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PERCOLATION ON STATIONARY TESSELLATIONS:
MODELS, MEAN VALUES, AND SECOND-ORDER STRUCTURE

By GUNTER LAST AND EVA OCHSENREITHER

Abstract

We consider a stationary face-to-face tessellation X of R? and introduce several
percolation models by colouring some of the faces black in a consistent way. Our main
model is cell percolation, where cells are declared black with probability p and white
otherwise. We are interested in geometric properties of the union Z of black faces. Under
natural integrability assumptions, we first express asymptotic mean values of intrinsic
volumes in terms of Palm expectations associated with the faces. In the second part
of the paper we focus on cell percolation on normal tessellations and study asymptotic
covariances of intrinsic volumes of Z N W, where the observation window W is assumed
to be a convex body. Special emphasis is given to the planar case where the formulae
become more explicit, though we need to assume the existence of suitable asymptotic
covariances of the face processes of X. We check these assumptions in the important
special case of a Poisson—Voronoi tessellation.

Keywords: Tessellation; percolation; Poisson—Voronoi tessellation; intrinsic volume; the
Euler characteristic; asymptotic mean; asymptotic covariance
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1. Introduction

Let X be a face-to-face tessellation of RY, meaning, a random collection of convex and
bounded polytopes with nonempty interior (called cells) covering the whole space and such
that, for any different cells C and C’ € X, the intersection C N C’ is either empty, or a face
of both C and C’. Assume that any bounded subset of R? is intersected by only finitely many
cells. We interpret X as a particle process, and assume that X is stationary, meaning that the
distribution of X coincides with that of {C + x: C € X} forall x € R?. Fork € {0, ...,d},
let X denote the particle process of k-dimensional faces of cells in X, and assume throughout
that the intensity measure of X is locally finite. For more details on stationary tessellations,
we refer the reader to [12, Chapter 10] and the next section.

For p € [0,1] and n € {0, ..., d}, we define n-percolation on X as follows. Given X,
we colour the polytopes in X, independently black with probability p. All other polytopes in
X, are white. If n <d—1andk € {n+1,...,d}, then we colour F € Xj black if all its
(k — 1)-faces are black. We are interested in the union Z of all black faces of X. This is a
stationary random closed set (see [12, Chapter 2]). In the n = d case we refer to this as cell
percolation and in the n = 0 case as vertex percolation. In the planar case, d = 2, we refer to
1-percolation as edge percolation. In the general case we also speak of face percolation. As is
common, wesetg =1—pforO0 <p <1.
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312 G. LAST AND E. OCHSENREITHER

FIGURE 1: Cell percolation on a Poisson—Voronoi tessellation and vertex percolation on a Poisson—
Delaunay tessellation.

Cell percolation on a Poisson—Voronoi tessellation (see Figure 1) was studied in [3], where
it was shown that the critical probability of this model of continuum percolation is % The
present paper was motivated by [10], introducing vertex, edge, and cell percolation on several
planar lattices. The authors of [10] noticed that in many models the only nontrivial zero of the
mean Euler characteristic is a remarkably accurate approximation of the critical probability.

Our first aim in this paper is to establish n-percolation on X as an interesting model of
stochastic geometry and continuum percolation. Our main aim is to study first- and second-
order geometric properties of the black phase Z. In Section 2 we collect some preliminaries
on stationary tessellations and Palm probabilities, and define face percolation. Asymptotic
mean values of intrinsic volumes of Z N W are studied in Section 3, where we assume that
the observation window W is a convex polytope. Asymptotic covariances of intrinsic volumes
in the case of cell percolation on a normal tessellation are treated in Section 4 assuming that
the asymptotic covariances of intrinsic volumes of face processes exist. Theorem 4.1 shows
that these covariances are polynomials in the colouring probability p, and the coefficients are
determined by both the global fluctuation of the intrinsic volumes within the face processes
and the local geometry of X. The important special case of cell percolation on a planar and
normal tessellation is discussed in Section 5. In Section 6 we check that a Poisson—Voronoi
tessellation satisfies all assumptions required for our general results. All asymptotic covariances
are then given by fairly explicit integral formulae. For cell percolation in the planar Poisson—
Voronoi case, the asymptotic variance of the Euler characteristic is determined by the intensity
and second moment of the number of vertices of a typical cell and has a global maximum at
the critical threshold p = % (see Corollary 6.1). In Appendix A we give some integrability
properties of a Poisson—Voronoi tessellation.

2. Notation and preliminaries
2.1. Palm calculus

Itis convenient to follow [8, 9] by assuming the basic sample space (2, ¥, IP) to be equipped
with a measurable flow 6, : 2 — Q, x € R, je. (w, x) + Oy is measurable, 0,1y = 0, 00,
forall x,y € R4, and 6 is the identity on 2. Assume also that P is stationary, i.e. Po 6, =
P, x € RY.
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A random measure i on R? is a kernel from € to R such that ju(w, -) is locally finite for
all w € Q. If u(w, B) is integer valued for all bounded Borel sets B C R? then 1 is a point
process; it is a simple point process if u({x}) < 1 for all x € R?, in which case we identify
with its support {x € R?: n({x})) > 0}.

A random measure u is invariant if, for any Borel set B C RY,

urw, B—x) = u(w, B), X eRd, w € Q.

It then follows that u is stationary, i.e. the distribution of (- + x) is independent of x € R4,
When p is invariant, y,, := E[u ([0, 119)] is the intensity of p. If 0 < y,, < oo then the Palm
probability measure ]P’g of u is defined by

PO (A) =y, /f 140 0)1{x € [0, 11%} p(w, dx) P(dw), Ae¥F.

It satisfies the refined Campbell theorem
// fOxw, x) p(dx) P(dw) =y, // f (@, x) dx P) (do) (2.1)

for all measurable f: © x RY — [0, 00). This can also be written as

E[ / f(ex,xmdx)} - [ / f(GO,X)dx},

where Eg denotes the expectation with respect to ]P’?L.

For ease of reference, we state Neveu's exchange formula; it is used frequently in this
paper. This formula also goes under the name mass-transport principle (see [8, 9] for a brief
discussion).

Proposition 2.1. (Neveu’s exchange formula.) Let u and i’ be invariant random measures
on RY with positive finite intensities, and let h: Q X RY — [0, 00) be measurable. Then

VM]E,?L |:/ h(Oy, —x) M’(dx):| = VM’E;()ﬂ |:/ h(6p, x) M(dx):|-

2.2. Coloured tessellations and face percolation

We start by introducing some basic terminology for tessellations, referring to [12] for further
detail. Let K¢ denote the space of convex bodies (convex and compact subsets of R?),
and equip it with the Borel o-field associated with the Hausdorff distance. A polytope is a
finite intersection of half-spaces which is bounded and nonempty. The system £¢ of all such
polytopes is a measurable subset of K?. A tessellation (of R) is a countable system ¢ of
polytopes with nonempty interior (cells) covering the whole space such that any two different
elements of ¢ have disjoint interior and any bounded subset of R is intersected by only finitely
many cells. Letk € {0,...,d — 1}. A k-face of C € P4 is a k-dimensional intersection
of C with a supporting hyperplane of C. We let ¥;(C) denote the system of all k-faces of
C, and define ;4 (C) := {C} if C is a full-dimensional polytope and F;(C) := & otherwise.
A tessellation ¢ is face-to-face if, for C and C’ € ¢, the intersection C N C’ is either empty, or
a face of both C and C’. Let T denote the set of all face-to-face tessellations. We define the
system of k-faces of ¢ € T by

File) = | F(C)

Cegp
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and the system of faces of ¢ by

d
F@) = J A
k=0
Note that F4(p) = ¢.

In this paper we define a coloured tessellation to be a tuple ¥ = (¢, ¢o, ..., ¢4), Where
¢ € T and ¢ C Fi(¢) such that F;_1(F) C ¢r—1 whenever k > 1 and F € ¢;. Any face in
UZ:O o 1s called black, while the other faces of ¢ are called white. If F € ¥ (¢) is black then,
by definition, all its faces are black as well. Write X (/) := ¢ and X ,1 (¥) == @k.

Let T, denote the space of all coloured tessellations, and let 7 denote the smallest o-field
on T¢ such that, for all measurable H C P4 the numbers

HC € X(¥): C € H}|, HC e X)(¥): Ce HY|,..., |{C € X}(¥): C € H}|

become a measurable function of ¢ € T,. Here and later |A| denotes the cardinality of a set A.
The o-field T on T is defined similarly.

A random coloured tessellation V is a measurable mapping from the probability space
(R, F,P) to (T¢, T¢). We note that X (W) and X} (V), ..., X} (W) are particle processes in the
sense of [12]. The same is true for Fo(X (¥)), ..., F4z(X(¥)). We are interested in the union

d
z=J) U F (2.2)

k=0 Fex}(v)

of all black faces. It can be shown that Z is a random closed set (see [12] for a definition of
this concept). We shall always assume that W is stationary, that is,

U4y =W, x € RY, (2.3)

where, for v = (¢, 00, ..., 04) € Te, v +x = (@ +x,00+X,...,00 +x), H+ x :=
{(F+x: FeH)forHC X% andA+x:={y+x:ye A}forA c R?. Then Z is stationary
as well, that is,

Z4+x=27Z, xeR%

We are mainly concerned with what we call n-percolation (or face percolation) on a stationary
tessellation. To introduce this concept, assume that we are given a random face-to-face
tessellation X, i.e. a random element of the space T. Assume that X is stationary, i.e. that
the distribution of X 4 x does not depend on x € R?. A coloured tessellation W is an
n-percolation on X with (percolation) parameter p if X(¥) = X, and the particle process
X,l,(\l-') is a p-thinning of ¥,(X), that is, given X, the faces in ¥, (X) are included in X,ll(\IJ)
independently of each other with probability p; see [7] for more detail on thinnings. The
complete vector (Xé(‘ll), e, X[IJ(\II)) of black faces is then defined as follows. For k < n,
the system X} (W) is the union of all F(F) for F € X} (¥). For k > n, the system X (V) is
defined recursively. A polytope F € X belongs to X} (W) if and only if Fx_1(F) C X} _,(¥).
In the n = d case we speak of cell percolation and in the n = 0 case of vertex percolation.

Now fix a coloured tessellation W such that

U(0,0) = ¥(w) —x, weQ, xR (2.4)

Then W is stationary in the sense of (2.3). Throughout we use the following shorthand notation
for the systems of all (respectively all black) k-faces for k € {0, 1, ..., d}:

Xi = Fr(X), X} = XL (W).

https://doi.org/10.1239/jap/1417528483 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1417528483

Percolation on stationary tessellations 315

The invariance assumption (2.4) implies that, for w € Q and x € R4,
Xk (Br0), X3 (0x0)) = (X (@) — x, X} (@) — x). (2.5)

Fork € {0, ...,d},let
n® = {s(F): F € Xy} (2.6)

be the point process of Steiner points of the faces in X = F;(X) (see [12] for the definition of
the Steiner point s(K) of a nonempty K € JCd). Since s(K + x) = s(K) + x forall x € R4,
(2.5) implies that n® is invariant. By assumption on X, ) contains infinitely many points,
so the intensity yx := v, = E[n® ([0, 119)] is positive. We assume that y;, < o0, so the
Palm probability measure IP’% = ]P’g(k) is well defined. The expectation with respect to IP’g is
denoted by Eg. Note that, under IP’g, the origin is almost surely in the relative interior of some
k-dimensional face.

Let ¥ = (@, @0, . .., ¢q) be a coloured tessellation, and let x € R?. Since ¢ is face-to-
face, there is unique F' € F (p) such that x is in the relative interior of F. We then write
F(yr,x) = F(p,x) = F. To treat the local neighbourhood of x € R?, we introduce the set
(Y, x) = & (p,x) forl € {0,...,d} as follows. Let k be the dimension of F (i, x). If
I > k (respectively I < k) then we let &;(, x) be the set of all faces G € F;(¢) such that
F(y, x) C G (respectively G C F (¢, x)). It is convenient to abbreviate

(F(x), 81(x)) == (F(V, x), 8(¥, x)), x € RY. (2.7)

Hence, F(x) is the face of X containing x in its relative interior, while 4; (x) is the system of all
[-faces containing F'(x) or contained in F (x), respectively. Taking into account the translation
covariance of F (-, -), it follows from (2.4) that

PY(F(0) € ) = yk_l]E/ 1{x € [0, 11%, F(x) — x € -} % (dx)

is the distribution of a typical k-face. The next result is a version of [12, Theorem 10.1.1]. The
proof can easily be given with Neveu’s exchange formula (see also [2]).

Proposition 2.2. Let k,I € {0,...,d}, and let g: P¢ x P4 — [0, 00) be a measurable
function. Then

wEl Y g(F(0),G—s(G)=yE] Y g(F—s(F), F(0). (2.8)
Ge4(0) Fes(0)

3. Mean value analysis

Let X be a stationary face-to-face tessellation, i.e. a random element of T. For k €
{0,...,d}, let Xy = Fr(X) denote the particle process of k-faces of X. We assume that

d
E Y HFNK #2) < oo, K € X9, (3.1)
0

k= FeXy

a common assumption in stochastic geometry [12]. It is easy to see that (3.1) implies that
v = En® ([0, 11%) < oo, where the point process n® is defined by (2.6). The refined
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Campbell theorem (2.1) allows us to rewrite (3.1) as

d
ZEQV,,(F(O) +K) < oo, K € X9, (3.2)
k=0

where V; denotes the volume and where we have used the fact that (A + x) N B # & for
A,BCcRYandx e R?ifand onlyif x € B— A := {y —z: y € A, z € B}. Recall that
F(x) € F(X) is the unique face that contains x € R? in its relative interior. Often we have to
assume that

d
ELIIV; (F(O)I] < oo, (33)

i,k=0
where V; denotes the ith intrinsic volume. Note that (3.2) is a consequence of (3.3), the Steiner
formula (see [12]), and the Cauchy—Schwarz inequality.

Forn € {0, ..., d}, we consider n-percolation W on X. It is no restriction of generality to
assume that (2.4) holds. Let the stationary random closed set Z be given by (2.2). The density
of the ith intrinsic volume of Z is defined by the limit

8i(p) = lim V(W) ~'E[Vi(Z 0 W), (3.4)

where W, := t!/9W and W € £ is assumed to have volume one and to contain the origin in
its interior. For cell percolation, §4(p) = p is the volume fraction of Z. We shall show below
that the limits (3.4) exist and do not depend on W.

Our first aim in this paper is to derive a polynomial formula for these densities. That this
formula is based on the joint distribution of (V;(F(0)), |8, (0)]) under the measures Pg should
be no surprise (see (2.7) for notation).

Theorem 3.1. For n-percolation on X satisfying (3.3), the limit for 8; (p) in (3.4) exists for any
i€{0,...,d}and p € [0, 1], and equals

n—1 d
Y (EDHEREAA = ¢ OYViFODT+ ) (DR ENP M OVi(FO)]. (3.5)
k=i k=n

In particular, for cell percolation and i < d,

d

8i(p) =Y (=D y B Oy (FO0))].
k=i

Before proving Theorem 3.1 we give some geometric preliminaries. Intrinsic volumes can
be defined for convex bodies by the Steiner formula. By additivity, they can then be extended
to finite unions of convex bodies (see, e.g. [12]). Groemer [4] defined intrinsic volumes for a
much wider class of approximable sets containing the relative interior of convex bodies and the
intersection of a relative open polytope with the boundary of a convex body, such that they are
still additive and rigid motion invariant. In particular, denoting the relative interior of a set B
by relint(B),

Vi (relint(K)) = (=1)T4mE v k), K e x4. (3.6)
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Letint(B) and d B denote the interior and the boundary of B. We can write Z N W; as a disjoint

union
ZNW;, = (Z Nint(W;)) U (Z N oWy)

d
- U | @elint(F) nint(wy)) U () | Gelint(F) naw,).

k=0 Fex] k=0 Fex}

Since the tessellation X is stationary, the intersection of a k-face F with W; is almost surely
(a.s.) empty if relint(F) N int(W;) = &. Thus, relint(F) N int(W;) = relint(F N W;) a.s. It
follows that both Z N int(W;) and Z N dW; are approximable. The additivity of the intrinsic
volumes and (3.6) a.s. yield

d d
Vi(Z Nint(W) =D Y Vielint(F N W) = Y (—D" Y viFnw)  (3.7)
k=0 Fex] k=0 FeX]
because dim(F NW;) = k a.s. for F € Xy if the intersection is nonempty. Since the observation
window W is a polytope, we can partition 0 W in the relative interior of the lower-dimensional
faces of W and obtain
d d-1

Vi(ZNoW,) =ZZ Z Z Vi (relint(F) N relint(U,))
k=01

=01=0UeF(W) Fex]

d d—1
Z Z V; (relint(F N Uy)),

=01=0 UeF (W) Fex]

=~

where, much as before, U; := tY4y denotes the scaled face and the last equation holds a.s.
because of the stationarity of the tessellation, and because the intersection of F' and Uy is a.s.
empty if relint(F) N relint(U;) = &. Using (3.6), it follows that

d d-1

Vi(ZNOW,) = ZZ Z Z (= D)IHmEND v F Ay, as. (3.8)

k=0 1=0 UcFi(W) Fex]
Proof of Theorem 3.1. First, we show that

lim t'E[V;(ZNaW,)] =0, (3.9)

—>0o0

for which, because of representation (3.8), it is enough to show that
lim t—lE[ D (=) amERT i (F U,)} =0
11— 00
FeX|}
fork € {0,...,d} and U € F (W) with dim(U) < d. From n-percolation, by definition,
]E|: Z (_])i-‘t-dim(FﬁU[) ‘/1(F N Ut)}

1
FeX,

=> Ak <n}(1—¢") + 1{k = n}p")

r=1
xE / (=) FAEDIV, (F () 0 UNUI8a(0)] = r}n® ().
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Using the monotonicity of intrinsic volumes, we obtain

‘EI: Z (_1)i+dim(FﬂU,)‘/i(F m Ut)i|

FeX|

<E f Vi(F(x) N Up) n® (dx)

<E [ ViF@) UFe) 0 oW, £ 211 @
= Vk]EQ/ Vi(F(0) {(F(0) +x) N oW, # &}dx,
where the refined Campbell theorem (2.1) justifies the final identity. We claim that
Jlim %E/Vi(F(x)) 1{F(x) N oW, # @} n®(dx) =0, ke{0,....,d}. (3.10)

Indeed, Ag(@W —t~Y4K) — 24(dW) = 0ast — oo for any K € K4, where Ay denotes the
Lebesgue measure on R?; see the proof of Theorem 4.1.3 of [12]. Moreover, as in that proof,
Ag(OW — t_l/dK) < ckd(Bd + K) for all + > 1 and all convex bodies K, where B4 is the
unit ball and ¢ > 0 does not depend on K. Hence, (3.10) follows from the Steiner formula, the
Cauchy—-Schwarz inequality, our assumption (3.3), and dominated convergence. In particular,
(3.9) holds.

Now we treat the main terms (3.7). The definition of n-percolation implies that

d oo

EVi(Z Nint(W) = Y > (k< n}(1 = ¢") + 1k = n}p’)
k=0 r=1

X E/ Vi(F(x) N Wy) 1{]8, ()] = r} n® (dx).
Since, fork € {0, ..., d} and x € n®,
|Vi(F(x) N W;) — Vi (F(x) 1{x € W,}| < V;(F(x)) {F (x) N dW, # 2},
(3.10) implies that

1
lim —EV;(Z Nint(W;))
11— 00 t

1
= lim —
t—>o0 t

d oo
D Ak < n)(1—¢") + 1k = n}p")

k=0 r=1
x IE/ Vi(F(x)) 1{x € Wy, |8,(x)| = r} n® (dx). (3.11)

But the refined Campbell theorem (2.1) yields
1
~E / Vi(F(x)) 1{x € W, [8,(x)] = r}n™ (dx) = yBRV; (F(0)1{|8,(0)| = r}].

Combining (3.11) with (3.9) yields assertion (3.5).
For cell percolation, (3.5) equals

d
8i(p) =Y (=D B — ¢ OhVi(F0))].
k=i

Applying Theorem 10.1.4 of [12] gives the second assertion for i < d.

The tessellation X is normal if, for 0 < k < d, any k-face is a.s. contained ind — k + 1
cells. In this case we have the duality relation below.
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Proposition 3.1. For cell percolation on a normal tessellation X satisfying (3.3) and p €
[0. 11, |
5i(p) = (=D (1—p),  ie€f0,....d—1).

Proof. To make the dependence on the colouring probability p € [0, 1] explicit, write Z,
instead of Z. The very definition of cell percolation yields

Z$ =71y, (3.12)

where B¢ and B denote the complement and the closure of a set B C R?, respectively. Define
the set of all white k-faces by X,(() =X\ X ,1 The additivity of intrinsic volumes and (3.6) a.s.
yield
d d
Vi(Z5 Nint (W) = > > Virelint(F) Nint (W) = > > (=D v (F nwy),

k=0 Fex? k=0 Fex?

because we have, a.s., F N W, = @ if relint(F) Nint(W;) = & and dim(F N W;) = dim(F) if
F N W, # @. Since X is normal, it follows from the inclusion—exclusion principle that

Vi(Z5, nint(Wp) = (=) Vi(Z5 0 W).
Since V;(Z$ Nint(W,)) + V;(Z, Nint(W;)) = V; (int(W;)), we obtain
p P
Vi(Z5 N W) =tV (W) + (=D (2, nint (W),

where we have also used the homogeneity of intrinsic volumes. Combining this with (3.12)
and using (3.9) yields the assertion.

Combining Proposition 3.1 with Theorem 3.1 we obtain the following result.

Proposition 3.2. For cell percolation on a normal tessellation X satisfying (3.3) and i €
{0,...,d},

d
Si(p) =Y (=D * pd* Ty B Vi (F (0))].
k=i
In the plane we can use the equation y; = Yy + 2 (see [12]) to rewrite (3.5) in the important
special case i = (. We restrict attention to cell percolation, leaving the cases of edge and vertex
percolation to the reader. These results generalize [10, Section 2].

Corollary 3.1. For cell percolation on X in R?,
o
80(p) = 10q” — v2pq — v Y_ PR{182(0)| = mq"™.
m=3

4. Second-order properties of cell percolation

In this section we consider cell percolation ¥ on a normal tessellation X. We are interested
in the limits

0i,j(p) := lim Va(Wi) ™! cov(Vi(Z N W), Vi(Z 0 Wy)) (4.1)

fori,j € {0,...,d}, where W; = V4w and W e X9 is a fixed convex body of unit
volume and which contains the origin in its interior. Note that this definition depends on W.
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Our aim is to establish a set of assumptions guaranteeing that these asymptotic covariances
exist. It is not hard to see that the result must be a polynomial in the percolation parameter p.
The coefficients, however, are complicated, and are determined by the global fluctuation of the
intrinsic volumes within the face processes Xy, ..., X4 as well as by the local geometry of X,
which is independent of W.

We need to assume the existence of the limits

piy = lim vd<Wt)—1cov( / Vi(F(x) N W) n® (d), / Vj(F(x)ﬂWr)Tl(l)(dx)> (42)

foralli, j, k,l € {0, ...,d}. Again, these limits depend on W. To describe the extended local
neighbourhood of a point x € R?, we take [ € {0, ...,d}andm € {0, ..., d + 1}, and define
4" (x) to be the system of all /-dimensional faces sharing m neighbouring cells with the face
F(x), that is,

$"x)={GeX;: {CeX:GCC, F(x)CC}| =m).
Assume that y
> vaBILVi(8k(0))* Vi (F(0))] < o0, (4.3)
i,j, k=0

where, for any finite § C K4, Vi(8) = 2665 Vi (G) is the total ith intrinsic volume of the
members of 8. For j = 0, (4.3) implies (3.3) because (2.8) yields, for i, k € {0, ..., d},

WELLVi (F(0))%1 < B[V (F(0))? Vo (84(0)] < yaBI[V: (81.(0))* Vo(F(0))].

Theorem 4.1. For cell percolation W on a normal tessellation X satisfying (4.3) and for which
the limits (4.2) exist, for i, j € {0, ..., d}, the limits (4.1) exist, and o; j(p) equals

d+1—max(k,l)

d
ZZ(—I)"”pZ"“*Z(pZ‘j + > (p'"—1>ykE2m<F(O))Vj(5?<0)>]).

k=i I=j m=1

Proof. By normality and the inclusion—exclusion principle, we have, a.s.,

d
ViZn W) =) (=D vi(Fnw, (4.4)

k=0 FeX;
where X ,/C denotes all F € X that are intersections of d — k + 1 black cells. The definition of
cell percolation gives

d
EV/(ZNW) =) (=D pTHIE T vitFnwy). (4.5)
k=0 FeXy

As (4.3) implies (3.3), all the expectations in (4.5) are finite. Equation (4.4) yields

d
vznwyv,znw) = Y 0 [[viamawvEm nw
k,[=0
x F(x) € X;, F(y) € X)}n® (dy) n® (dx).
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Decomposing the inner integration according to F(y) € 4;" (x) and using the definition of cell
percolation, we obtain

EVi(ZNW)V;(ZN W)l
d+1—max(k,l)

— < _1\k+I 2d—k—I—m+2
=Y (D >ooop

k,1=0 m=0
< E / / Vi(F(x) N W) L{F(y) € 8"V (F () 0 W) 1@ (dy) n® ().

Combining this last relation with (4.5) gives
cov(Vi(ZNWy), Vi(ZNWy))
_ Xd: (= 1kH prd—k=1+2
k,1=0
x [(E f f Vi(F(x) N WOL{F () € 80}V, (F (y) N W) n® (dy) n® (dx)

—E[ / Vi(F(x)N Wz)n(k)(dX)}E[ / Vi(F(y) N W) n(’)(dy)D
d+1—max(k,[)
Y pE [[ e 0 wotFe) € 7w Em nw)

m=1

x n(dy) n“‘)(dx)].

Since 1{F(y) € 82(x)} = 1 — Y =mxED 1 p(y) € 87 (x)}, we obtain

m=1

cov(Vi(ZNWy), Vi(ZN W)
d

— Z (_l)k+lp2d—k—1+2

k,1=0
x [cov( [ virwnwy®an. [ V,-(F<xmwt)n<”(dx))

d+1—max(k,l)
+ Z (p7" — 1)E/f Vi(F(x) N W) I{F(y) € 4" (x)}

m=1

x Vi (F(y) N W;) n®(dy) n® (dx)].

By assumption (4.2), the sum of the covariance terms on the right-hand side divided by ¢
converges to pf Jl Using the refined Campbell theorem, we observe that, for m > 1,

1
;‘E / / Vi(F(x) N W) {F(y) € 8"(x)} V;(F(y) N Wy) n® (dy) n® (dx)
-E / / 1{x € W;} Vi (F(x)) V; (87 (x)) n®(dx)

1
= ;Ef KoW, N F(z) # @} Vi(8k(2)) Vj(81(2)) n(dz)

< YaEY[ha(@W — t7Y4F(0)) Vi (8c(0)) V; (8, (0))].
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By the dominated convergence theorem, this tends to 0 as t — oo. Indeed, for ¢t > 1,
rg(W — F(0)) Vi (8:(0) V;(8:(0))

is a dominating random variable whose integrability is deduced from the Steiner formula, the
Cauchy—-Schwarz inequality, and assumption (4.3).

5. On the covariance structure in the plane

In this section we consider cell percolation on a planar and normal tessellation X satisfying
(4.3) and for which the limits (4.2) exist. Let fy(P) denote the number of vertices of a polygon
P C R2. Fora typical cell F(0), ]ngo(F(O)) = 6 (see [12, Theorem 10.1.6]). For the second
moment

12 == B[ fo(F(0))2],

Jensen’s inequality gives
o > 36. (5.1)

In the case of a Poisson—Voronoi tessellation, numerical integration of exact integral expressions
gives woy = 37.78 (see [5]), so then var fo(F(0)) ~ (1.33)2.

The following result expresses the asymptotic covariance structure in terms of second-order
properties of the typical cell and the typical edge. We assume that

lim ¢~ var(e,) = 0, (5.2)

—>00
. s 22 22 2,2
where, fort > 0, g, := ZFexl Vo(F N dW;). Recall the definitions of PI1> PLo> and Pyl at
4.2).
Theorem 5.1. For a planar normal tessellation X satisfying (4.3) and (5.2), suppose that the
limits (4.2) exist. Then the asymptotic covariance structure is given by
022(p) = par2E3[Va(F (0))*],
a1,2(p) = pa(q — P)V2ESVa(FO)VI(F(O)],
00.2(p) = pg — P*¢* VB3 [V2(F (0)) fo(F (O))].
o11(p) = P22 (1] + NESIVI(F ()] + pq(q — p)*vaES[Vi(F(0))],
00.1(p) = P*a*(q — P) (i’ — VESIVI(F(0)) fo(F(0)])
+ pa(q — p)( + pg) 2 ESVI(F(O))],
_ 3.3 2 2 22 2 2 2
00,0(p) = v2m2p”q” + v2pq(1 + 11pg + 10p~q~) + py’o "~ (g — p)°.
Proof. The formulae for 022, 01,2, and o092 follow directly from Theorem 4.1 by using
Y ES[V2(F ()] = 1.
For 01,1, first recall that, for any convex body K C R2, Vi(K) = %J(I(BK) if K has

nonempty interior; otherwise, Vi(K) = # 1(K), where ! denotes the one-dimensional
Hausdorff measure on R2. It follows that

(1) _ @) L.
VitF(x)N W) n/(dx) = | Vi(F(x) N W) n(dx) — zﬂ’ (OWy),

https://doi.org/10.1239/jap/1417528483 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1417528483

Percolation on stationary tessellations 323

and, therefore, ,01111 = ,01112 = ,oflz Proposition 2.2 yields, via a straightforward calculation,

MENVI(F(0)) V1(81(0)] = 41»ES[ Vi (F(0)*] — 21 EJ[Vi (F(0))*],
MEIVI(F(0)) V1(83(0)] = 21»ES[ Vi (F(0))?].

Inserting the above formula into Theorem 4.1 yields the asserted formula for o 1 after a simple
calculation.
For the remaining covariances og 1 and oy o, consider Euler’s formula; it yields

(IXo,el + &) + (| Xopl + 1) = (|1 X1, | + &) + 2,

where X} ; denotes the set of all k-faces that have nonempty intersection with W;. Furthermore,
by normality we have 2(| X1 ;|4¢&;) = 3(| Xo,;|+¢;). Combining this with the previous equation
yields

[Xo,| = 21X, — & — 2, I X1l =3 X2,| — & — 3. (5.3)
With these two relations we determine o¢,1 and og o as follows. Using (5.3) and assumption

(5.2), we obtain
1,0 2,0

Pio =P1o = 2/012,’57 lollf(]) = p]2:3 =3p
while with Proposition 2.2 we obtain
NEVI(F(0)) Vo(85(0)] = 272EI[ Vi (F(0)) fo(F(0)] — 4B Vi (F(0))],
NENVI(F(0)) Vo(81(0)] = 212 EI[ Vi (F(0)) fo(F(0)] — 2y2E3[ Vi (F(0))],
VENVI(F(0)] = »E3Vi (F(O0))].

Together with Theorem 4.1, these observations yield the asserted formula for oy ;.
Next, we determine pg”(l). Again, with (5.3) and assumption (5.2), we obtain

0,0 2,2 0,1 2,2 0,2 2,2 1,1 2,2 1,2 2,2
Po0 = 4P00> o0 = 600> P00 = 2P0 P00 = 9000 Polo = 3P0
To treat the second summand of o9 o, let f(k, [, m) := ykE2|51’”(O)| fork,l € {0, 1,2} and
m € {1,...,3 —max(k, l)}. Using Proposition 2.2 together with normality yields
£0,0,1) =nE)| Y fo(G) =9 = yau2 — 0,
“Ge4$,(0) -
FA,0, D) =nE Y fo(G) —4| =y — 4y,
“Ge4$(0) -
FO LD =nE)l Y fo(G) =6 = s — 6y,
“Ge4$,(0) -
FALLD=nEY) Y fo(G) =2 | =yau2 — 211,
“Ge4$(0) -

f0,0,2) = f(0,.1,2) = f(2,0, ) = f(0,2, 1) = f(2, 1, 1) = 3y,
f(1,2,1) = f(1,0,2) = 2y,

f(0,0,3) = yo,
FALL2) =y,
f2.2,1) =y

Using Theorem 4.1 and the relations yy = 2y, and y; = 3y, completes our proof.

https://doi.org/10.1239/jap/1417528483 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1417528483

324 G. LAST AND E. OCHSENREITHER

Clearly, all asymptotic covariances considered in Theorem 5.1 are 0 for p = 0 or 1. We
continue with a brief discussion of their maxima and minima.

Corollary 5.1. Let the assumptions of Theorem 5.1 be satisfied. Then the variance o2 2 has a
global maximum at p = %, and o1 3 has a global maximum at p = %(l — 1/+/3) and a global
minimum at p = %(1 +1//3).

The covariance 02 has a global minimum at p = % and the variance 01,1 has a global
maximum (minimum) at p = % according to whether

21 EIVI(F(0)] < (=) pi'} + nEJIVI(F(0)2].

The variance o9 o has a strict global maximum (minimum) at p = % according to whether

86, 404
> <) — _—
142 33,

6. Poisson-Voronoi percolation

In this section we consider cell percolation on the Voronoi tessellation X generated by a
stationary Poisson process 7 in R? with intensity y > 0. For a formal definition, we introduce
the space N of all locally finite subsets x of RY whose convex hull coincides with R¢ and
whose points are in general quadratic position (the latter means that no d + 2 points of A lie
on the boundary of some ball and any k € {2, ...,d + 1} points in x do not lie in a (k — 2)-
dimensional affine subspace of ]Rd). The Voronoi cell C(x,x) of x € x € N is the set of all
y € RY satisfying |y — x| < min{|y —z|: z € x}. The system {C(x, x): x € x} of all Voronoi
cells with respect to x is called the Voronoi tessellation (of RY).

We can assume without loss of generality that n(w) € N for all w € Q. The Poisson—
Voronoi tessellation X := {C(n, x): x € n} is then stationary, face-to-face, and normal (see
[12, Theorems 10.2.2 and 10.2.3]).

For x,y € R, set n* := n U {x} and n*¥ := 5 U {x, y}. To abbreviate our notation, define
random variables for i, k € {0,...,d}and x, y € R4 by

k k
viP@e= Y v ad vP@oyn= Y V).
FeFi(Cn™,x) FeFi(Co™7.x))

‘We now show that the assumptions of Theorem 4.1 and Theorem 5.1 are satisfied, and also obtain
a more explicit representation for the limits (4.2). In particular, these limits are independent of
the observation window W. The special case i = j = k = = d — 1 is basically well known;
see [1] for d = 2 and [11] for general d.

Theorem 6.1. For the Poisson—Voronoi tessellation in RY, the finiteness condition (4.3) is
satisfied, and the limits (4.2) exist and are given by

d—k+1)d—1+ 1)p{f>}
=y EVP 0 v )] +y? / &V, x, 00 V0,01 - EVP O EVV (0) dx. (6.1)

For a planar Poisson—Voronoi tessellation, the zero limit in (5.2) holds.

Proof. Assumption (4.3) is a consequence of the Cauchy—Schwarz inequality, Lemma A.2,
and Lemma A.4.
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We prove (6.1) in two steps. First consider an asymptotic covariance that is similar to ,of ]l
but easier to determine. Defining

(o) ::cov( f v @) n(d), Vj(l)(x)n(dx)>, >0,
, "

Wi

. —1_kl
we show that lim;_, oo ¢ lri, f (t) equals

yELVE 0 v )1 + 2 / BV .0 V0. 01 -EVPOEV0)1dx,  (62)

and that this asymptotic covariance is finite. In the second step, we show that the asymptotic
covariance in (6.2) equals plkll (up to a constant), specifically,

d—k+1d—1+ 1)pf»]? = lim '), (6.3)
) t—00 »J
We start from the Mecke formula (see, e.g. [12]), so
0 =E/ V0 ) v ) n(dx) —i—E/ / V) v () 1x # yhn(dx) n(dy)
’ w; ’ W, JW; ’
~E / V@) nn E f VP @) n(dx)
W; Wy
=7 [ EVO v wiar
W,
+y° f BV, @, 0 VP 0, 01 - BV BV ()] dx dy.
W, J W,

Using the stationarity of 7, translation invariance of the functions Vl.(k) (-) and Vi(k)(., ), and a
change of variables, we obtain

k,l
()

=y EV 0 v )]

2
+ y? //[E[Vi(k)(x, 0) Vj(l)(o, x)] - ]EVi(k)(O) ]EVJ.(Z)(O)]I{X +y, y€ W;}dxdy

=yEVY 0 v 0)]
Va(W N (W — x))
Va (W)

dx.

77 [V 0 v 0,01 - BV O 0 BV 0)

By the dominated convergence theorem, this converges to the right-hand side of (6.2) ast — oo,
which is in fact the right-hand side of (6.1). Since V;(W; N (W; — x))/t < 1, a dominating
function is given by

BV (x, 00 V00,01 - EVO 0 EVY 0)]. (6.4)

Indeed, in the following we show that the integral of this function is finite.
Next, we need a technical tool. The Voronoi flower of x € n is defined by

Sm.x) = |J BG.lIy—=xI,

yeC(n,x)
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where B(x, r) denotes the closed ball with center x € R? and radius r > 0. Using this definition
and the triangle inequality, we obtain

/ LV, (x, 00 V" (0.1 - EVX ) EV,” (0)] dx

< / [E[1{S("*, x) € B(x. §Ix]). (%, 0) € B(0. §ix1)} V¥ (x, 0) VP (0, 1)]
EVY ) EV(0)] dx
+/ [E[(1{S®>*.0) ¢ B(0. 3lIxI)} + 1{S0**.x) ¢ B(x. 3IxI)}

—1{S®™,0) ¢ B(0, Lixl), S4**, x) ¢ B(x, LlixI)})
x VP (x,0) vj‘” (0, x)]| dx

=11+ L.
In the following we assume that x 7 0, and later use the identity relation
1{S0**, x) C B(x, $Ix1)} = 1{S(*, x) € B(x, SlxIl)}. (6.5)

Indeed, when S(n%*, x) C B(x, 1 3llx1l), the origin cannot be contained in S(n%*, x), so it
cannot be a neighbour of x with respect to n%*. Because S(n**, x) is determined by x and the
neighbours of x with respect to n°*, deleting the origin does not change the Voronoi flower of
x,ie. S(*, x) = S, x) C B(x, %I|x||). In the case S(n%*, x) ¢ B(x, %||x||), the Voronoi
flower cannot get larger if we add more points to the point process, i.e. S(n>*, x) C S(n*, x).
This implies that S(n*, x) ¢ B(x, 3 l1x1D.
Now we use the stopping set property of the Voronoi flowers S(n*, x) and S(1°, 0) (see [14]).

Because a Voronoi cell and its corresponding Voronoi flower are determined by the Poisson
points contained in the flower, the random variables

1se*,x) € B(x, 1ix)} v, 00, 1{S@°,00 c B(0, 1i1x1)} v 0, x)

are determined by the restrictions of 1 to B(x, 3llxl) and B(0, 1 3llx 1), respectively. Usmg (6.5),
an analogous equation for the Voronoi flower of the origin, and the facts that B(x, zllx1)) and
B(0, . 3 llx1) are disjoint and the restrictions of a Poisson process to disjoint sets are independent,
we have

I = f [E[1{S(*. x)  B(x. $1x1)} VO ] E[1{sx°. 0) € B(0. §Ix1)} v," (0]
. AA(0) EVJ(Z) (0)] dx.
Appealing to stationarity yields
- f E[1{S®°.0) € B(0. Lixl)} VO @] E[1{s.0) € B(0. 11x1)} V(0]
~EV2O EV )| dx
f [E[1{s(1°,0) ¢ B(0, $lIx1)} VO @] E[1{S@", 0) ¢ B(0, §Ix1I)} V" (0]

~E[1{51°,0) ¢ B(0, LiixIl)} V}"’(O)]EVJF“(O)
—EVPOE[{Sx’.0) ¢ B(0. 1x1)} v,"(©0)]] dx

= / |J1 — Jp — J3] dx.
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To show that /; is finite, observe first that | J1| < min{|J2|, |J3]} by the triangle inequality, and
that J, and J3 have the same finiteness property modulo different parameters, so I is finite if
[ |J2] dx is finite. Define the Voronoi neighbourhood of a point x € x with respect to x by the
point set

NQGGx) ={y e x \{x}: Cx.x) NC(x, y) # 2} (6.6)

Now J; is a product, for which the second factor is
EV(©0) < EIING’, 01~ V; (€@, 0] < [BING, ) E(Vi (€, 01",
which is finite, while, for the other factor, we have
E[1{s@’ 0) ¢ B(0, }lx[)} V¥ ()]
< E[1{2diam(C (1", 0)) > 3l [} IN®", )" V;(C(n°, 0))]
< [P{diam(C(#°, 0)) > L1xI}]"° [EIN G0, 0)P4=3* E(Vi (€ (n°, 0))*)]'/>.

Since f[IP’{diam(C(nO,O)) > é||x||}]1/3 dx is finite (cf. Lemma A.l1 and Corollary A.1),
[ 1J2]dx < oo, and, hence, /; is finite.

To show that I < oo, write I =: [ [E[(Ji + J2 — Jg)‘/i(k)(x,O)VJQ)(O,x)]|dx for the
integral defining I, earlier. As for I, it is enough to verify that the term involving J; is finite.
This term is

/E[I{S(no’x, 0) ¢ B(0, )} v (x, 0) VP (0, x)] dx

< / E[1{S®™,0) ¢ B(0, 3 IxI)ING*, 0)1** V;(C (™, x))
x IN(m**, 0" v;(c(n™*, 0))] dx
< /[P{diam(C(no,O)) > Lixg}]"” dx

x EB(N@’, 0)[ + D> BN, 0 + DX YEVi(C(n°, 0))°
x EV;(C(”, 00"
This is finite by Lemma A.1, Lemma A.3, and Corollary A.1. Hence, the integral of the
dominating function given in (6.4) is finite and, therefore, the second summand on the right-
hand side of (6.2) is finite, too.

Using the monotonicity of the intrinsic volumes, normality and Holder’s inequality, for the
first summand on the right-hand side of (6.2), we obtain

E(V©0) v 0)] < ENF(C0°. 0)] Vi€, 0) |F(C (P, 00)] Vi (C(n°, 0)]
< ElIN@°, 01" Vi€ ®, on IN®, 0197 v (€ (n°, 0))]
< EING, 01" EVI(C(°, 0)’EV;(C(n°, 0))' .

This is finite by Lemma A.1 and Corollary A.1. So, the right-hand side of (6.2) is finite.
The next step is to prove (6.3). Because a Poisson—Voronoi tessellation is normal,

1
/ VitF) N W) P (dx) = ——— [ Vi (Fi(C (1, %)) 0 W) 1(dx)
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and (6.3) is equivalent to

1
lim —cov( f Vi(F(C . x)) N W) (), / Vi (F(C, x)) N Wz)n(dX)>

t—oo t

= lim lcov</ v 1x € Wz}n(dx),/Vj(l)(x)l{x € W,}n(dx)). (6.7)

t—o0o t

We start by showing that

Jlim ;var( / Vi (FL(Cn, ) N W) = VO (x) 1x € W) n(dx)) =0. (6.8)
We abbreviate the notation by defining

h(x,B) := f[Vi(?k(C(x,x)) N B) — Vi(Fi(C(x, x))) l{x € B}] x(dx)

for x € N and Borel sets B C R4, From the Poincaré inequality (see [13]) we have

M <TE / [h(n*, W) = h(n, WP dx. (6.9)

‘We now determine an upper bound for |A(n*, W;)—h(n, W;)|, using the Voronoi neighbourhood
N(x,x) of apoint x € x defined in (6.6). Because the addition of a point x € R to n changes
only the cells of the points y € n for which y € N(n*, x),

|h(n*, W) — h(n, W)

Vi(F(C (", %)) N W) — Vi(Fi(C(n*, x)) Hx € Wi}

+ Z Vi(Fi(C(™, y) N W) — Vi(Fr(C(n*, y)) Hy € Wy}
YEN (% ,x)

- Z Vi(Fr(Cm, y)) N W;) = Vi(F(C(n, y)) Hy € Wi}
yEN(*.x)

< f(n’“,x)l{ U coonaw # ra},

YEN (n*,x)Ufx}

where, forx € x € N and fixed k € {0, ..., d},

(X, x) 1=2[Vi(37k(C(X,X)))+ D Vi FECOL I+ Y Vi(ﬂ(C(x—%,y)))]

YEN(X,x) YEN(x.x)

Note that all moments of f(n°, 0) exist by Lemma A.4 and Lemma A.1. Using (6.9), the
translation covariance of C(-, ), N(:, ), and F%, the stationarity of 5, and the translation
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invariance of the intrinsic volumes, we obtain
h(n, W,
v W) %Efl{ U coronaw # Q}f(n",x)zdx

YeN (n*,x)Uix}

%E/l{( U C(no,y)+x) naw, ;r’:@}f(no,O)zdx

yeN»°,0)U{0}

yE[xd<aW—t‘/" U C(no,y))f(no,o)z]-

yeN (1°,0)U{0}

This converges to 0 as ¢+ — oo by the dominated convergence theorem. Using Lemma A .4,
Lemma A.1, and the Steiner formula,

Yo W —=c ) f(°, 0

yeN (n°,0)U{0}

is a dominating function. This proves (6.8).
By using (6.8) and the Cauchy—Schwarz inequality we show that (6.7) holds (and, hence,
also (6.3)). We abbreviate

Uf = / Vi(F(C(p, x) N W) n(dx) and  V/ = / Vi(Fi(C(n, x))) Hx € Wi} n(dx).
The triangle and Cauchy—Schwarz inequalities imply that
0 < lim t~'cov(UF, ULy — cov(VF, V1)
100 j i’
< lim t~'cov(UF — VF, V)| + 17 cov(UF — VF, UL — V)
t—>00 J i ! J J

~1 k gl I
+ 17 | cov(V; ,Uj — Vj)|

< lim \/t~1 var(U¥ — Vik)\/fl var(V!) + \/r‘ var(U¥ — Vi")\/f‘ var(U} — v

T t>0
+ \/t—l V.':ur(Vl.k)\/t—1 Var(Uj. — V;).

This limit is O by (6.8) and the finiteness of lim;_, », 1 Var(Vl-k), as already shown.
The remaining assumption (5.2) can be shown analogously to (6.8) by using the Poincaré
inequality.

Theorem 6.1 and Theorem 4.1 together yield the covariance structure for cell percolation
on a Poisson—Voronoi tessellation. The variance of the Euler characteristic in the planar case
is worth particular mention.

Corollary 6.1. For cell percolation on a planar Poisson—Voronoi tessellation, the asymptotic
variance oy , of the Euler characteristic exists and is given by

00.0(p) = v2120°q” + v2pq(1 — 8pq — 14p’q?),
for which there is a strict global maximum at p = %

Proof. By Theorem 6.1 we can apply Theorem 5.1. Since the asymptotic variance ,03:3
equals the intensity y», we obtain the formula for og 9. The second assertion follows from the
corresponding assertion of Theorem 5.1 and (5.1) or from a direct calculation.
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Appendix A. Integrability properties of Poisson—Voronoi tessellations

We consider the Voronoi tessellation X of R? generated by a Poisson process 7 of intensity
y > 0. Define the second-order neighbourhood of a point x € x with respect to y € N by

No(x,x):={y € x: there exists z € N(x, x) withy € N(x, 2)}

(cf. definition of N (x, x) around (6.6)).
Lemma A.1. It holds that E|N»(n°, 0)|"™ < oo for all m € N.

Proof. Enumerate n as Y1, Y2, ...suchthatO < | Y{|| < |[Y2] <--- .Letn := |N2(770, 0)],
and assume that n > 2 is true a.s. Hence, there is a point x € No(n°, 0) with ||x|| = || Y, =: ¢.
It is easy to see that x € 7 is a second-order neighbour of 0 with respect to #° if and only
if there exist y € 5 \ {x} and balls B and B’ with 0,y € 9B, x,y € 9B/, int(B) N = &,
and int(B") Nn = @. Let B denote either B or B, so that, for ||x| > ¢, diam(B) > %t and
BN B0, 31) # @. )

There exist balls By, ..., By C int(B(0, 1)) of diameter %t such that each ball B of diameter
at least %t and B N B(0, %t) # & contains at least one of the balls By, ..., B;. By a scaling
argument, the number / of balls can be chosen independently of 7.

So, |N2(r;0, 0)| > nimplies that n(B;) = O for atleastonei € {1, ..., [}. From the binomial
property of the Poisson process we have

ka(t/16)4\" ™! b
P{n(B1) =0 | [[Yall = 1} = (1— v =1 —16")"",
Kqt
and the conditional probability that at least one ball B; contains no point of n is at most

I(1—16-9)n-1, Denoting the density of || Y, || by f,, P{{N2(n°, 0)] > n} equals

[N 0 =0 11l = 1) g0 < [ 101670 0
hence,
P{IN>(1n°, 0)] = n} <1(1 — 16",
LemmaA.2. Forallm € Nandk,n € {0, ..., d}, E0|8.(0)|" < oo.
Proof. By normality, it suffices to treat the case n > k. Proposition 2.2 implies that
(d—n+ 1) yE)8O)" = ya ES[ > |5k(0>|’”] = ya ES[ > |/3k(s(F))|mi|~
Fe$,;(0) Fes,(0)

Because n > k we can bound |8, (s(F))| for F € 4,(0) by |8,(0)|. Furthermore, each k-face
of the typical cell is contained in exactly d — k neighbouring cells of the typical cell and so

(d =1+ 1) yaEy 80" < vaEql18.(0)] 18 (0)"] < ¥ E[IN(°, 0) 4"+ d=mk],
which is finite by Lemma A.1.
The proof of the next lemma is given in [6, Theorem 2].

Lemma A.3. There exist constants ¢y and cp > 0 such that, for all u > 0,

P{diam(C (11°, 0)) > u} < ¢ exp(—cau).
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Corollary A.1. Foralli € {0,...,d}, E\G(C(no, 0))™ < oo for everym € N.

Proof. We use C (170, 0) C B(O, diam(C(nO, 0))) and the monotonicity of the intrinsic
volumes to obtain, for any m € N,

EV;(C(n°, 0)™ < EV;(B(0, diam(C (1", 0))™ = V;(B(0, 1))" Ediam(C (1", 0))™.

This is finite by Lemma A.3.

We introduce a modification of the system &;(¢, x) for a tessellation ¢ € T and x € R4
with F(x) € Fr(¢), and define

)81, ), min(k, 1) < d,

8i(p, x) = - _
(GeFilp): GNF(x) € Fioi()), k=1=d.

The proof of the following version of Proposition 2.2 can be easily given with Neveu’s exchange
formula.

Proposition A.1. Let k,l € {0,...,d}, and let g: P4 x pd — [0, o0) be a measurable
function. Then

WwE, Y g(F(0),G—s(G) =yE] Y  g(F—s(F), F(0). (A1)
Ge5)(0) Fedi(0)

Let R(B) be the radius of the circumball of a subset B C RY.
Lemma A.4. Forallm € N,

d

ZEQ[R(F(O)U U G)m]<oo.

k=0 Ge84(0)
Proof. For k < d, we have
m
EQ[R <F(O) U U G } <E? max 2R(G))" <2"E? Z R(G)™
- Gedy(0) -
Ge84(0) Ge$4(0)

and in the k = d case

m
ESR(F(O)U J G) =EJRF©)+2 max R(G)"
Geid(O) Ged,4(0)

<2"EY |:R(F(0))’” A R(G)m]
Ged,(0)

Owing to the fact that R(F (0)) < 2diam(C (n°, 0)) and Lemma A.3, it is in both cases enough
to show that

Ey Y R(G)" <oo.
Ge8,(0)
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Using (A.1) with g(F, G) := R(G)™ and the Cauchy-Schwarz inequality, we obtain

wEL Y RG)™ = yaE[15k(0)] R(F(0))"] < yaB3[I18k(0) P12 EJIR(F (0))*"]"/2.
Ged,(0)

As above, the second factor is finite. Fork < d, it follows by normality that 18k(0)| = d—k+1,
and, for k = d, we have |$;(0)| < INz(nO, 0)/, so the first factor is finite by Lemma A.1.
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