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ON THE GROUP OF AUTOMORPHISMS
OF AN ANALYTIC GROUP

W.H. PreviTS AND T.S. WU

Let G be an analytic group and let AutG denote the group of all topological
group automorphisms of G. We investigate when Aut G is almost algebraic. We
provide various conditions, some of which are known, under which Aut G is almost
algebraic. We also provide examples showing that there does not seem to be a clear
and concise way to characterise G so that AutG is almost algebraic in terms of
the maximal central torus in G. '

1. INTRODUCTION

Let G be an analytic group, £(G) be the Lie algebra of G, and Aut G be the group
of all topological group automorphisms of G'. This paper will investigate when AutG
is an almost algebraic subgroup of GL(L(G)), (that is, when AutG is a subgroup of
finite index in an algebraic subgroup of GL(L(G))).

In [2], Dani reproved a result of Wigner [4, 5]. The connected component of the
identity in AutG is an almost algebraic subgroup. Here we give another proof of this
result (Theorem 2.2) based upon Dani’s proof. Dani also showed that if G has no
compact central subgroup of positive dimension, then AutG is an almost algebraic
subgroup ([2]). We include a proof of this fact (Theorem 2.6 (i}).

We also provide various necessary and sufficient conditions for Aut G to be an
almost algebraic subgroup. Specifically, if T is a maximal torus in G or if T is a
maximal torus in the radical of G, then Aut G is almost algebraic if and only if Auty G
is almost algebraic, where Autr G consists of all automorphisms 7 such that 7(T) =T
(Proposition 2.3 and Proposition 2.10). Another such condition is the following: Aut G
is almost algebraic if and only if the restriction map 7 — 7|7, of Autr G — Aut T has
finite image, where T is a maximal torus of G and T3 = TN R, R being the radical
of G (Theorem 2.6 (ii)). In particular, if R has a maximal torus of dimension at most
1 or if AutR is almost algebraic, then AutG is almost algebraic (Corollary 2.7 and
Corollary 2.8).

As mentioned above, Dani proved that if G has no compact central subgroup of
positive dimension, then AutG is almost algebraic. Is there a clear and concise way
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to characterise G in terms of the maximal central torus in G so that Aut G is almost
algebraic? Chen and Wu [1] gave such a characterization for faithfully representable
analytic groups. We shall provide examples showing that for analytic groups that are
not faithfully representable, there does not seem to be a clear and concise way to
characterise G in terms of the maximal central torus in G so that AutG is almost
algebraic.

NOTATION. Let G be a locally compact group. We denote the connected component of
G that contains the identity element by G°. Aut G denotes the group of all topological
group automorphisms of G. If z € G, we denote the inner automorphism of G that is
determined by z by I;. If H is a subgroup of G, we denote the subgroup {I, : z € H}
of AutG by Int H. Auty G denotes the subgroup of Aut G which consists of all
automorphisms 7 such that 7(H) = H. If 7 € Aut G, we denote the restriction of 7
to H by 7|y . If G is also an analytic group, we denote the Lie algebra of G by £(G).

Let Z and R denote the sets of integers and real numbers, respectively.

Let V be a vector space over R. If F is a subgroup of GL(V), then we denote
the smallest algebraic subgroup of GL(V) that contains F' by F#.

2. MAIN RESULTS

We begin our paper by corrrecting Dani’s proof of the following lemma [2]. Recall
that Aut G can be viewed as a subgroup of GL(L(G)) by associating each automor-
phism 7 of G with its differential on £(G).

LEMMA 2.1. Let G be an analytic group, L{G) be the Lie algebra of G, and
Ad : G = GL(L(G)) be the adjoint representation of G. Then there exists a closed
connected normal (characteristic) subgroup H of G such that the following conditions
hold for the subgroup Int H of AutG:
(i) IntH is an almost algebraic subgroup of GL(L(G)).
(i) If T is a maximal torus of G, then AutG = (Int H)(Autr G).

The argument Dani gave in showing that H is closed is incorrect. The fallacy
lies in assuming that the semisimple Levi factor is closed. This is true for complex Lie
groups, but false for real Lie groups. However, H indeed is closed. This follows by a
result of Goto [3, Proposition 14]: H is an analytic subgroup of G which contains a
maximal compact subgroup of G.

The following theorem is due to Wigner [4, 5]. The proof we give is based upon
Dani’s proof of the theorem [2]. We have simplified Dani’s proof and clarified some of
the details.

THEOREM 2.2. Let G be an analytic group and let £L(G) denote the Lie algebra
of G. Then the connected component of the identity in AutG is an almost algebraic
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subgroup of GL(L(G)).

PROOF: Let 7 : G - G bea group covering with G simply connected. Let
K = kern. Then K is a discrete normal, hence central, subgroup of G. Let H be a
closed connected normal subgroup of G as in Lemma 2.1. Let T' be a maximal torus
of G. Then AutG = (Int H)(Autr G) and Int H is almost algebraic.

CraIM. To show that (AutG)° is almost algebraic, it suffices to show that (Autr G)°
is almost algebraic. If (Auty G)° is almost algebraic, then (Int H)(Autr G)° is al-
most algebraic, and therefore (Int H)(Autr G)° is closed in the Euclidean topology.
Also, (Auty G)/(Autr G)° is countable since (Autr G) is a Lie group. Thus, AutG =
(Int H)(Auty G) 2 (Int H)(Autr G)° and (AutG)/(Int H)(Autr G)° is countable, so
(Int H)(Autr G)° is open. Therefore, (Int H)(Autr G)° is an open and closed subgroup
which implies that (Aut G)° = (Int H)(Autr G)°. Thus, (AutG)° is almost algebraic.

Let S =n"Y(T). We claim S is a closed connected Abelian subgroup of G. G/T
is simply connected and the induced map G/n~(T) — G/T is a homeomorphism, so
G/n~YT) is simply connected. Also, the induced map G/n~Y(T)° — G/n~Y(T) is
a covering of the simply connected space G/n~1(T), so G/n~}(T)° is homeomorphic
with G/n~}(T). Thus 7=(T)° = n~Y(T), so S is connected. S is Abelian because
L(S) = L(T), and L(T) is Abelian.

If we view Autr G as a subgroup of Auté, then Autr G consists of all auto-
morphisms 7 € AutG such that 7(K) = K and 7(S) = S. Since G is simply
connected, AutG 2 Aut £(G), and therefore AutG is an algebraic subgroup. Let
d={re Aut G : 7(S) = S}. Since S is connected, @ is an algebraic subgroup.

Since S is an Abelian analytic group, it has a unique maximal torus, say F'. Since
K C S, we can consider the group S/FK. Since S/FK is an Abelian analytic group,
it has a unique maximal torus, say L'. Let 7 : S — S/FK be the canonical map and
let L = 7~Y(L'). Then L is a closed connected subgroup of S containing FK such
that L/FK = L' is a torus.

If an automorphism 7 € ® has the property that 7|rx is the identity on FK,
then 7|p is the identity on L. Let ¥ ={r € ®:7(z)=zforallze FK} ={re ®:
7(z) =z forall z € L}. Since L is connected, ¥ is an algebraic subgroup.

For any 7 € Autr G, we have 7(S) = S and 7(K) = K. Thus 7(F) = F. Since
F is torus, Aut F' is discrete. Since K is a discrete Abelian group, Aut K is also
discrete. Thus the restriction maps 7 — 7|r and 7 — 7| of Aut7 G into AutF
and Aut K, respectively, are trivial on (Autr G)°. Thus, we have (AutrG)° C ¥ C
Autr G. Therefore, ¥° C (Autr G)° C ¥, and since ¥ is algebraic, (Autr G)° is
almost algebraic. 0

Propositions 2.3 and 2.4 will be used in proving Theorem 2.6. With the following
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propositions, we keep the same notation as in Theorem 2.2.

PROPOSITION 2.3. Let G be an analytic group, and let T be a maximal torus
of G. Then AutG is an almost algebraic subgroup if and only if AutT G is an almost
algebraic subgroup.

PROOF: Suppose Autr G is almost algebraic. Let H be a closed connected normal
subgroup of G as in Lemma 2.1. Then Int H is almost algebraic and thus AutG =
(Int H)(Autr G) is almost algebraic.

Conversely, suppose AutG is almost algebraic. Since Autr G C Aut G, we have
(Autr G)# C AutG. Also, viewing Aut G as a subgroup of AutG, we have Auty G C
@ and hence (Auty G)* C ®. Thus, if 7 € (Auty G)¥, then 7(K) = K and 7(S) = S,
so 7 € Autr G. Thus, (Auty G’)# = Autr G, so Auty G is almost algebraic. 0

PROPOSITION 2.4. Let G be an analytic group, and let T be a maximal torus
of G. If B : Autr G — AutT is the restriction map, then Auty G is an almost algebraic
subgroup if and only if B(Auty G) is finite.

PROOF: Suppose Auty G is almost algebraic. Then Auty G has finitely many
connected components. Since AutT is discrete, F(Auty Q) is finite.

Conversely, suppose that S(Autr G) is finite. Then the ker 8 = {T € Autr G :

T(t) =t forallt € T}. Viewing Auty G as a subgroup of AutG, ker8 = A = {re

AutG:7(s)=sforallse S } Then A is an algebraic subgroup since S is connected.

Since Autr G/A is finite, Autr G is almost algebraic. 0

COROLLARY 2.5. Ifan analytic group G has a maximal torus of dimension at
most 1, then AutG is an almost algebraic subgroup.

In [2], Dani proved that if an analytic group G has no compact central subgroup
of positive dimension, then AutG is an almost algebraic subgroup. For completeness,
we include a proof of this fact in the following theorem.

THEOREM 2.6. Let G be an analytic group, and let £(G) denote the Lie algebra
of G.

(i) (Dani) If G does not have any compact central subgroups of positive
dimension, then AutG is an almost algebraic subgroup of GL(L(G)).

(ii) AutG is an almost algebraic subgroup if and only if the restriction map
T — 7|y, of Auty G — AutT) has finite image, where T is a maximal
torus of G, and Ty = TN R, R being the radical of G.

PROOF: Let G be an analytic group and let 7 : G—Ghbea group covering with
G simply connected. Let K =.kern. Then K is a discrete normal, hence central,
subgroup of G. Let Z denote the centre of G. Let T be a maximal torus of G. Let
T: = TN R, where R is the radical of G. Then T) is a maximal torus of R. Let
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A =n"Y(T). Then A is a closed connected Abelian subgroup of G. Since G is simply
connected, G = R-S, where R is the radical of G and S is a semisimple Levi factor of
G. Note that R and S are both simply connected, and S is closed. Let B = - Y(Ty)°.
Then BK = n~!(T1), and B/BNK = BK/K = T;. Also B is a simply connected
Abelian group (that is, vector group), and K N R = KN B is a uniform subgroup of
B.

(i) Let ® = {r € AutG : 7(A) = A}. Then ® is an algebraic subgroup. Since G
has no compact central subgroup of positive dimension, ZN A is a discrete subgroup.
Given any 7 € P, 7'(2 N A) =ZNA.In particular, for 7 € ®°, we have 7(z) = z for

all z€ ZN A. This follows by considering the restriction map 7 — Tlgn 4 of @ into

Aut(Z n A), since Aut(Z N A) is discrete. Since K C Z N A, we have 7(k) = k for
all k € K and 7 € ®°. Thus ®° C Autr G C ®. Since ® is an algebraic subgroup,
Autr G is almost algebraic. Thus, Aut G is almost algebraic by Proposition 2.3.

(i) Let A = {r € AutG : 7(b) = bforallb € B}. Then A is an algebraic
subgroup, and thus AN ® is an algebraic subgroup. For each 7€ AN®, 7(b) = for
allbe B. Let z€ ANZ. Then z = bs,where b€ B and s € S. Note that s is central
in S, though it may not be central in G. We want to show that for all 7 € (AN®)°,
7(z) = z for all z € ANZ. First, for 7 € (AN®)°, 7(b) = b for all b € B. Also,

B(ANZ)/B is discrete. If we consider the induced map & : AN® — Aut (B (AnZ)/B)

then § is trivial on (A N ®)°. Thus §() fixes each coset of B(ANZ)/B. This implies
that 7(z) = 7(bs) = b'bs for some b’ € B.

We consider two cases.

CasE 1. Assume s is torsion. Then s™ = 1 for some m € Z. Then 7((bs)™) =
7(6™s™) = 7(b™) = b™, and (7(bs))™ = b"™b™s™ = &'™b™. Hence b'™ = 1. But B is
torsion free, so b’ = 1.

CASE 2. Suppose s is not torsion. Then s™ is central in G for some integer m.
To see this, view S as a group of automorphisms actlng on R by conjugatlon then
it has finite centre. Since z = bs, we have b=!z = s, and thus s™ € AN Z. Now
7(s™) € 'r(§), and since ‘r(g) is a semisimple Levi factor, there is z € G such that
z7(s™)z~1 € §. Since s™ is central, so is 7(s™). Therefore zr(s™)z~l = 7(s™) € §.
This implies that 7(s™) = s™. Since 7(bs) = b’bs, we have (7'(b3))m = b'"™b™s™ and
T((bs)™) = 7(b™s™) = 7(b™)7(s™) = b™s™. Hence b'™ = 1. But B is torsion free, so
b=1.

Thus we can conclude that 7(z) = z for all z € AN Z. Therefore 7(K) = K
Now we have (AN ®)° C (Autr G) N (AN®) C (AN ®). Hence, (Autz G) N (AN D)
is almost algebraic. By the hypothesis, we have Autz G/((Auty G)N(A N @)) is finite,
so Autr G is almost algebraic. By Proposition 2.3, we have that AutG is almost

https://doi.org/10.1017/50004972700019894 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019894

428 W.H. Previts and T.S. Wu (6]

algebraic.
The converse follows from Propositions 2.3 and 2.4. 1]

COROLLARY 2.7. Let G be an analytic group and suppose that the radical R
of G has a maximal torus of dimension at most 1. Then the AutG is an almost
algebraic subgroup.

COROLLARY 2.8. Let G be an analytic group and let R denote the radical
of G. If Aut R is an almost algebraic subgroup, then AutG is an almost algebraic
subgroup.

We conclude this section by proving an analogous result to Proposition 2.3. Here
we are considering a maximal torus in the radical of G, rather than a maximal torus
of G.

LEMMA 2.9. Let G be an analytic group. Let N be the nilradical of G. Let T
be a maximal torus in the radical of G. Then AutG = (Int N)(Autr G).

PROOF: Let 7 € Autr G. Then 7(T) = nTn~! for some n € N. Then I;!o
7(T) = T,s0 I;'or € Autr G and 7 = I,ol or. Thus AutG = (Int N)(Autr G). 0

PROPOSITION 2.10. Let G be an analytic group and let T be a maximal
torus in the radical of G. Then AutG is an almost algebraic subgroup if and only if
Autr G is an almost algebraic subgroup.

PROOF: Suppose Autr G is almost algebraic. Let N be the nilradical of G. Then
AutG = (Int N)(Autr G). Since N is the nilradical, Int N is almost algebraic, and
therefore Aut G = (Int N)(Autr G) is almost algebraic.

Conversely, suppose that AutG is almost algebraic. Let 7 : G- Gbea group
covering with G simply connected. Let S =~1(T) and S° = n~1(T)°. Let &, = {re
AutG : 7(8°) = 5°}. Since S° is connected, ®; is an algebraic subgroup. Since Aut G
is almost algebraic, (Auty G)# C AutG. Also, viewing Aut G as a subgroup of AutG,
we have (Autr G) C ®,, and hence (Autr G)# C ®,. Thus, (Autr G)# = Autyr G, so
Auty G is almost algebraic. 0

3. EXAMPLES

Let G be an analytic group. Is there a clear and concise way of characterising
G in terms of the maximal central torus in G so that AutG is almost algebraic?
Chen and Wu gave such a characterisation for faithfully representable analytic groups.
Specifically, suppose G has a faithful representation and let T be the maximal central
torus in G. Then Aut G is almost algebraic if and only if T is trivial, or the dimension
of T is 1 and T is exactly the maximal torus in the radical of G ([1]). Here we provide
examples showing that for analytic groups that are not faithfully representable, there
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does not seem to be a clear and concise way to characterise G in terms of the maximal
central torus in G so that AutG is almost algebraic.

The following example, due to Dani [2], is of an analytic group whose maximal
central torus is of dimension n and whose automorphism group is almost algebraic.
Dani omitted the proof for n > 2. Here we sketch a proof of the case n = 2. The
general case follows in a similar manner.

ExaMPLE. Let H be the three-dimensional Heisenberg group and let D be a uniform
subgroup contained in the centre of H. Let S be a subgroup of Aut (H/D) isomorphic
to SL(2,R). Let G be the semidirect product of $ and H/D. Then the centre of G™
is an n-dimensional torus and AutG™ is an almost algebraic subgroup.

Let

G = (H; - SL(2,R)) x (Hz - SL(2,R)) = (Hy x Hs) - (SL(2,R) x SL(2,R)).

Let 6 be an automorphism of G. By composing with a suitable inner automorphism,
we can assume that

9(SL(2,R) x SL(2,R)) = SL(2,R) x SL(2,R).

Let B = SL(2,R). Then 6(B; x B;) = B; X B;. Hence §(B;) = B; and 6(B;) = B;,
or §(B1) = Bz and 6(B2) = B;. We consider the case where 6(B;) = B; and
6(B3) = By . Also we have 8(H; x Hy) = H, x H,.

Each element h € H, where

1 =z =z
H={(0 1 y):z‘,y,zeR}
0 01

will be denoted by h = (z,y,z). Consider (h,1) € H; x Hy; thus (h,1) = h; =
((z,y,2),(0,0,0)). Then 8(h1) = ((z',¥', 2'), (", y", 2")) = (B, RY). If (z,y) # (0,0),
we claim that ' = 0 and 3y’ = 0. To see this, let b, € B,. Then 8(boh;) = 8(b2)h}h} =
0(b2)h60(52) " 9(bo)hY = 6(b2)R;0(bs) " hY6(b) and B(hsby) = O(h1)0(bs) = WL RLO(bs).
Thus k) = O(bz)R}6(b2)" for all b, € By. When (z,y’) # (0,0), there exists
El € B; = SL(2,R), hence 32 € B, with 9(52) = 51, such that (z’,y’) is not fixed
under the action of by = 0(52) € SL(2,R). Hence (z’,y') = (0,0). Similarly, if we
consider (1,h) = hy = ((0,0,0), (z,y,2)), then 8(h2) = ((z',¢/,2'), (z",y",2")) where
(z",y") = (0,0).

By composing 8 with an automorphism ¢, ¢ o8 will map H, x B; into Hy x B, and
Hj; x By into Hy x B;. After considering the case where 6(B,) = B; and 6(B3) = Bs,
it follows that

AutG = (Aut(Hy - SL(2,R)) x Aut(Hy - SL(2,R))) - {4} ¥,
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where ¥ is the group generated by the automorphism v, where ¥(g1,92) = (92,91),
with g, € H; - SL(2,R) and g, € Hy - SL(2,R). From this, it follows that Aut G2 is
almost algebraic.

ExAMPLE. Let H be the three-dimensional Heisenberg group and let D be a uniform
subgroup contained in the centre of H. Then the centre of (H/D)" is an n-dimensional
torus and Aut((H/D)") is almost algebraic. Here we provide a proof of the case where
n = 2. The general case follows in a similar manner.

Let L£(H) be the Lie algebra of H. Then L(H) is generated by e, f, and g
with [e, f] = g, [e,9] = 0, and [f,g] = 0. Consider Hy x H. Then L(H, x H;) =
L(H,) x L(H;). Here the basis for L(H;) is e;, fi, gi,¢ = 1,2. Let D denote the
Lie algebra of all derivations of L{H; x Hj). Also, let F; denote the Lie algebra of all
derivations of £L(H;),¢ = 1,2. Let Dy € D. Then the matrix of D; relative to the
basis e1, f1, 91, €2, f2, 92 is

[a11 a2 ais a6
a1 Q22 a23 Q26
(a11 + a22)
@43 Q44 Q45 a46
as3 as4 as55 ase
L (@44 + ass) |

Consider the derivation D4 g 4,5y of L(H1 x H2) given by

Dia s (€1) = g2, Dapya)(e2) =191

Dea,p,v,6)(f1) = Bg2, D(ap7,6)(f2) = 691

Diapr6)(91) =0, Dia,p,2,8(92) =0,
where a, 3,7,6 are real numbers.

Let £ = {D(a,8,7,5) : @, 3,7, 8 are real numbers}. Then £ is an ideal of D and D =
F1x Fp+&. Toshow that £ is an ideal, let D; € D and let D4 g,4,5) € £. Show that
[D1: D(a.y.6)l = D1D(a,4,6) = D(a,8,4,6)D1 € €. Then D1D(a,g,4,5)(€1) = Di(ags) =
o(agq + ass)g2, while D g.4.5)D1(€1) = Da g,y,s5)(a1161 4 a12f1 + 21391 + a1692) =
(aa1r + Bai2)gz. Thus [Dy, D(q g 4,6))(€1) is a scalar multiple of gz. Similar computa-
tions hold for f;, es, and f>.

Thus,

Aut(CL(Hy x Hp))® = Aut(L(H1))® x Aut(L(H2))® - exp (£),

where exp : D — Aut(L(H; x H,))° is the exponential map. Since H is simply
connected, we have Aut (H) 2 Aut(L(H)). Thus

Aut (Hy x Hz)o = Aut (H1)° x Aut (H2)° - B,
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where E is a normal subgroup of Aut (H; x Hj)° consisting of all automorphisms ¢ of
the form

0((z1, 91, 21), (T2,92,22)) = ((z1,91, 21 + VT2 + Oy2), (22,92, 22 + az1 + By1)),

where «, 3,7, 6 are real numbers.
Since Aut(H x H) has finitely many connected components, it follows that
Aut (H/D x H/D) is almost algebraic. Similarly, Aut((H/D)") is almost algebraic.

REMARK. Using Corollary 2.8, this example shows that Aut((H/D - SL(2,R))") is
almost algebraic. _

The following example is of a nilpotent group which, if we factor out a uniform
subgroup of the centre, we obtain a group whose maximal central torus is of positive
dimension and whose automorphism group is not almost algebraic.

ExaMPLE. Consider RxV xW , where V and W are vector spaces over R of dimension
n. Let v1, ..., v, be a basis of V and w,, ..., w, be a basis of W. Define the group
operation

(T,U, ’LU) ’ (T/’ vlvwl) = <T1 Zaiviy Zﬂiwi> ° <T,,Za;’0i, Zﬂ:wt>
= <r + 7/, z (ai + of)v;, Z (Bi + Bi)w; + Zraﬁwi>.
Then G =R x V x W is a nilpotent goup with centre (0,0, W).
For each non-singular linear transformation L : W — W, L(w;) = 3 vijw;, we
have a non-singular linear transformation L* : V. — V, L*(v;) = Y vijv;. Now for

each L, define 6 : G — G by 6(r,v,w) = (r, L*(v), L(w)). We claim that 6 is an
automorphism. Clearly, @ is one-to-one and onto. To show 6 is a homomorphism, let

g, 9 €G, where g = <T,Ea,-v,~, Z,H,-w,-> and ¢’ = <r’,2a§v,~, Zﬁéw,~>. Then

00 01g) = (ol (), SoALCw)) - (1", 2o el (w), 3o AiL(wa))
= (77 2 (o + L), 30 (6 + B)Lw) + o rolL(w:))
= 0<r +1, 3 (e + v, S (Bi+ Bhywi + Zraiwi>
=6(g-9").

Let Z be a uniform subgroup of W such that W/Z is an n-dimensional torus.
Consider the group G/Z = R x V x W/Z. Then the restriction map Aut(G/Z) —
Aut (W/Z) is onto. If dimW =n > 2, Aut (W/Z) has infinitely many connected com-
ponents. Thus Aut (G/Z) has infinitely many connected components, and is therefore
not almost algebraic.
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ExaMPLE. Let H be the three-dimensional Heisenberg group and let D be a uniform
subgroup contained in the centre of H. Let T be a 1-dimensional torus. Consider the
group H/D x T. Then Aut(H/D x T) has infinitely many connected components.
This follows from the following proposition.

PROPOSITION 3.1. Let H be an analytic group and suppose that the maximal
central torus in H is of dimension 1. Let T be a 1-dimensional torus, and let G =
H x T. Then Aut G has infinitely many connected components. Hence AutG is not
almost algebraic.

ProoF: Let T} C H be the central torus. Consider the automorphisms of the
2-dimensional torus 73 X T. Then 7 : R xR — T} x T is the simply connected group
covering, where 7 is the quotient morphism. Thus Aut (T; x T) may be identified with
the subgroup of Aut (R x R) consisting of all R-linear automorphisms § : R x R —
R x R with 8(ZxZ) = Z x Z. If we identify Aut(R x R) with GL(2,R), then
Aut (T, xT) is GL(2,Z), the group of all 2 x 2 integral matrices with determinant
+1.

Let B € Z, and define 65 : G = G by 0p(h,e?™) = (he?™*Bt ?™it). Then 0p
is an automorphism of G. Since g(Ty x T) = T) x T, we can consider the restriction
map AutG — AutTy xT'. Let B € Z, and consider the automorphism of T3 x T’ given
by 0p (e?mis, e2mit) = (g2mile+Bt) g2mit) Then 5 extends to the automorphism g :
G — G. Thus the image of Aut G under the restriction map contains {53 :BeZ}.
Thus, Aut G has infinitely many connected components.

To conclude, we consider the following result of Dani [2]. If G is an analytic group
with no compact central subgroup of positive dimension, then the group of automor-
phisms that leave a central element fixed is almost algebraic. For such a G, AutG is
almost algebraic. It is natural to ask the following question: if G is an analytic group
whose automorphism group is almost algebraic, is the group of automorphisms that
leave a central element fixed necessarily almost algebraic? Here we provide an example
to show that this is not the case in general.

ExaMPLE. Let H be the three-dimensional Heisenberg group, and let D be a uniform
subgroup contained in the centre of H. Let G = H/D x R. Since the maximal
torus Ty of G is of dimension 1, AutG is almost algebraic. For B € Z consider
the automorphism 6p of G given by 6p(h,v) = (he®*™*B" 7). Then 65(1,1) = (1,1).
We claim @ = {r € AutG : 7(1,1) = (1,1)} is not almost algebraic. Let E be the
central subgroup generated by (1,1): E={(1,m):m € Z}. Then G/E= H/D x T,
where T is a 1-dimensional torus. The centre of G/E is the 2-dimensional torus
T, x T. By viewing ® as a subgroup of Aut{G/F), we can consider the restriction
map ® — ®|p, x7. The image of ® under this restriction map is infinite, so ® is not
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almost algebraic.
REFERENCES

(1} P.B. Chen and T.S. Wu, ‘On the component group of the automorphism group of a Lie
group’, J. Austral. Math. Soc. Ser. A 57 (1994), 365-385.

[2] S.G. Dani, ‘On automorphism groups of connected Lie groups’, Manuscripta Math. 74
(1992), 445-452.

{3] M. Goto, ‘Dense imbeddings of locally compact connected groups’, Ann. of Math. 61
(1955), 154-169. :

[4] D. Wigner, ‘On the automorphism group of a Lie group’, Proc. Amer. Math. Soc. 45
(1974), 140-143.

(5] D. Wigner, ‘Erratum to “On the automorphism group of a Lie group”’, Proc. Amer. Math.
Soc. 60 (1976), 376-376.

Department of Mathematics
Case Western Reserve University
Cleveland OH 44106

United States of America

https://doi.org/10.1017/50004972700019894 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019894

