 be a
small parameter to be determined later. Let 91 be the set of all a € [0, 1]
where there are coprimes a,q with 0 <a<gq, 1 <¢< P9 and lga — a] <
P3=1H~! Let n be the complement of 9 in [0, 1]. Then, by [26, Lemma 4],
one has

(6.5) sup Z ‘F(ah)‘Q < HPL??,
aen h<H
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Unlike in [26], the actual exponent of L is of no importance for us. Next
recall (4.5) to observe that

So|E@rdan)P = Y W - p8), Blpr — po), H).

h<H M<p1,p2<2M

The contribution of summands with p; = py here is O(HM). We claim
that whenever o € n and pi # pa, then f(a(pf — pS), B(p1 — p2), H) <
H?/*(log H)?. Once this is established, it follows that

(6.6) S| E(ah®, Bh)|* < HM + M*H*/4(log H)? < HM
h<H

holds for M < P15 To confirm these claims, let M < pi,ps < 2M with
p1 # po and | f(a(pS —p8), B(p1 —p2), H)| > H3/*(log H)?. Then, by Lemma |
(with @ = 7/9), there are coprime numbers b, with 7 < H/9 and |ar(p$ —
pS) — bl < H~29/9 and consequently, there is a ¢ with ¢ | r(p$ — pS) and an
a € 7 with |ag — a| < H=20/9. Hence, ¢ < H"/?(2M)5 = 26 P7/9M11/3 | and
therefore o € M, as one readily confirms, and as was desired. This estab-
lishes (6.6).
By (6.5), (6.6), and Cauchy’s inequality,

sup Z F(ah)E(ah3,ﬂh)’ < H(PM)'2L.

aenl =
We use this in conjunction with Lemma 4 to infer that
1
(6.7) / / > F(ah)E(ah®, 8h)|g(4a, 8)|° A8 da < H(PM)Y*(P/M)>L.
nJ0O h<H

We now consider the major arcs . When a, ¢ are coprimes with |ga —a| <
1/q, then [28, Lemma 3.1] asserts that

P2l
q+ P?H|ga — al

> | F(an)|* < P(

h<H

—I—PH+q+P2H|qoz—a|).

For a € M, there are such a,q with ¢ < P and |ga —a| < H7'P°~!, and
a short calculation then confirms that

P2+36H

2
(6.8) E}F(ah)} < Py =2y P
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Moreover, by orthogonality,
! 4
(6.9) /0 90, B)[*dB =" wre(ad),
l

in which 1; equals the number of solutions of the pair of Diophantine equa-
tions

4(y§’—|—y§’—y§—yi):l, y1+y2—ys—ys=0

with y; < P/M (1 <i<4). The integral representation shows that the
Fourier series in (6.9) takes nonnegative values only. Hence, we may apply
[5, Lemma 2] to conclude that

1
/ S| F(ah)[? / lg(4a 8)[* 4B da < P (P + 3 ),

Nh<nH 0 ]
and the bounds ¢ < (P/M)? and Y, ¢; < (P/M)? are immediate. This

gives

1
(6.10) /Z{F(ah)F/ |g(4a, B)|" dBda < P*+50 012,
N 0

h<H

Also, on using a trivial bound for E(«, ) and Lemma 5 only, we have

1
[n/o > [Eh®, 8h)|*|g(4a, 8)|" dBda

h<H
(6.11) < HM? (/01/01\9(40«,ﬂ)|10dad/3)1/2 (/01 /Ol\g(4a,6)\6dadﬁ)l/2
< HM?(P/M)72L".

By (6.10), (6.11), and Schwarz’s inequality,

1
/ / 3" Flah)E(ah?®, 8h)|g(4a, B)|° dB da < PYT/AT30 p1=15/4,
nJo 5

When M < P15 this bound is superior to the one in (6.7). Hence, by (6.7)
and (6.4) we conclude that Z <« PY2M~11/2L. The case k =3 of Lemma &
now follows via (6.3).
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87. Pruning

In order to facilitate the major arc analysis within the proof of Theorem 1,
the minor arc estimate provided by Theorem 2 is to be augmented by a
device that restricts the integration for the linear equation to suitable major
arcs as well. Some notation is required to make this precise.

Let 1 <¢ < P, and let 91, denote the union of the intervals

{a €0,1]: |ga —a| < (4k)_1P1_k}

with 0 <a < ¢ and (a;q) = 1. Note that these intervals are disjoint, as are
the various M. Let R, =M, x [0,1], and let K be the disjoint union of the
Ry with 1 < ¢ < P. Further, when 1 <¢ < Pl/g, let £, be the union of the
rectangles

{(a.8)€[0,11%: o~ %‘ <Pk - g) < p-oo)

with 0<a<¢q, 0<b<gq and (a;q) = 1. Then, for 1 < ¢ < P9 one has
£y C Ry Let £ be the union of £, with 1 <¢ < P/9 o that £ C &.

LEMMA 10. Let s > 3k. Then
// }f(a,ﬁ)lsdadﬁ < ps—k=1-1/(9%)+e
R\L

Proof. Let (a, ) € R. Then there are a unique g € [1, P] with (o, 5) € &
and unique a,b with 0 <a <gq, 0 <b<q with (a;¢) =1 and

1
lga —al < (4k) "I PTE, —5 <gB—b<

N | =

Define f*: 8 — C by
* -1 a b
a,fB) = S(q,a,b)v|la——,6——).
[, 8)=q""5(q,a,b) ( . B q)
Whenever («, ) € R, one infers from Theorem 3 that

fle, B) = f*(a, B) + O(PF— /KT,

Consequently,
(e B)]" < |F* (e, )| + Pk,
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The linear measure of M, is O(P1~*), whence the planar measure of £ is
O(P%*7*). Since s > 3k + 1, it follows that

s * s s—k—1—1/k+e
(7.1) //ﬁ\):’f(a’ﬁ)‘ dadﬁ<<//ﬁ\£\f (a,8)|"dadB + P .

Now consider the integral on the right-hand side. First, we estimate the
contribution from £, with P9 < ¢ < P, which amounts to

(7.2) 3 Ziq q,ab}// v(€,0)" dgdc.

Pl/9%g<p a=1 b=
(a;q)=1

By (2.2), we have the alternative estimates

1/1<; 1/k

(7.3) v(€,¢) < P(1+PF¢))”

/ / [v(&,¢)|° d¢d¢ < PRt

By (2.2) again, the expression in (7.2) is bounded by

< ( Z q2—s/k+a>P5—k—1 < ps—k—1-1/(9%)+e
Pl/9«<q<P

v(&,¢) < P(1+ PI¢])

and consequently,

which is acceptable.
It remains to consider the contribution from the sets &\ £, with ¢ < P9
to the integral on the right-hand side of (7.1), which in fact does not exceed

(7.4) > Z ZQS (¢,a,b)|"(B1+ Ba),

q<Pl/9 a=1 b=
(asq)=1

where
s 1
Bl /—oo/|§>P1/9 k‘v(§7<—)’ €d<7

= [ [ E0l aca
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By (7.3), and since s > 3k + 1, one has

B, < P* / (1+Plc)) " ae (2+ PFle)~de
—00 |¢|>p1/9=k

(7.5)
< ps—k—10/9.

A similar reasoning yields the same bound for By. By (2.2), it is now readily
seen that the expression in (7.4) does not exceed O(P*~%=10/9) and the
lemma follows from (7.1). U

§8. The proof of Theorem 1

This final section is devoted to the proof of Theorem 1, which we launch
by disposing of some simple cases. Throughout this section, let s > 2% 4 2,
let a; #0 for 1 <¢ <s, and suppose that exactly r of the s numbers b;
are nonzero. Since the equations (1.1) have a nonsingular real solution, one
concludes that r > 1. On renumbering the variables, we may arrange that
b; #0 for 1 <i <r. The system (1.1) now takes the shape

alwlf+...+arx7]f+...+asx§:0’
(8.1)
biz1 4+ -+ byx, =0.

Here, we may clear common factors in the second equation, so that we may
further suppose that b is a primitive vector.

If 7 =1, then x; =0, and we are left with a single equation in 2¥ + 1
variables that may be treated by the methods of [29, Chapter 2].

If r =2 and (by;b2) = 1, then any solutions to (8.1) has by | x2, by | 1.
We substitute x1 = bay, 2 = —b1y to infer that N(P) equals the number of
solutions to the equation

(a1by — apb®)y* + azah + -+ a,zk =0,

with |z;| < P and |y| < P/max(|b1],|b2]). If aib§ # asb¥, then this single
equation in s — 1 > 2F + 1 variables may again be treated by the methods
of [29, Chapter 2], the unconventional size constraint on y being readily
absorbed by the classical method that need not be commented on any fur-
ther here. If a;1b% = asb¥, one has

N(P) = (2P/max(|bi], [b2]) + O(1)) No,
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where Ny is the number of solutions to the equation CL3$I§ + -4 asscl; =0
with |z;| < B. Now s —2 > 2F If s — 2 > 2 then we may proceed as before to
establish an asymptotic formula for Ny by the methods of [29, Chapter 2],
and this will complete the proof of Theorem 1 in this case. This leaves
the case where s — 2 = 2*. In this case, the methods of Vaughan [27] (and
in particular (1.5)) may be combined with the singular series work in [29,
Chapters 2 and 4] to establish that

No = Xoo (H Xp) Pka*Q(l + O((log P)*l)),

where the Euler product is absolutely convergent. Also, X, is nonzero if
and only if aga:’g + -4 asx]; = 0 has a nontrivial solution in Q,, and x is
nonzero if and only if as, a4, ..., as are not all of the same sign. On collecting
together, this establishes Theorem 1 in the case r = 2.

This leaves the case r > 3. Here we define

(82) F(,8) =[] flaia, biB),

i=1
and we observe that the integral
1,1
(8.3) N+ (P) = / / Z(a, B)dadp
’ 0J0

counts the solutions of (1.1) with 1 <x; <P (i=1,...,s).
In preparation for an application of the Hardy—Littlewood method to the
integral (8.3), we define the major arcs 20 as the union of the boxes

(8:4) {(a,ﬁ) e [0,1): (a_ g‘ < pU/sk, ‘5_ S‘ §P‘7/8}

with 0<a<gq, 0<b<gq, (a;b;q) =1 and ¢ < P'/®. This union is disjoint.
When («, 5) € 20 is in the box (8.4), we put

f(0.8) = (g aai,th)o(asa— 2) (5 7)),

Note that Theorem 3 is not a suitable tool to compare f(a;a,b;3) with

[#(a, B) because the condition (a;¢) =1 is not met on some boxes. However,

[29, Theorem 7.2] readily yields

flaio,b:B) = ff (e, B) + O(PY*F#)
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uniformly for (a, ) € 20. When inserted into (8.2), the “trivial” bounds
fla,B) < P (see (1.4)) and f (e, ) < P (see (2.2)) suffice to infer that

(8.5) Hf B) + O(Ps—3/4te),
We put
(8.6) Z HS q,aa;,bb;)
a,b= 1
(asbsq)=

and integrate (8.5) over 2. Since the measure of 20 is O(P~F~3/8), this
yields

pl/8—k

// B)dadf= > T /Pm k/P " f[v (a;€,b;i¢) d¢ dg

q<P1/8 PR
+ O(Ps_k_9/8+€).

Note that the main term on the right-hand side of (8.7) is a product. The
next natural step is to complete the sum over ¢ to a series, and likewise,
to complete the integral to one extended over R?. This requires some care
in cases where many of the b; are zero. In fact, when r = 3, the bounds in
(2.2) are not of strength sufficient to conclude that the integrand in (8.7) is
integrable over R?. In preparation for a debugging argument, let

1
w0, ¢) = /0 e(th +Co)dt

By (2.1), one has v(,¢) = Pug(P*¢, P¢), so that an obvious substitution
gives

pl/8—k

p-7/8 s
59 [ IDeengacac= ot @,

where

w w s
(8.9) s =[] TTueebodcae.
- =1
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If (>1 and ¢ > 8k[¢|, then &(&t% + (t) > 3¢/4 holds for all 0 <t < 1.
Observing symmetry, [25, Lemma 4.2] now shows that

(8.10) w(€,0) < (1+1¢)

holds throughout the domain described by |(| > 8k|¢|. It follows that

(8.11) [Tvo(aig, bi¢) <

i=1

{(1 FIC)THAHIENT2if [¢] > 8kl
(1+1¢h~? if |¢] < 8k¢].

To see this, first note that (7.3) (with P =1) yields vg(a;&,0:¢) < (1 +
€])~ /% because |a;| > 1. Since s > 3k, this already shows the left-hand side
of (8.11) bounded by (1 +|£|)~3 irrespective of the value for ¢. If |¢| > 8k|¢],
we estimate vg(a;&,b;¢) as before for 3 <1i <s, and this yields a factor
(14 |€])72 for the upper bound. Now recall that bibe # 0, so that (8.10)
gives vo(a1€,b1Q)vo(azé, bal) < (14 |¢|)72, as required.

The right-hand side of (8.11) is an integrable function on R?, and it is
immediate that its integral over max(|¢],|¢|) > W is O(W1). It follows that

(8.12) S = g = / / [T vo(asé, bi¢) dc de
TO0 Y00
exists and that

(8.13) IW)= Z+0W™).

The treatment of the singular series also involves an unconventional ele-
ment. We shall prove that

(8.14) T(q) < ¢*%/F+=.

The difficulty is implied by zero values of b; because then a factor S(q,aa;,0)
is present in (8.6), and when (b;¢) =1 but a = g, this factor is ¢ and will not
contribute to the savings needed to prove (8.14). As we shall see momen-
tarily, some other factor in (8.6) will vanish whenever S(q, aa;,0) is unduly
large. To make this precise, we first apply the method leading from (3.26)
to (3.27) to confirm that T'(q) is multiplicative. Now let p be a prime, let
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[ > 1, and suppose that p|a but ptb. Since b is primitive, there is some
b; with ptb;, whence Lemma 2 gives S(p',aa;,bb;) = 0. By (8.6), it follows
that

W)= > » " [] 56" aa;,00)

a=1b=1 i=1

pla
because the remaining pairs a,b with (a;b;p) =1 have p | a, and hence
ptb, and then the summand vanishes. For p{a, one may apply (2.2) to see
that S(p!, aa;, bb;) < p'1=1/*)+e (even when b; = 0). This confirms (8.14) for
prime powers, and by multiplicativity, (8.14) holds for all ¢. This estimate
shows that the singular series

P s

(8.15) 6=6}1,=> Tl
q=1

converges absolutely and that

> T(g)=6+0W1h)
q<W

We may now combine this with (8.7), (8.8), and (8.13) to conclude as follows.

LEMMA 11. Let s > 3k + 1, and let r > 3. Suppose that b is primitive.
Then

/ / F(a,B)dadB= g &1, PFt 4 o(psh=171/00),
QH el tl

It remains to consider the complementary set of the major arcs 20. Let N
be the union of the intervals {a € [0,1]: |ga — a| < P*5%} with 0 < a <,
(a;q) =1 and 1 < ¢ < P*5 and let n=[0,1] \ M. Now define % =N x [0, 1],

b =nx [0,1]. Note that [0, 1]? is the disjoint union of 20, %\ 23, and v. For
we{v, Y\ W} and 1 <5 <2, 3<i<s, let

2 -2
Vi(w) = [ [ |7(asabs) | flaiasbis)| dads.
o
Then, applying the simple inequality

| f(ar,b18) f (aser, b2 )| < | flare, b1 8)|* + | f(azr, o)
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together with Holder’s inequality, one infers that
(8.16) //\3«‘( \dad6<ZHYW Y(s=2),
o j=1:=3

We proceed by estimating Y;;(tv). First consider the case where o =v,
and 3 <1 < s is an index with b; = 0. Then, by orthogonality, and recalling
that b1bo # 0, one finds that

1
U):/|f(aia,0)|32/0 ‘f(ajoc,bjﬁ)}Qdﬁda

= P]/‘f(aioz,O)‘s_zdoz

We now substitute o’ = a|a;|. The definition of m in the preamble to Theo-
rem 2 shows that {a: a/|a;| € n} N[0,1] C m. Since |f(«,0)| is of period 1,
it follows that

/‘f a;,0)| "2q — ‘f(a’,0)|872d0/

’az’ {o: o /lailen}

< / |f(,0)" *da < P*72EL2,
m

(8.17)

In the last step, we have used s > 2% +2 and (1.5). By (8.17), this yields
(8.18) Yij(0) < P12,

Next consider the case where v =v and b; # 0. Then b;b; # 0, and Hélder’s
inequality gives

Yij(v) < (//U\f(ajaabjﬁ)lsdo‘dﬁ)w

(8.19)
x (/ n‘f(aia,biﬁﬂsdadﬁ)

1-(2/s)

Here, both integrals are of the same type. A substitution argument similar
to the one in the preceding case yields

o .
/ |f(aje,b;B)|" dadp = / |f(e, B)|”dBda

‘ajb ‘ {a: a/|a;|en}

s s—1—ky—2
S/m/o |f(a, B)|°dBda < P*17FL 72,
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Here, we used Theorem 2 for the last inequality. Because the same argument
applies with ¢ in place of j, we conclude that (8.18) holds in this case as
well. Consequently, by (8.16),

(8.20) / |7 (o, B)|dadB < P¥1FL2,

This leaves the set U\ 20 = 4, say. A successful estimation is possible with
the aid of Lemma 10. An inspection of the definitions of the sets 0,20, R
and £ shows that whenever a;b; # 0,

{(,8): (aflagl, 8/1bj]) € U} N[0, 1]* C R\ L.

Hence, whenever b; # 0, one notes that f(a,f3) is Z2-periodic to conclude
that

S 1 S
. b: B dads = B)|°dad
//u’f(a]a P dads Vaa'ba'//{m/laj,ﬂ/wj)eu}}f(a A dards

S//ﬁ\g\f(a,ﬂ)\sdadﬂ,

and Lemma 10 estimates the last integral as O(P*~*=179) where § is any

real number not exceeding 1/(9k). By using Holder’s inequality as in (8.19),
it now follows that whenever j =1,2 and 3 < j <7, then

(8.21) Vi (4) < PsTRI70,

For r < i <'s, we merely use orthogonality, and use (1.5) together with a
straightforward major arc estimate to infer that

1 1
Ym(il)</0 \f(az-a,o)\”/o | f(aja,b;8)|* dB da

1
< [P]/ | f(aie, 0)|* % da < P*7F1,
0

We now take to =4 in (8.16). Since r > 3, the bound (8.21) applies to at
least one of the factors, so that one may deduce that

(8.22) / / | F(e, B)|dadB < PsF=170/s,
i

An asymptotic formula for N, : b (P) is now available by combining the con-
clusions in (8.20) and (8.22) with those in Lemma 11. We summarize our
work so far in the next lemma.
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LEMMA 12. Let s > 2% +2, let r >3, and let b be primitive. Then
Nap(P) =316, P 7 0P 71072,

We are ready to establish Theorem 1 in all cases where r > 3. Let N(©)(P)
be the number of solutions counted by Nan(P) where z; =0 for at least
one index ¢ with 1 <4 < s. For the remaining solutions, we have x; # 0 for
all i, and we write n; = x;/|x;|. We group the solutions according to a given
value of n € {1,—1}*, and we substitute =} = n;x; in (1.1). We are then
reduced to counting solutions in positive integers of the system (1.1) with b;
replaced by 7;b; and a; replaced by nfai. Thus, on writing nb = (7;b;)1<i<s.
na= (nfa;)1<i<s, we find that

(8.23) Nap(P) = + > N (P
ne{£1}

We shall establish the estimate
(8.24) NO(p) « ps—h-1-0

at the end of this section. Taking this for granted, the asymptotic formula
(1.3) is now available from (8.23) and Lemma 12, with

(8.25) Z Gna nb‘jna nb*
mie{+1}

However, substituting —z for z in (2.1) yields S(q, —a,—b) = S(q,a,b) when
k is odd, and S(q,a,—b) = S(g,a,b) when k is even. By (8.6) and (8.15),
this implies that &
we have

(8.26) &=]]x»

namb = =&/, = 6. Moreover, since T'(q) is multiplicative,

By (8.6) and orthogonality,

H H s

p- P
(8:27) xp= Jim p~1 37 TS aaibb) = Jim p Moy (p),
a=1b=11i=1

where Ma,b(pH ) is the number of incongruent solutions to the system of
congruences

alx’f‘f‘"'+Gs$1§5519€1+---+bsx850mode.
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In particular, it follows that x,, is real and nonnegative. Because the product
(8.26) converges absolutely, it now follows that there is a pg = po(a,b) such

that )
S > 3 H Xp-
P<po
Moreover, the method of [23, proof of Lemma 7.5] combines with (8.27) to
show that whenever (1.1) has a nonsingular solution in Q,, then x;, > 0.
Hence, if (1.1) has nonsingular solutions in Q,, for all primes p, then & > 0.
We may now conclude that €, p, = &F, where

~_ ~t
(8.28) J= Z Jnamb-
me{£1}

Also, provided only that (1.1) has nonsingular solutions in all Q,, we may
apply Lemma 12 together with & = G;a’nb, & >0, and N;a,nb(P) >0 to
conclude that 3;37 ;b 18 real and nonnegative, and in view of (8.28), the same
is true for J.

Now suppose that the equations
(8.29) a4+ aff=b& b =0

have a nonsingular real solution &,. By the implicit function theorem, the
equations (8.29) define an (s — 2)-dimensional manifold in a neighborhood
of £,. Consequently, we may choose &, such that 51-(0) #0forall 1 <i<s.By
homogeneity, we may also suppose that \ﬁi(o)\ <1, for 1 <i<s. Now define
N = fl-(o)/\fgon. Then, [23, proof of Lemma 7.4] confirms that 3;7; b > 0
Note that once this is established, it follows from (8.28) and the discussion
following that formula that J > 0. Then, recalling the properties of & and
Cap = 67, it follows that €, > 0 certainly holds whenever (1.1) admits
nonsingular solutions in all completions of Q. This establishes Theorem 1.

We are left with the task of proving (8.24). First consider the contribution
to N(O(P) that stems from solutions where two or more of the z; are zero.
If,say,u >2and 1 =20 =--- =z, =0, x; # 0 for u < i < s, then these solu-
tions of (1.1) satisfy ay12%, |+ +aszh =0, and by writing their number
as an integral suitable for application of the Hardy—Littlewood method, the
inequalities of Holder and Hua show that the number of these solutions does
not exceed

1
/ ‘f(a, 0) ‘S_u da < ps—27kte,
0
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By symmetry, this argument applies when any set of u variables z; vanishes.

If exactly one of the variables vanishes, say, 1 =0, then an analysis of
the signs of the other variables similar to (8.23) reduces the problem of
counting solutions to (1.1) with 21 =0 but 1 < |z;| <P (2<i<s) to an

estimate for
1,018
/0 /0 I}t )] s,

Note that babs # 0 (recall r > 3). An argument similar to (8.16) bounds the
above integral by

23:ﬁ(/ol/ol|f(aja,bjﬂ)‘Q‘f(aia,biﬁ)}s_gdadﬁ>1/(53).

j=2i=4

When b; = 0, we use orthogonality and the classical lemma of Hua to deduce
that

Ll 2 s—3 1 s—3
/ / | Fazonb;8)[*| flaser, biB)|"dad < P / | (@i, 0)" " dar
0J0 0
<<P8_k:_1_6,

where § > 0. When b; # 0, one may apply Holder’s inequality again, to
separate f(ajo,b;3) from f(a;o, b;3). An obvious substitution then reduces
the problem to that of estimating

/01/01}f<a,ﬂ>!$‘1dad5.

Lemma 5 coupled with Hélder’s inequality shows that this is O(P$~F~179)
for some & > 0. Hence, the contribution to N (P) from solutions with
x1 =0, z; #0 (2 <1i < s) is acceptable. The argument applies when some
other variable vanishes (note that two b; with b; # 0 remain active, which
is crucial), and this completes the proof of (8.24). 0
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