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1. Introduction

Our purpose is to improve the Gale-type multifunction Ascoli theorem of
Mancuso (1971; page 470). This latter supposes the range space to be normal and
Hausdorff, and therefore does not contain Gale's theorem (1950; page 304). To
obtain a multifunction theorem containing Gale's theorem (also Mancuso's
theorem), we return to Gale's essential hypotheses. Thus, we assume the regularity
of the range space in the sufficiency direction, and, in the necessity direction, we
assume the domain to be a fe-space and the range to be a regular HausdorflF space.
We dispense with the "point-like" condition imposed by Mancuso. Unexplained
terminology and notation is that of Mancuso's paper.

2. Multifunctions with values in a regular space

Let X, Y be topological spaces. A multifunction / : X -* Y is lower (upper)
semi-continuous if f~(U) (f+(U)) is open in X whenever U is open in Y. Con-
sequently, / is continuous if and only if / is both lower and upper semi-con-
tinuous.

LEMMA 1. Let f: X -> Y be a multifunction on a topological space X
to a regular space Y. Then f is lower semi-continuous if, for each xeX and
each open set U of Y such that fx O C7 ^ 0 , there exists a neighbourhood N
of x such that fz n U # 0 for all zeN.

PROOF. Let G be an open set of Y and let xe/~(G). Then fx r\ G # 0 .
Let y e fx n G. By the regularity, there is an open set U in Y such that
y e U <= 0 <= G. Since fx C\U =£ 0, there exists, by hypothesis, a neighbourhood
N of x such that, if zeNJz n U ± 0. So fz n G ^ 0 , that is, ze/"(G).

LEMMA 2. Let f: X -> Y be a point-compact multifunction on a topo
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logical space X to a regular space Y. Then f is upper semi-continuous if, for
each xeX and each open set U of Y such that fx c U, there exists a neigh-
bourhood N of x such that fz c U for all zeN.

PROOF. Let G be an open set of Y and let x e / + ( G ) . Then fx c G.
Since fx is compact and Y is regular, there is an open set U in Y such that
fx cz U <= U c G. By hypothesis, there exists a neighbourhood N of x such
that if z E N, then fz <= 0. So fz c G, that is, z e / +(G).

The following lemma generalizes Lemma 2.4 of Mancuso (1971; page 467),
and will be crucial in the proof of our Ascoli theorem:

LEMMA 3. Let f: X -* Y be a continuous multifunction on a topological
space X to a regular space Y. If fx C\U ^ 0 for some open set U in Y, there
exists a neighbourhood V of x such that fzCMJ^ 0 for all zeV.

PROOF. Let y efx n U. By the regularity there is an open set W in Y such that
y e W c: Wa U. Since / is lower semi-continuous, there exists a neighbourhood
F o f x such that V af-(W). Let zeV and suppose that fz rMJ = 0. Then
fz n W = 0 so that fz c Y — W. Since / is upper semi-continuous, there is a
neighbourhood H of z such that H <= f+(Y — W). Since zef, there is v e H C\V.
Then fvczY—W and therefore fv C\W — 0. This is a contradiction, because

3. Condition (G)

Let X, Y be topological spaces and let F c Ym*. The set of subsets of F
of the form {/: f(K) c U and / x n F / 0 for all x e K}, where K is a compact
subset of X and (7, V are open in 7, is an open subbase for the compact open
topology TC on F [7, page 47]. It is clear that TC is larger than the pointwise to-
pology TP on F. The family F is called collectively continuous if U / 6 F / + ( B ) and
u / e F/~(B)

 a r e closed in X whenever B is closed in Y, or, equivalently, r\yeFf+(B)
and n / e F / ~ ( B ) are open in X whenever B is open in Y (Mancuso (1971;
page 469)). We say that F satisfies the condition (G) if each closed subset of
(F, rc) is collectively continuous.

LEMMA 4. Let F be a family of point-compact multifunctions on a topo-
logical space X to a regular space Y. If F satisfies (G), then the members of the
i -closure F of F, in the set of point-compact multifunctions of YmX, are con-/mX

j » 1 I l f V r ^ F M-* M ' J f I • ' i r f lit t** X f I lit t l l l M W I I ^ I MMKWMMIIII I W9IIMIMIIIMWIM f J J f F I X J J i t

tinuous.

PROOF. Let / e F. To show that / is lower semi-continuous, suppose
fx n V # 0 , where F is open in 7. By Lemma 1, it suffices to show that there
exists a neighbourhood N of x such that fz(~\V^0 for all zeN. Let
y efx n F and let G be an open set in Y such that yeGczGcV. Then
fo = {h:heF and fe n G / 0 } is closed in (F,T C ) . Since F satisfies (G), F o is
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collectively continuous. Then N = f]heFon~(^ ls a n °P e n s e t m X containing x.
We claim that zeN implies fz O V ^ 0 . In fact, suppose that fzt~\V=0.
Then fzcY—V, and, since fz is compact, there exists an open set W such
that fzczWcWczY-F. Since M = {g: g e YmX, g is point-compact,
gz c W and gx n G # 0 } is a TP neighbourhood of / , there exists f'eF O M.
Then f'eF0, and, since z e J V , / ' z n F / 0 . This is a contradiction, because
f'z <= W and W n>V = 0.

To show that / is upper semi-continuous, suppose fx <= F, where V is open
in y. By Lemma 2, it suffices to show that there exists a neighbourhood N of x
such that fzczV for all zeN. Since fx is compact there exists an open set G
in Y such that fx a G <= G <= V. Then Fo = { k l i e F and /JX <=• G} is closed
in (F,zc). Since F satisfies (G), Fo is collectively continuous. Then N = f\heFoh

 + (V)
is an open set in X containing x. We claim that z e Ar implies fz c P. In fact, let
zeN, y efz and let W be any neighbourhood of y. Since M = {g: g e YmX,
g is point-compact, gx <= G and gfz n JF ^ 0 } is a -^-neighbourhood of / ,
there exists f'eM n F. Then f'zC\W¥=0 and f'eF0, so, because z s N ,
we have / ' z c V. Thus WC\V^0,soyeV. Since y is an arbitrary point of
A , / z = I7-

COROLLARY 1. Lei F be a family of point-compact multifunctions on a
topological space X to a regular space Y. If F satisfies (G), then the members
of F are continuous.

COROLLARY 2. Let F be a family of functions on a topological space X to a
regular space Y. If F satisfies (G), then the members of the rp-closure of F in
Yx are continuous.

LEMMA 5. Let F be a family of point-compact mult if unctions on a topo-
logical space X to a regular space Y. If F satisfies (G), then the xp-closure and
the Tc-closure of F, in the set of point-compact multifunctions of YmX, are
identical.

PROOF. Let F, F denote the Tp-closure, the tc-closure of F, respectively,
in the set of point compact multifunctions of YmX. It must be shown that foe F
implies f0 e F. It will suffice to show that every ^-neighbourhood of/0 of the form
n " = i { / : / e Y m * , / is point-compact, / ( J Q c Ut and fxC\U[^0 for
all xeKt}, where K; <=. X is compact and UhU'i c Y are open (i = 1, ••-,«)
intersects F. Since f0 is continuous (Lemma 4) and point-compact, fo(Kt) is a
compact subset of [/; (i = 1, •••,/!) (Berge(1965; page 110)). Then there exists, for
each i = l, ••-,«, an open set Vt in Y such that /0(X;) <= Vt c Vt <= Ut. Since
fox n [// # 0 for all xeKt (i = 1, ••-,«), by the Lemma 1 of Smithson
(1971; page 47), there exists an open set F/in Y such that V[ cz U[ and fox n V-^ 0
for all xeKt. Choose a fixed index i. For x 6 X, let H, = {/: fe YmX, f is point-
compact, fx c F; and / x n F/ # 0 } . Then H^ is a closed ^-neighbourhood
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of / 0 , and therefore Fx = Hx n F is a non-empty closed subset of (F, TC). Since F
satisfies (G), Fx is collectively continuous. Then Nx = f]feF ,./+((/j) O
r i /6F«/~(f I) is open in X, and contains x, because feFx implies fx c Vt c t/;

and fx C\ U[ => / x O F; =£ 0 . Since Kf is compact, there is a finite sequence
{xj}iSjgt. m K-t and corresponding neighbourhoods Hx'j,Nx'j of / 0 , xj, res-
pectively, such that Kt a \Jj'=1Nx'r Then M = n " = 1 n)L, f/x; is a ^-neigh-
bourhood of / 0 . Hence there exists f'eM OF . The proof will be complete if
we show that, for any / = 1, ••-,«, f'(K^) c U, and / ' x C\U[± 0 for all,
xeK,. Let xeKi. There exists j(l S j ^ fcf) such that xeN*5 c ri/6Fxj/~(^!)
and therefore / x n [// # 0 for all / e Fx]. Since / ' e M n F c HxJ n F = F ĵ
we have / ' x O [7/ ^ 0 . On the other hand, xeNx'j c fi/EFx//+(t/i)-Then
/ x <= t/j for all / e Fx'j, and, in particular, fx a [/j. Since x is an arbitrary
point of Kt,f'(Ki) c I/,.

COROLLARY 3. Let F be a family of point-compact multifunctions on a
topological space X to a regular space Y. If F satisfies (G), then tp = xc on F.

PROOF. It suffices to show that, on F, xp is larger than TC . Let H be closed in
(F, tj. Obviously H satisfies (G), so H = H. Hence H = ffr\F = Hr\Fis
closed in (F, Tp).

4. Ascoli theorem

A subset E of a topological space X is k-closed if £ n K is closed in K for
every compact subset K of X. A topological space is a k-space if every fc-closed
subset is closed Cohen (1954; page 79). Locally compact spaces and spaces satis-
fying the first countability axiom are familiar examples of ^-spaces.

LEMMA 6. Let Fo be the family of all point-compact multifunctions on
a set X to a Hausdorff space Y. Then (Fo, xp) is Hausdorff.

PROOF. Let / , g be distinct members of F o ; we may suppose a y efx — gx
for some xeX and some ye Y. We can then construct disjoint neighbourhoods
of y, gx, from which we define disjoint neighbourhoods of / , g.

Let F o be the family of all point-compact multifunctions on a set X to a
topological space Y, and let F <= Fo. We will say that a subset B of Fo covers F
if F c B, where F denotes the tp-closure of F in F o . If X, Y are topological
spaces, the symbol <g(X, Y) (C(X, Y)) will denote the subfamily consisting of all
continuous multifunctions (continuous functions) of F o . If Y is regular and
F c Fo satisfies (G), then <g(X, Y) covers F (Lemma 4). If, further, F consists of
functions, then C(X, Y) covers F (Corollary 2).

The following lemma appears as Corollary 3 in Fox and Morales (to appear):

LEMMA 7. Let {Xa}aeA be a non-empty family of compact spaces. The
set of all point-compact multifunctions of P{Xa: aeA} is xp-compact.

https://doi.org/10.1017/S1446788700020462 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700020462


[5] Gale's Ascoli theorem 169

Let {Xa}aeA be a family of non-empty sets and let F c P{Xa: as A). For
aeA, we write F[a\ = U/ G r-/a-

LEMMA 8. Let {Xa}aeA be a non-empty family of topological spaces. If
F c P{Xa: aeA} then F <= P{F[a~]: a eA}, where F denotes the tp-closure of
F inP{Xa: aeA}.

PROOF. Let f e F. Let a e A be arbitrary, let y efa, and let V be an arbitrary
neighbourhood of y. Since M = {h: heP{Xa: aeA} and ha n V # 0 } is a
-^-neighbourhood of / , there exists f'eM (~\F. Then f'aC\Vi=0 and
/ ' a <= F[a], and therefore F[a] n F # 0 . So y e f [ a ] , Since j> is an arbitrary
point of / a , we have fa c F^a'].

THEOREM. Let F be a family of point-compact continuous multifunctions
on a topological space X to a regular space Y, and let B be a family of point-
compact multifunctions of YmX which covers F. The conditions

(a) F is closed in (B, ic),
(b) F[x] is compact for all xeX, and
(c) F satisfies (G),

are sufficient for the xc-compactness of F. If, further, X is a k-space and Y is
Hausdorff, then the condition (a), (b) and (c) are necessary for the xc-compactness
of F.

PROOF. Sufficiency. Let Fo, F'o be the sets of all point-compact multi-
functions of YmX, P{F\x~]: x e X}, respectively. If F denotes the T-pclosure of F
in Fo, Lemma 8 implies F c F'o c Fo. Since Y is regular, (b) implies the com-
pactness of F[x] for all xe X. Then, by Lemma 7, FQ is zp-compact, and so F is
Tp-compact. Let F denote the tc-closure of F in FQ. By Lemma 5, (c) implies
F - F. But F <=. B and (a) implies F = F n B, thus F = F is ^-compact.
Since (c) implies (F, TP) = (F, TC) (Corollary 3), F is Tc-compact.

Necessity. Since (B, zc) is Hausdorif (Lemma 6), F is closed in (B, TC). Since
the projections prx are point-compact and continuous, the F[x] are compact.
To prove that F satisfies (G) it will suffice to show that F is collectively con-
tinuous. Since X is a fc-space, it will suffice to show that, if W is closed in Y, then
U / 6 F / + ( W ) and \Jfeff~(W) are fc-closed. Let K be an arbitrary compact
subset of X and write S = [jf^f+{W) ft K, S' = \JfeFf~{W) O K.

We will show that if x e K - S, then x$S n K. We have fx n(Y -W)¥= 0
for all / e F . Let / e F . By Lemma 3, there exists a neighbourhood Nf of x such
that fz O (7 - W) # 0 for all z e # r . Then Kf = Nf n K is compact, and
therefore Mf = {h:heF and hz C\(Y -W) ^ 0 for all zeKf} is open in
(F, TC) and contains / . Since F is compact, there is a finite sequence {/i}igign in F
such that F c |J ,"= i M/ f . Let X* = f|."= i -K/, • Then, if fe F,fz n(Y-W)^0
for all zeK*, and therefore K* n ( U / 6 F / + W ) = 0 - On the other hand,
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N* = n"=i-N/, i s a neighbourhood of x such that N* n K <= K*. Then
JV* n S = 0, proving the assertion.

We will show that if xeK - S', then x$S' n K. We have fx c Y -W
for all f eF. Let fe F. There exists an open set Vf in 7 such that fxcVfc Vf

<= Y — W, and there exists a neighbourhood Nf of x such that f(Nf) c Fy. Then
J(Nf) cY -W. Let Kf = Nf n K. Then Kr is compact, and therefore
Mf = {If.heF and A ^ ) c Y - W} is open in (F,TC). Since f(Nf) cf(Nfj
Ponomarev (1960; page 120), feMf. There is a finite sequence {/,}lgi<n in F
such that F c U"=iM/;. Let K* = f]%iKfi- T h e n , if feF, f(K*) ~a~Y-W,
and therefore K* n(\JfeFf'(W)) = 0. Let N* = f)n

i = 1Nfi. Then N* is a
neighbourhood of x such that N* n K <= K*; therefore N* n S' = 0 , and
the proof is complete.

COROLLARY 4. LetF be a family of point-compact continuous multifunctions
on a topological space X to a regular space Y. The conditions

(a) F is closed in (<g(X, Y), rc),
(b) F[x] is compact for all xeX, and
(c) F satisfies (G),

are sufficient for the zc-compactness of F. If, further, X is a k-space and Y is
Hausdorjf, then the conditions (a), (b) and (c) are necessary for the rc-coinpactness
ofF.

COROLLARY 5. Let F be a family of continuous functions on a topological
space X to a regular space Y. The conditions

(a) F is closed in (C(X, Y),TC),

(b) F[x] is compact for all xeX, and
(c) F satisfies (G),

are sufficient for the xc-compactness of F. If, further, X is a k-space and Y is
Hausdorff, then the conditions (a), (b) and (c) are necessary for the xc-com-
pactness of F.

REMARKS 1. Corollary 5 is the essential Theorem 1 of Gale (1950; page
304).

2. The point-like condition of Mancuso played two roles, one of which
we have by-passed by working entirely in the space of point-compact multifunctions.
The second role was to assure the non-emptiness of the sets Fo of our Lemma 4
(logically superfluous). However, without evoking the point-like condition,
we may if we wish, prove these sets Fo non-empty. For example, in the first case,
we consider M = {g: ge YmX,g is point-compact and gx O G ̂  0), which is
a Tp-neighbourhood of/, so there exists f'eFr\McF0.

https://doi.org/10.1017/S1446788700020462 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700020462


[7] Gale's Ascoli theorem 171

References

C. Berge (1965), Topological Spaces, (The MacMillan Company, New York (1965).)
D. E. Cohen (1954), 'Spaces with weak topology', Quart. J. Math. Oxford Ser. (2) 5, 77-80.
G. Fox and P. Morales ("to appear), 'A general Tychonoff theorem for multifunctions',

Canad. Math. Bull.
D. Gale (1950), 'Compact sets of functions and functions rings', Proc. Amer. Math. Soc. 1,

303-308.
V. J. Mancuso (1971), 'An Ascoli theorem for multi-valued functions', / . Austral. Math. Soc.

12, 466-472.
V. I. Ponomarev (1960), 'Properties of topological spaces preserved under multi-valued conti-

nuous mappings', Math. Sb. 5 (N.S.) 51 (93), 515-536 = Amer. Math. Soc. Transl.
Ser (2) 38 (1968), 119-140.

R. E. Smithson (1971), 'Topologies on sets of relations', J. Math. Natur. Sci. and Math.
(Lahore) 11, 43-50.

Universite de Montreal
Montreal, Quebec
Canada

https://doi.org/10.1017/S1446788700020462 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700020462

