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ON THE GROUP OF AUTOMORPHISMS
OF AN ANALYTIC GROUP

W.H. PREVITS AND T.S. WU

Let G be an analytic group and let AutG denote the group of all topological
group automorphisms of G. We investigate when AutG is almost algebraic. We
provide various conditions, some of which are known, under which Aut G is almost
algebraic. We also provide examples showing that there does not seem to be a clear
and concise way to characterise G so that Aut G is almost algebraic in terms of
the maximal central torus in G.

1. INTRODUCTION

Let G be an analytic group, C{G) be the Lie algebra of G, and AutG be the group
of all topological group automorphisms of G. This paper will investigate when Aut G
is an almost algebraic subgroup of GL(C(G)), (that is, when AutG is a subgroup of
finite index in an algebraic subgroup of GL(C(G))).

In [2], Dani reproved a result of Wigner [4, 5]. The connected component of the
identity in Aut G is an almost algebraic subgroup. Here we give another proof of this
result (Theorem 2.2) based upon Dani's proof. Dani also showed that if G has no
compact central subgroup of positive dimension, then AutG is an almost algebraic
subgroup ([2]). We include a proof of this fact (Theorem 2.6 (i)).

We also provide various necessary and sufficient conditions for AutG to be an
almost algebraic subgroup. Specifically, if T is a maximal torus in G or if T is a
maximal torus in the radical of G, then Aut G is almost algebraic if and only if Autx G
is almost algebraic, where Autr G consists of all automorphisms r such that T(T) — T
(Proposition 2.3 and Proposition 2.10). Another such condition is the following: AutG
is almost algebraic if and only if the restriction map T —i T\TX of Autr G —» Aut T\ has
finite image, where T is a maximal torus of G and 7\ = T D R, R being the radical
of G (Theorem 2.6 (ii)). In particular, if R has a maximal torus of dimension at most
1 or if Aut.R is almost algebraic, then AutG is almost algebraic (Corollary 2.7 and
Corollary 2.8).

As mentioned above, Dani proved that if G has no compact central subgroup of
positive dimension, then Aut G is almost algebraic. Is there a clear and concise way
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to characterise G in terms of the maximal central torus in G so that Aut G is almost
algebraic? Chen and Wu [l] gave such a characterization for faithfully representable
analytic groups. We shall provide examples showing that for analytic groups that are
not faithfully representable, there does not seem to be a clear and concise way to
characterise G in terms of the maximal central torus in G so that Aut G is almost
algebraic.

NOTATION. Let G be a locally compact group. We denote the connected component of

G that contains the identity element by G°. Aut G denotes the group of all topological

group automorphisms of G. If x € G, we denote the inner automorphism of G that is

determined by x by Ix. If H is a subgroup of G, we denote the subgroup {Ix : x e H}

of Aut G by Int H. Aut# G denotes the subgroup of Aut G which consists of all

automorphisms r such that r(H) — H. If r G Aut G, we denote the restriction of r

to H by T\H . If G is also an analytic group, we denote the Lie algebra of G by C(G).

Let Z and R denote the sets of integers and real numbers, respectively.

Let V be a vector space over R. If F is a subgroup of GL(V), then we denote

the smallest algebraic subgroup of GL(V) that contains F by F&.

2. MAIN RESULTS

We begin our paper by corrrecting Dani's proof of the following lemma [2]. Recall
that AutG can be viewed as a subgroup of GL(£(G)) by associating each automor-
phism r of G with its differential on C(G).

LEMMA 2 . 1 . Let G be an analytic group, C(G) be the Lie algebra of G, and

Ad : G —¥ GL (£((?)) be the adjoint representation of G. Then there exists a closed

connected normal (characteristic) subgroup H of G such that the following conditions

hold for the subgroup Int H of Aut G:

(i) intH is an almost algebraic subgroup of GL(C(G)).

(ii) If T is a maximal torus of G, then Aut G — (Int H) (Autr G).

The argument Dani gave in showing that H is closed is incorrect. The fallacy

lies in assuming that the semisimple Levi factor is closed. This is true for complex Lie

groups, but false for real Lie groups. However, H indeed is closed. This follows by a

result of Goto [3, Proposition 14]: H is an analytic subgroup of G which contains a

maximal compact subgroup of G.

The following theorem is due to Wigner [4, 5]. The proof we give is based upon

Dani's proof of the theorem [2]. We have simplified Dani's proof and clarified some of

the details.

THEOREM 2 . 2 . Let G be an analytic group and let C(G) denote the Lie algebra

of G. Then the connected component of the identity in Aut G is an almost algebraic
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subgroup of GL(£(G)).

PROOF: Let 77 : G -» G be a group covering with G simply connected. Let
K = ker^. Then K is a discrete normal, hence central, subgroup of G. Let H be a
closed connected normal subgroup of G as in Lemma 2.1. Let T be a maximal torus
of G. Then AutG = (Int H) (AutT G) and Int H is almost algebraic.
CLAIM. TO show that (AutG)° is almost algebraic, it suffices to show that (AutyG)0

is almost algebraic. If (AutxG)0 is almost algebraic, then (Int/f)(AutrG)° is al-
most algebraic, and therefore (Inti/)(AutxG)° is closed in the Euclidean topology.
Also, (Autr G)/(Autr G)° is countable since (AutpG) is a Lie group. Thus, AutG =
(Int#)(AutrG) D (Inti/)(AutrG)° and (AutG)/(IntiJ)(AutTG)° is countable, so
(Int H)(AutrG)° is open. Therefore, (Intif)(AutrG)° is an open and closed subgroup
which implies that (AutG)° — (Inti/)(AutrG)°. Thus, (AutG)° is almost algebraic.

Let S = r]~l(T). We claim S is a closed connected Abelian subgroup of G. G/T
is simply connected and the induced map G/r)~l(T) —>• G/T is a homeomorphism, so
G/r]-1^) is simply connected. Also, the induced map G/r)~l{T)° -> G/r?"1^) is
a covering of the simply connected space G/7/~1(T), so G/T)~1{T)° is homeomorphic
with G/t]~l{T). Thus ^(T)0 — ̂ {T), so 5 is connected. 5 is Abelian because
£(5) 3* £(T), and £(T) is Abelian.

If we view Auty G as a subgroup of Aut G, then Autp G consists of all auto-
morphisms r € AutG such that T{K) = K and T(S) — S. Since G is simply
connected, AutG = Aut£(G), and therefore AutG is an algebraic subgroup. Let
$ = { T £ AutG : T(S) — 5 } . Since 5 is connected, $ is an algebraic subgroup.

Since S is an Abelian analytic group, it has a unique maximal torus, say F. Since
K C 5, we can consider the group S/FK. Since S/FK is an Abelian analytic group,
it has a unique maximal torus, say V. Let 7r : 5 —> S/FK be the canonical map and
let L = n~1(L'). Then I, is a closed connected subgroup of 5 containing FK such
that L/FK S L' is a torus.

If an automorphism r € # has the property that T\FK is the identity on FK,
then T\L is the identity on L. Let $ = { T £ $ : T(X) = x for all x e FK} = {r € $ :
T(X) — x for all x G Z,}. Since L is connected, \I> is an algebraic subgroup.

For any r € AutTG, we have r(S) - S and T(K) = K. Thus T(F) = F. Since
F is torus, AutF is discrete. Since K is a discrete Abelian group, AntK is also
discrete. Thus the restriction maps r —> T\F and r —)• T\K of AutyG into AntF
and Aut If, respectively, are trivial on (AutyG)0. Thus, we have (Aut^G)0 C ^ C
AutTG. Therefore, *° C (AutrG)° C $ , and since * is algebraic, (AutTG)° is
almost algebraic. D

Propositions 2.3 and 2.4 will be used in proving Theorem 2.6. With the following

https://doi.org/10.1017/S0004972700019894 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700019894


426 W.H. Previts and T.S. Wu [4]

propositions, we keep the same notation as in Theorem 2.2.

PROPOSITION 2 . 3 . Let G be an analytic group, and let T be a maximal torus

of G. Then Aut G is an almost algebraic subgroup if and only if Aut^ G is an almost

algebraic subgroup.

PROOF: Suppose A u t r G is almost algebraic. Let if be a closed connected normal

subgroup of G as in Lemma 2.1. Then Intif is almost algebraic and thus AutG =

(Int H)(Autr G) is almost algebraic.

Conversely, suppose Aut G is almost algebraic. Since Auty G C Aut G, we have

(Autr G ) # C A u t G . Also, viewing Au tG as a subgroup of Au tG, we have Aut^G C

$ and hence (AutT G)* C $ . Thus, if r e (Aut r G ) # , then T(K) = K and T(S) = S,

so r € A u t y G . Thus, ( A u t ^ G ) * = Aut^G, so AutxG is almost algebraic. D

PROPOSITI ON 2 . 4 . Let G be an analytic group, and let T be a maximal torus

of G. If (3 : Auty G —» Aut T is the restriction map, then Auty G is an almost algebraic

subgroup if and only if /3(Auty G) is finite.

P R O O F : Suppose A u t y G is almost algebraic. Then AutyG has finitely many

connected components. Since Aut T is discrete, /3(Autr G) is finite.

Conversely, suppose that /3(AutyG) is finite. Then the ker/? = {r € AutyG :

T(£) = t for all t € T}. Viewing Aut r G as a subgroup of AutG, ker/3 = A = {r €

AutG : T(S) = s for all s € 5 } . Then A is an algebraic subgroup since S is connected.

Since Auty G/A is finite, Auty G is almost algebraic. D

COROLLARY 2 . 5 . If an analytic group G has a maximal torus of dimension at

most 1, then AutG is an almost algebraic subgroup.

In [2], Dani proved that if an analytic group G has no compact central subgroup
of positive dimension, then Aut G is an almost algebraic subgroup. For completeness,
we include a proof of this fact in the following theorem.

THEOREM 2 . 6 . Let G be an analytic group, and let C(G) denote the Lie algebra

ofG.

(i) (Dani) If G does not have any compact central subgroups of positive

dimension, then Aut G is an almost algebraic subgroup of GL(C(G)).

(ii) AutG is an almost algebraic subgroup if and only if the restriction map

T —> T\TV of AutT G —> Aut7\ has finite image, where T is a maximal

torus of G, and Tx = T (~l R, R being the radical of G.

PROOF: Let G be an analytic group and let v : G —» G be a group covering with
G simply connected. Let K =.ker7j. Then if is a discrete normal, hence central,
subgroup of G. Let Z denote the centre of G. Let T be a maximal torus of G. Let
Ti = TOR, where R is the radical of G. Then Ti is a maximal torus of R. Let
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A — r)~l{T). Then A is a closed connected Abelian subgroup of G. Since G is simply

connected, G — R- S, where R is the radical of G and S is a semisimple Levi factor of

G. Note that R and 5 are both simply connected, and S is closed. Let B = ^ ( T i ) " .

Then BK = v~l(Ti)> a n d B/B n # - # # / # = I \ . Also B is a simply connected

Abelian group (that is, vector group), and K C\ R — K C\ B is a uniform subgroup of

B.

(i) Let $ = {r € AutG : T(A) = A}. Then $ is an algebraic subgroup. Since G
has no compact central subgroup of positive dimension, Z f) A is a discrete subgroup.
Given any r G $ , T(Z C\ A) — Z H A. In particular, for r G $° , we have r(z) = 2 for
all z e Z n Jl. This follows by considering the restriction map r —• T\~nA of $ into
Aut(Z n A), since Aut(Z n A) is discrete. Since K C Z H A, we have T(fc) = fc for
all k G A" and r € <3?°. Thus $° C Autr G C $ . Since <5 is an algebraic subgroup,
Aut^G is almost algebraic. Thus, AutG is almost algebraic by Proposition 2.3.

(ii) Let A = {r G AutG : r(b) = 6 for all b € B). Then A is an algebraic
subgroup, and thus A n $ is an algebraic subgroup. For each r E A D $ , r(b) = b for
all b G B. Let z € ADZ. Then z = 6s, where b € -B and s € S. Note that s is central
in 5, though it may not be central in G. We want to show that for all r G (A n $)°,
T(Z) = z for all z G A n Z. First, for r G (A n $ ) ° , r(b) = b for all b G B . Also,
5(^f~lZ)/5 is discrete. If we consider the induced map 5 : A n $ -> Aut^B(AnZ)/S^

then 5 is trivial on (A n 3>)°. Thus S(r) fixes each coset of B(A(lZ)/B. This implies
that T(Z) - r(bs) = b'bs for some b' € B.

We consider two cases.
CASE 1. Assume s is torsion. Then sm = 1 for some m G Z. Then r((6s)m) =
r(6msm) = r(6m) = 6m, and (r(6s))m = b'mbmsm = b'mbm. Hence b'm = 1. But 5 is
torsion free, so 6' = 1.
CASE 2. Suppose s is not torsion. Then sm is central in G for some integer m.
To see this, view 5 as a group of automorphisms acting on R by conjugation; then
it has finite centre. Since z — bs, we have b~xz — s, and thus sm G AH Z. Now
r(sm) G T ( 5 ) , and since T(S) is a semisimple Levi factor, there is x G G such that
a:r(sm)x~1 G 5. Since sm is central, so is r (s m ) . Therefore i r ( s m )x" 1 = T(sm) G 5 .
This implies that r(sm) = sm. Since r(bs) = b'bs, we have (T(bs))m = b'mbmsm and
r((bs)m) = T(bmsm) = T(bm)T(sm) = bmsm. Hence b'm = 1. But £ is torsion free, so
6' = 1.

Thus we can conclude that T(Z) — z for all z G A D Z. Therefore T(K) = K.
Now we have (A n $)° C (AutT G ) n ( A n $ ) C ( A f l $ ) . Hence, (AutT G) D (A n $)
is almost algebraic. By the hypothesis, we have Auty G/((Auty G) n (A n $)) is finite,
so AutyG is almost algebraic. By Proposition 2.3, we have that AutG is almost
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algebraic.
The converse follows from Propositions 2.3 and 2.4. D

COROLLARY 2 . 7 . Let G be an analytic group and suppose that the radical R
of G has a maximal torus of dimension at most 1. Then the Aut G is an almost
algebraic subgroup.

COROLLARY 2 . 8 . Let G be an analytic group and let R denote the radical
of G. If Aut R is an almost algebraic subgroup, then Aut G is an almost algebraic
subgroup.

We conclude this section by proving an analogous result to Proposition 2.3. Here
we are considering a maximal torus in the radical of G, rather than a maximal torus
of G.

LEMMA 2 . 9 . Let G be an analytic group. Let N be the nilradical of G. Let T
be a maximal torus in the radical of G. Then Aut G = (Int N)(Autx G).

PROOF: Let r £ AutTG. Then T(T) = nTn'1 for some n £ N. Then 7"1 o
T(T) = T, so I~lor e Au t r G and r = InoI-loT. Thus AutG = (IntiV)(AutTG). D

PROPOSITION 2 . 1 0 . Let G be an analytic group and let T be a maximal
torus in the radical of G. Then AutG is an almost algebraic subgroup if and only if
Auty G is an almost algebraic subgroup.

PROOF: Suppose AutrG is almost algebraic. Let N be the nilradical of G. Then
AutG = (IntAT)(AutrG). Since N is the nilradical, lntN is almost algebraic, and
therefore AutG = (Int A^)(AutrG) is almost algebraic.

Conversely, suppose that AutG is almost algebraic. Let rj : G —> G be a group
covering with G simply connected. Let S = r}~l{T) and 5° = n'1^)0. Let $x = {T €
AutG : T(S°) = S°} • Since 5° is connected, $1 is an algebraic subgroup. Since Aut G
is almost algebraic, (Aut^ G) C AutG. Also, viewing AutG as a subgroup of AutG,
we have (AutrG) C $1 , and hence (AutTG)# C $1. Thus, (AutTG)# = Aut r G, so
Autr G is almost algebraic. D

3. EXAMPLES

Let G be an analytic group. Is there a clear and concise way of characterising
G in terms of the maximal central torus in G so that AutG is almost algebraic?
Chen and Wu gave such a characterisation for faithfully representable analytic groups.
Specifically, suppose G has a faithful representation and let T be the maximal central
torus in G. Then Aut G is almost algebraic if and only if T is trivial, or the dimension
of T is 1 and T is exactly the maximal torus in the radical of G ([1]). Here we provide
examples showing that for analytic groups that are not faithfully representable, there
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does not seem to be a clear and concise way to characterise G in terms of the maximal

central torus in G so that AutG is almost algebraic.

The following example, due to Dani [2], is of an analytic group whose maximal

central torus is of dimension n and whose automorphism group is almost algebraic.

Dani omitted the proof for n ^ 2. Here we sketch a proof of the case n — 2. The

general case follows in a similar manner.

EXAMPLE. Let H be the three-dimensional Heisenberg group and let D be a uniform

subgroup contained in the centre of H. Let 5 be a subgroup of Aut (H/D) isomorphic

to 5 i ( 2 , R ) . Let G be the semidirect product of 5 and H/D. Then the centre of Gn

is an n-dimensional torus and AutG" is an almost algebraic subgroup.

Let

G=(Hl- 5L(2,R)) x (H2 • 5L(2,R)) = (#i x H2) • (5L(2,R) x 5i(2,R)) .

Let 8 be an automorphism of G. By composing with a suitable inner automorphism,
we can assume that

6(SL(2,K) x 5L(2,R)) = SL(2,R) x 5L(2,R).

Let B = 51,(2, R). Then e{Bx x B2) = BixB2. Hence 6{B{) = Bx and 6{B2) = B2,
or 6(B\) = B2 and 6{B2) = B\. We consider the case where 6{B{) = B2 and
6{B2) = Bx. Also we have 6{HX x H2) = HxxH2.

Each element h 6 H, where

H= {[ 0 1 y :x,y,z<E

will be denoted by h = (x,y,z). Consider (h,\) G Hi x H2; thus (h,l) — h\ =
{(x,y,z), (0,0,0)). Then6(h1)=((x',y',z'),(x",y",z")) = (h'1,h'{). If (x,y) ? (0,0),
we claim that x' = 0 and y' = 0. To see this, let b2 € B2. Then 0{b2h{) = O^h^h'l =
tftW^r^W = e(b2)h

l
1e(b2y

1h'{e(b2) and e{hxb2) = 0(/n)0(&2) = W ^ M -
Thus h\ = 6>(62)^i^(62)~

1 for all b2 <= B2. When (i',y') ^ (0,0), there exists
6i e Bi = 5L(2,R), hence 62 e B2 with ^(62) = &i, such that (x',y') is not fixed
under the action of 6i = e(b2) 6 5L(2,R). Hence (x',y') = (0,0). Similarly, if we
consider (l,h) = h2 = ((0,0,0), (x.y.z)), then 0(/i2) = ((x',y',2'), (x",y",z")) where

By composing 9 with an automorphism <j>, 4>o6 will map i7x x5 i into H2 xB2 and
H2 x S2 into HiX Bi. After considering the case where 6{B\) — Bx and 0(B2) = B2,
it follows that

AutG ^ (Aut(#i • 5L(2,R)) x Aut(ff2 • 5L(2,R)))
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where \P is the group generated by the automorphism tp, where ip(gi,g2) = (92,gi),
with gi € Hi- SL(2,R) and g2 € H2 • SL(2,R). From this, it follows that AutG2 is
almost algebraic.

EXAMPLE. Let H be the three-dimensional Heisenberg group and let D be a uniform
subgroup contained in the centre of H. Then the centre of (H/D)n is an n-dimensional
torus and Aut((H/D)n) is almost algebraic. Here we provide a proof of the case where
n = 1. The general case follows in a similar manner.

Let C(H) be the Lie algebra of H. Then C(H) is generated by e , / , and g
with [e,f] = g, [e,g] = 0, and [f,g] = 0. Consider Hr x H2. Then C{Hl x H2) =
C{Hi) x £{H2). Here the basis for C{H{) is eu fu g^ i = 1, 2. Let V denote the
Lie algebra of all derivations of C(H\ x H2). Also, let Ti denote the Lie algebra of all
derivations of C(Hi), i = 1, 2. Let D\ € T>. Then the matrix of D\ relative to the
basis ei, A, g\, e2, f2, g2 is

an ai2 Ol3

«23

(an + 022)

053

a44 a45

054 055

a46

(a44 + a55).

Consider the derivation .D(a,/3,7,(5) of L{H\ x H2) given by

= 0, = 0,

where a, /3,7, <5 are real numbers.

Let £ = {.D(a,/3,7,(5) : <̂ ! /̂ , 7, <5 are real numbers}. Then £ is an ideal of V and 2? —
T\xT2 + £. To show that £ is an ideal, let Dx € V and let £>(Q,/?,7,4) € 5 . Show that
[£>i,£>(Qi/3i7i(5)] = £>I£>(QI/JI7](5) - D(at0niS)Di E £. Then DiD(Qij3i7ia)(ei) = -Di(a#2) =
a(a44 + 055)32, while £)(ai/3i7)(5)Z?i(ei) - D^Q^tytS)(anei + aufi + a^gi + ai6g2) =
(aan + 0ai2)g2- Thus [£>i,£)(ai;gi7](5)](ei) is a scalar multiple of g2. Similar computa-
tions hold for / 1 , e2, and f2.

Thus,

Aut(£(#i x H2))° = Aut(£(ff!))° x Aut(£(#2))° • exp(5),

where exp : V -> Aut(£(i/i x H2))° is the exponential map. Since H is simply
connected, we have Aut(i?) = k\xt{C{H)). Thus

Aut (Hx x H2)° = Aut[Ht)0 x Aut (H2)° • E,
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where E is a normal subgroup of Aut (Hi x H2)° consisting of all automorphisms 9 of

the form

0((xi,yi,zi), (x2,y2,z2)) = ((xi,yi,zi+-Yx2 + Sy2), (x2,y2,z2

where a, /?, 7,6 are real numbers.

Since Aut (H x H) has finitely many connected components, it follows that
Aut (H/D x H/D) is almost algebraic. Similarly, Aut ( (# /£) )" ) is almost algebraic.

REMARK. Using Corollary 2.8, this example shows that Aut((H/D • SL(2,R))") is

almost algebraic.

The following example is of a nilpotent group which, if we factor out a uniform
subgroup of the centre, we obtain a group whose maximal central torus is of positive
dimension and whose automorphism group is not almost algebraic.

EXAMPLE. Consider R x V xW, where V and W are vector spaces over R of dimension
n. Let v\, . . . , vn be a basis of V and wi, . . . , wn be a basis of W. Define the group
operation

= {r

Then G = R x V x W i s a nilpotent goup with centre (0,0, W).

For each non-singular linear transformation L : W —> W, L(wi) = J2yijwj> w e

have a non-singular linear transformation L* : V —> V, L*(v{) — ^"YijVj. Now for
each L, define 9 : G -¥ G by 9(r,v,w) = (r, L*(v), L(w)). We claim that 0 is an
automorphism. Clearly, 9 is one-to-one and onto. To show 9 is a homomorphism, let
g, g' e G, where g = (r^am, D/%«;<) and 5' = ( r ' . ^ a ^ i , £ / 3 > i ) . Then

= (r + r', ̂  (a4 + oJ)L'(«i), E (ft + A')^^) +

= e(r + r'

= %•«/')•

Let Z be a uniform subgroup of W such that W/Z is an n -dimensional torus.
Consider the group G/Z = R x V x W/Z. Then the restriction map Aut (G/Z) ->
Ant (W/Z) is onto. If dim W = n ^ 2, Aut (W/Z) has infinitely many connected com-
ponents. Thus Aut (G/Z) has infinitely many connected components, and is therefore
not almost algebraic.
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EXAMPLE. Let H be the three-dimensional Heisenberg group and let D be a uniform
subgroup contained in the centre of H. Let T be a 1-dimensional torus. Consider the
group H/D x T. Then Aut (H/D x T) has infinitely many connected components.
This follows from the following proposition.

PROPOSITION 3 . 1 . Let H be an analytic group and suppose that the maximal

central torus in H is of dimension 1. Let T be a 1 -dimensional torus, and let G =

H x T. Then Aut G has infinitely many connected components. Hence Aut G is not

almost algebraic.

PROOF: Let T\ C H be the central torus. Consider the automorphisms of the

2-dimensional torus T\ x T. Then T T : R X R — > TI xT is the simply connected group

covering, where n is the quotient morphism. Thus Aut (T\ x T) may be identified with

the subgroup of Aut (R x R) consisting of all R-linear automorphisms 9 : R x R —>

R x R with 0(Z x Z) = Z x Z. If we identify Aut (R x R) with GL(2,R), then

Aut (Ti x T) is GL(2, Z), the group of all 2 x 2 integral matrices with determinant

± 1 .

Let B eZ, and define 9B : G -4 G by 6B(h,e2vit) = (he2viBt, e2nit). Then 6B

is an automorphism of G. Since 9B{T\ X T) = T\ x T, we can consider the restriction

map Aut G —> Aut 7\ x T. Let B € Z, and consider the automorphism of 7\ x T given

by 0B{e2™,e2vit) = (e2iri<8+ll*>,e2irit). Then 9B extends to the automorphism BB •

G -¥ G. Thus the image of AutG under the restriction map contains {9B : B € Z}.

Thus, Aut G has infinitely many connected components. D

To conclude, we consider the following result of Dani [2]. If G is an analytic group
with no compact central subgroup of positive dimension, then the group of automor-
phisms that leave a central element fixed is almost algebraic. For such a G, AutG is
almost algebraic. It is natural to ask the following question: if G is an analytic group
whose automorphism group is almost algebraic, is the group of automorphisms that
leave a central element fixed necessarily almost algebraic? Here we provide an example
to show that this is not the case in general.

EXAMPLE. Let H be the three-dimensional Heisenberg group, and let D be a uniform
subgroup contained in the centre of H. Let G = H/D x R. Since the maximal
torus Ti of G is of dimension 1, AutG is almost algebraic. For B 6 Z consider
the automorphism 6B of G given by 9B(h,r) = (he2*iBr,r). Then 9B(l, 1) = (1,1).
We claim $ = {r € AutG : r ( l , 1) = (1,1)} is not almost algebraic. Let E be the
central subgroup generated by ( l , l ) : i ? = { ( l , m ) : m € Z } . Then G/E = H/D x T,
where T is a 1-dimensional torus. The centre of G/E is the 2-dimensional torus
Tj x T. By viewing $ as a subgroup of Aut (G/E), we can consider the restriction
map $ —* $ |TJXT- The image of $ under this restriction map is infinite, so $ is not
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almost algebraic.
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