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Abstract

Let F be a totally real number field, o a place of F above p. Let p be a 2-dimensional p-adic
representation of Gal(F /F) which appears in the étale cohomology of quaternion Shimura curves
(thus p is associated to Hilbert eigenforms). When the restriction p,, := p|p, at the decomposition
group of g is semistable noncrystalline, one can associate to p,, the so-called Fontaine-Mazur
L-invariants, which are however invisible in the classical local Langlands correspondence. In this
paper, we prove one can find these L-invariants in the completed cohomology group of quaternion
Shimura curves, which generalizes some of Breuil’s results [Breuil, Astérisque, 331 (2010), 65-115]
in the GL,/Q-case.

2010 Mathematics Subject Classification: 11S37 (primary); 11S80 (secondary)

1. Introduction

Let F be a totally real number field, B a quaternion algebra of center F such that
there exists only one real place of F where B is split. One can associate to B a
system of quaternion Shimura curves { M } ¢, proper and smooth over F', indexed
by open compact subgroups K of (B ®g A*)*. We fix a prime number p, and
suppose that there exists only one prime g of F above p. Suppose B is split at
g, thatis, (B ®q Q,)* = GL,(F,,) (where F,, denotes the completion of F' at ).
Let E be a finite extension of Q, sufficiently large with O its ring of integers
and @ a uniformizer of Oj.

Let p be a 2-dimensional continuous representation of Gal(F/F) over E such
that p appears in the étale cohomology of My for K sufficiently small (so p is
associated to Hilbert eigenforms). By the theory of completed cohomology of
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Emerton [23], one can associate to p a unitary admissible Banach representation
I1(p) of GL,(F,,) as follows: put

A' (K7, E) = (limlim H}(Myox, ¢ F, Op/w})) @0, E

/
K

where K denotes the component of K outside p, and K, runs over open compact
subgroups of GL,(F,). This is an E-Banach space equipped with a continuous
action of GL,(F,,) x Gal(F/F) x H” where H” denotes the E-algebra of Hecke
operators outside p. Put

M1 (p) := Homgy/p, (0, H' (K", E)).

The representation i (p) is supposed to be (a finite direct sum of) the right
representation of GL,(F,) corresponding to p, = plgac,r, 10 the p-adic
Langlands program (cf. [8]). Nowadays, we know quite little about i (p) except
when F,, = Q,, for example, we do not know whether it depends only on the
local Galois representation p,,. By local—global compatibility of the classical local
Langlands correspondence for GL, /F (for £ = p), one can indeed describe the
locally algebraic vectors of i (p) in terms of the Weil-Deligne representation
WD(p,,) associated to p,, and the Hodge—Tate weights HT (p,,) of p,. However,
in general, (unlike the £ # p case), when passing to (WD(p,,), HT (o)), a lot of
information about p,, is lost. Finding the lost information in a (p) is thus one of
the key problems in p-adic Langlands program (this is in fact the starting point of
Breuil’s initial work on p-adic Langlands program, cf. [6]).

In this paper, we consider the case where p,, is semistable noncrystalline and
noncritical (that is, p, satisfies the hypothesis 1). In this case, the missing data,
when passing from p,, to (WD(p,,), HT(p,,)), can be explicitly described by the
so-called Fontaine—Mazur L-invariants Ly, = (L;)secs, € E“ associated to p,,
(for example, see Section 5.1), where X, denotes the set of Q,-embeddings of
F,, in Q,. Using these L-invariants, Schraen has associated to p,, a locally Q,-
analytlc representation X (WD(p,,), HT(p,), L. ) of GL,(F,) over E (cf. [38,
Section 4.2], see also Section 5.2), which generahzes Breuil’s theory [5] in
GL,(Q))-case. Note that one can indeed recover p,, from X (WD(p,,), HT(p,,),
L ). The main result of this paper is

THEOREM 1 (cf. Theorem 8). Keep the above notation and suppose that p is
absolutely irreducible modulo w, there exists a continuous injection of GL,(F),)-
representations

T (WD(p,), HT(p,), Ly, ) <> M (p)g,-an:

where IT (P)q,—an denotes the locally Q ,-analytic vectors of i (p).
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Such a result is called local-global compatibility, since the left side of this
injection depends only on the local representation p, while the right side is
globally constructed. Moreover, one can prove the ‘uniqueness’ (in the sense of
Corollary 6) of X (WD(p,,), HT(p,,), sz) as subrepresentation of 7 (P)q,—an-

As a result, we see the local Galois representation p,, is determined by n (p).
Such a result in the Q,-case, proved by Breuil [7], was the first discovered local—
global compatibility in the p-adic local Langlands correspondence. In fact, the
L-invariants appearing in the automorphic representation side are often referred
to as Breuil’s L-invariants. Theorem | thus shows the equality of Fontaine-Mazur
L-invariants and Breuil’s L-invariants. Our approach is by using some p-adic
family arguments on both GL,-side and Galois side, thus different from that of
Breuil (by using modular symbols).

In the following (of the introduction), we sketch how we manage to ‘find’
{Ls}oes, in n (p). For simplicity, suppose p,, is of Hodge-Tate weights
(=1,0)5, (thus p,, is associated to Hilbert eigenforms of weights (2, ..., 2;0)
in the notation of [14]). Let t € X; it is enough to find £, in 1/:1(,0),,am (the
maximal locally T-analytic subrepresentation of I7(p)) in the sense of (2) below:

Denote by Z; := {(4 %)|a € 1 +2w0O,} (where O,, denotes the ring of
integers of F,, and o is a uniformizer of O,,), consider H' (K?, E)?',, (where
‘()% signifies the vectors fixed by Z;, and ‘r — an’ signifies the locally
T-analytic subrepresentation). By applying Jacquet—-Emerton functor, one gets
an essentially admissible locally t-analytic representation of T (Fy,): Jp (ﬁ I(K?,
E)?',), which is moreover equipped with an action of H” commuting with
that of T'(F,). Following Emerton, one can construct an eigenvariety ), from
Jg(ﬁ (KP, E)TZ‘_an), which is in particular a rigid space finite over T}, the rigid
space parameterizing locally t-analytic characters of T (F,,) (cf. Theorem 3).
A closed point of V, can be written as (x,A) where x is a locally r-analytic
character of T'(F,) and A is a system of Hecke eigenvalues (for H?).

One can associate to p an E-point z, = (x,, A,) of V;, where x, = unr(a/q) ®
unr(ga) (unr(a) denotes the unramified character of F sending @ to a), A,
denotes the system of eigenvalues of H” associated to p (via the Eichler—Shimura
relations), {«, ga} are the eigenvalues of ¢® on Dy (pp) (Where d is the degree
of the maximal unramified extension of Q, in F,, g := p®). Moreover, by
multiplicity one result on automorphic representations of (B ®g A)*, one can
prove as in [17, Section 4.4] that V; is smooth at z,, (cf. Theorem 7, note that by
the hypothesis 1, z,, is in fact a noncritical point).

Let t : Spec E[€]/€?> — V. be a nonzero element in the tangent space of V,
at z,, via the composition

t: Spec E[e]/e* — V, —> T,
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one gets a character X, = X,1 ® X,2 : T(F,)* — (E[e]/€*)*, which is in
fact an extension of x, by x,. One key point is that, by applying an adjunction
formula in family for the Jacquet—-Emerton functor (see [23, Lemma 4.5.12] for
the GL,(Q),)-case) to the tangent space of V; at z,, one gets a nonzero continuous
morphism of GL, (F,,)-representations (where E(Fg,) denotes the group of lower
triangular matrixes) (see (44))

(Ind92" 5 671 — HY(K?, E)? . [A] ()

B(F,) T—an

where § := unr(¢~') ® unr(g) and we refer to [38, Section 2] for locally
r-analytic parabolic inductions, and where the right term denotes the generalized
A,-eigenspace of ' (K7, E)r an-

Another key point is that one can describe the character ¥, in term of £.:

LEMMA 1 (cf. Lemma 10). There exists an additive character x of F; in E such
that X, (as a 2-dimensional representation of T (F,,) over E) is isomorphic to
Xp Qe W (L, x) where

a 0\ _ (1 log,_, (ad™") + x(ad)
e (5 0) - (1 et )

and log, , denotes the additive character of F. such that log, , |o; = T o log
andlog, ,(p) =L

To prove this lemma, one considers the p-adic family of Galois representations
over V. In fact, there exist an admissible neighborhood U of z, in V; and a
continuous representation py : Gal(f/ F) — GL,(Oy) such that the evaluation
of py at any classical point of U (which thus corresponds to certain Hilbert
eigenforms 4) is just the Galois representation associated to /. Via the map ¢, one
gets a continuous representation p : Gal(F/F) — GL,(E[€]/€*) which satisfies
© = p (mod €). By the theory of global triangulation [30], one can obtain an
exact sequence (cf. (39)):

0— RE[G]/ez(unr(q))"(pJ) — Drig(ﬁp) — Rieye <)?p,2 1_[ 0—1) -0,
oeX,

where p,, := p| Gal(F/F,)- The lemma then follows by applying the formula in [42,
Theorem 1.1] (which generalizes Colmez’s formula [19] in Q,-case) to p,.

GLy(Fp) ~
Return to the map (1). We know (IndB (;( )“) ~!yT=an Jies in an exact sequence
GL,(Fyp) —1\7—an GL2(Fp) ~ o—1\T—an
0 — (In dB(F) x,87") " = (In dB(F) X871
GL,(Fp) —1]\T—an
(I dB(F ) X0 ) — 0,
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where s depends on £, and yx as in the Lemma 1. On the other hand, it is known

GL2(Fyp)

that (IndE( Fo) X,8~1)77* admits a unique finite dimensional subrepresentation
»

V() := unr(a) o det. Put X (a, £,) := s~ (V(a))/ V() (cf. [38, Section 4.2]),
which turns out to be independent of the character x in Lemma 1 and thus depends
only on L. At last, one can prove that (1) induces actually a continuous injection
of locally T-analytic representations of GL,(F,)

Z(at, L) = TT(0)r—an- )

It seems this argument might work for some other groups and some
other Shimura varieties. For example, in the GL, /Q-case (with Coleman—
Mazur eigencurve, reconstructed by Emerton [23, Section 4] using completed
cohomology of modular curves), by restricting the map [23, (4.5.9)] to the tangent
space at a semistable noncrystalline point, one can obtain a map as in (1). On the
other hand, one can prove a similar result as in Lemma 1 by Kisin’s theory in [31]
and Colmez’s formula [19]. Combining them together, one can actually reprove
Breuil’s result in [7] for locally analytic representations and thus obtain directly
the equality of Fontaine-Mazur L-invariant and Breuil’s L-invariant without
using Darmon—Orton’s L-invariant (as in Breuil’s original proof [7]).

We refer to the body of the text for more detailed and more precise statements.

After the results of this paper was firstly announced, Yuancao Zhang informed
us that he had proved the existence of L-invariants in a (p) in certain cases by
using some arguments as in [12, Section 5]; however, the equality between these
L-invariants and Fontaine—-Mazur £-invariants was not proved.

2. Notations and preliminaries

Let F be a totally real field of degree d over Q, denote by X, the set of real
embeddings of F. For a finite place [ of F', we denote by F; the completion of F
at [, Oy the ring of integers of F; with @ a uniformizer of ;. Denote by A the
ring of adeles of Q and A the ring of adeles of F. For a set S of places of Q
(respectively of F), we denote by A® (respectively by A3%) the ring of adeles of
Q@ (respectively of F) outside S, Sr the set of places of F above that in S, and
AS =AY

Let p be a prime number, suppose there exists only one prime g of F
lying above p. Denote by X, the set of Q,-embeddings of F, in Q,; let =@
be a uniformizer of (’)KJ, F, the maximal unramified extension of QP in F,,
dy == [Fp0:Q,l,e:=1[F,: F,0l.q := p® and v, a p-adic valuation on QTP
normalized by v,,(z) = 1. Let E be a finite extension of @, big enough such that
E contains all the Q,-embeddings of F in @ O¢ the ring of integers of E and
@ a uniformizer of Of.
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Let B be a quaternion algebra of center F with S(B) the set (of even cardinality)
of places of F where B is ramified, suppose |S(B) N Y| =d — 1 and S(B) N
X, = 0, that is, there exists T, € Yo such that B ®r, R = M,(R), B QF,
R = H for any 0 € X, 0 # T, Where H denotes the Hamilton algebra, and
B ®q Q, = M,(F,). We associate to B a reductive algebraic group G over Q
with G(R) := (B ®qg R)* for any Q-algebra R. Set S := Resc/r G,,, and denote
by A the morphism

h:S[R) = C* — G(R) = GL,(R) x (H)*,

a+bi|—>((_ab z>11)

The space of G(R)-conjugacy classes of & has a structure of complex manifold,
and is isomorphic to h* := C\R (that is, 2 copies of the Poincaré’s upper half
plane). We get a projective system of Riemann surfaces indexed by open compact
subgroups of G(A*):

Mk (C) := G@Q\(b* x (G(A®)/K))
where G(Q) acts on h* via G(Q) — G(R) and the transition map is given by

GQ\(h* x (G(A™)/K)) — G\ x (GA®)/K)), (x,8) > (x,9),
€)]
for K; C K,. It is known that M (C) has a canonical proper smooth model over
F (via the embedding t,), denoted by M, and these {M}x form a projective
system of proper smooth algebraic curves over F (that is, the transition map (3)
admits also an F'-model). One has a natural isomorphism G(Q,) SN GL,(F,,).
Let Ko, := GL,(O,,), in the following, we fix an open compact subgroup
K? of G(A**?) small enough such that the open compact subgroup K? K, of
G (A™) is neat (cf. [34, Definition 4.11]). Denote by S(K?) the set of finite places
[ of F such that [ { p, that B is split at [, that is, B ®r F; —> M,(F)), and that
K?NGL,(Fy) = GL,(0O)). Denote by H? the commutative O g-algebra generated
by the double coset operators [GL,(O))g, GL,(O))] for all g € GL,(F)) with
det(g)) € O, andforall [ € S(K?). Set

1= [ 6100 (7 §) oo,

0

w|

Sii= [GL2<0[> (“5[ )GL2<0[>],

then H? is the polynomial algebra over Of generated by {7}, Si}icsk»)-
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Denote by Z, the kernel of the norm map .4 : Resg/9 G,, — G,, which is a
subgroup of Z = Resg/g G,,. We set G := G/ Z,.

Denote by Artg, @ F = W}; the local Artin map normalized by sending
uniformizers to geometric Frobenius elements (where Wy, C Gal(Q,/Fy)
denotes the Weil group). Let o € X, denote by log, the composition (9; g

O, % E.For L € E, denote by log, ., the (additive) character of F, such
that log,  ,, lo; = log, and log, » (@) = L. Denote by log,  the (additive)
character of F in E satistying log, » |0z = log, and log, .(p) = L. Let
L(w) :=e ' (L —log,(p/@®)), thus one has

loga,ﬁ = loga.ﬁ(w),w .

Denote by unr(a) the unramified character of £ sending @ to a.

Let V be an E-vector space equipped with an E-linear action of A (with A a set
of operators), x a system of eigenvalues of A, denote by V4= the x-eigenspace,
V[A = x] the generalized x-eigenspace, V# the vector space of A-fixed vectors.

Let S C X, k, € Zs, forall o € S, denote by W (k) := ®,cs(Sym** E2)”
the algebraic representation of G(Q,) = GL,(F,,) with GL,(F,) acting on
(Sym** ™2 E?)? via GL,(F,)) > GL,(E) foro € S. Letw € Z, ky € Zsp, ke = w
(mod 2) forall o € X, put W(kzp, W) = Qoex, (Symk”‘Z E? ® det™*+2/2y0

Denote by B(F,,) (respectively E(Fp)) the subgroup of GL,(F,) of upper
(respectively lower) triangular matrixes, T (F,,) the group of diagonal matrixes,
N(F,) the group of unipotent elements in B(F,), Ny := N(F,) N GL,(O,,),
Z' = T(F,) NSLy(F,), K, :={g € GLy(O,,) | g = | (mod 2w)}, Z, the
centerof K ,, Z) :==Z' N K, ,. Puté := unr(g ') ® unr(g) being a character of
T (F,) (which is in fact the modulus character of B(F,)).

Locally Q,-analytic representations of GL,(F,). Recall some notions on
locally @ ,-analytic representations. Let V be a locally QQ,-analytic representation
of GL,(F,,) over E, that is, a locally analytic representation of GL,(F,) with
GL,(F,,) viewed as a p-adic Q,-analytic group, V is naturally equipped with
a Q,-linear action of the Lie algebra g of GL,(F,) (thus an E-linear action of
gz, = 8 ®q, E) given by

d
V= — t —0.
pevi=— exp(tr) (V)10

Using the isomorphism
Fo,®q, E— [[ E. a®br> (0(@b)er,~r. )

oeX,
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one gets a decomposition g, - [L. s, B0 with g, :=g®p,, E.LetJ C X, a
vector v € V is called locally J-analytic if the action of gy, on v factors through
gs = [l,c, 9o (We put gy := {0}), in other words, if v is killed by g5\, (cf. [38,
Definition 2.4]); v is called quasi-J-classical if there exist a finite dimensional
representation U of g; and a g,-invariant map

U—V

whose image contains v, if the g,-representation U can moreover give rise to
an algebraic representation of GL,(F,), then we say that v is J-classical. In
particular, v is X\ J-classical if v is locally J-analytic. Note that v is #-analytic
is equivalent to that v is a smooth vector for the action of GL,(F),) (that is, v is
fixed by certain open compact subgroup of GL,(F,,)) which implies in particular
v is X, -classical.

Let V be a Banach representation of GL,(Fy,) over E, denote by Vg, ., the
E-vector subspace generated by the locally Q,-analytic vectors of V, which is
stable by GL,(F,,) and hence is a locally Q,-analytic representation of GL,(F},).
If V is moreover admissible, by [37, Theorem 7.1], Vg, ., is an admissible locally
Q,-analytic representation of GL,(F,,) and dense in V. For J C X, denote by
V;_an the subrepresentation generated by locally J-analytic vectors of Vg, _a,, put
Voo = Vﬂfan-

Let x be a continuous (thus locally Q,-analytic) character of F (or any open
compact subgroup of ) over E, then x induces a natural Q,-linear map (where
Fy, is viewed as the Lie algebra of F))

d
Fo — E, 1+ d—X(eXP(tF))h:o,

and hence an E-linear map d,, : F, ®q, E = [],. s, E = E. So there exist
ky.s € E, called the o- Welght of x, forall o € X such that d x((@5)sex,) =

2pes, dokyo-
Let x = x1 ® x» be alocally Q,-analytic character of T'(F,,) over E. Put

C(x)={o € X, I ky,.o — kppo € Zxo}. (5)
Denote by t the Lie algebra of T'(F,), the character x induces a character d x
of ty, ==t Q®q, E givenby dy : ts, > E,dx (§ 0) = a,ky, o + dsky, . for
(”0” d(:) €ty =tQ®p,, E,0 € X,
3. Completed cohomology of quaternion Shimura curves
Recall some facts on completed cohomology of quaternion Shimura curves,

following [23] and [34].
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3.1. Generalities. Let W be a finite dimensional algebraic representation of
G¢ over E, as in [14, Section 2.1], one can associate to W a local system Vy,
of E-vector spaces over Mg. Let W, be Opg-lattice of W, denote by Sy, the
set (ordered by inclusions) of open compact subgroups of G(Q,) = GL,(F,,)
which stabilize W,. For any K, € Sy,, one can associate to W, (respectively to
Wo/wy for s € Zz;) a local system Vy, (respectively Vi, /o2 ) of Op-modules
(respectively of Or/w-modules) over M» k,- Following Emerton [23], we put
Héi[(Kp’ WO) = ll_l)n Héi[(MKpKP,@v VWU)

K17ESWO

lim Um H (M, k0 3 Vwoymy):
KPGSWO K}

Hi(K?, Wo) := lim lim Hy (Mg, k0 g2 Vinojorp):

s K’,ESWO

Hi (K", Wo)g = Hy (K", Wo) ®o, E;
Hé[(Kp, WO)E = Hél[(Kp, W()) ®(f)E E.

~

All these groups (Og-modules or E-vector spaces) are equipped with a natural
topology induced from the discrete topology on the finite groups

Hy (Mg kr 35 Vivo/mp)s

and equipped with a natural continuous action of H? x _Gal(@/ F) and of
K, € Sy,. Moreover, for any | € S(K?”), the action of Gal(F/F;) (induced by
that of Gal(Q/ F)) is unramified and satisfies the Eichler—Shimura relation:

Frob; > —T;Frob, ' + ¢/1§, =0 (6)

where Frob, denotes the arithmetic Frobenius, £ the prime number lying below
[, fi the degree of the maximal unramified extension (of Q,) in Fy over QQ, (thus
¢/t = O,/ ]). Note that ﬁét(K”, Wo) g is an E-Banach space with norm defined
by the O-lattice ﬁé"l(Kf’, Wo).

Consider the ordered set (by inclusion) {W,} of Og-lattices of W, following
[23, Definition 2.2.9], we put

Hi(K?, W) = lim H{ (K", Wo),
Wo
Hét(va W) = l.iI)lHét(Kp7 WO)Ev
Wo
where all the transition maps are topological isomorphisms (cf. [23,
Lemma 2.2.8]). These E-vector spaces are moreover equipped with a natural
continuous action of GL,(F},).
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THEOREM 2 (cf. [23, Theorem 2.2.11 (i), Theorem 2.2.17]).
(D) Hét(K P, W) is an admissible Banach representation of GL,(F,). If W is
the trivial representation, the representation H:(K?, W) is unitary.

(2) One has a natural isomorphism of Banach representations of GLy(F,)
invariant under the action of H? x Gal(F/F):

H (K", W) — H!(K",E) @z W. (7)
(3) One has a natural GL,(F,,) x H? x Gal(f/ F)-invariant map
Hi (K", W) — H! (K", W). (8)

3.2. Localization at a non-Eisenstein maximal ideal. Let p be a 2-dimen-

sional continuous representation of Gal(F/F) over E such that p is unramified
at all [ € S(KP?). Let p, be a Gal(F/F)-invariant lattice of p, and p* the
semisimplification of p,/@ g, which is in fact independent of the choice of py.
To p*, one can associate a maximal ideal of 7{?, denoted by m(p*), as the kernel
of the following morphism

HP —> kg = Op/we, Ti—>tr (ﬁ“(Frob[_l)), Sy — det (ﬁSS(Frob[_]))

forall [ € S(K?).

NOTATION 1. For an H”-module M, denote by M5 the localization of M at
m(@").

NKeep the notation in Section 3.1. As 13 [26, Section 5.2, 5.3], one can show that
H/(K”, W)z is a direct summand of H}(K?, W). Suppose in the following that
p is absolutely irreducible modulo @ and put p := p*.

PROPOSITION 1 [34, Proposition 5.2]. The map (8) induces an isomorphism
Hélt(va W)ﬁ ;) ﬁélz(va W)ﬁ,o(n

where H J(K?, W); o denotes the smooth vectors (for the action of GLy(F,,)) in
H\(K?, W).

PROPOSITION 2 [34, Corollary 5.8]. Let H be an open compact prop-p subgroup
of Ko, then there exists r € Z>, such that

&r

H\K?, E), —> C(H/(Z(@) NK7H),, E)
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as representations of H, where C(H/(Z(Q) N K?H),, E) denotes the space of
continuous functions from H/(Z(Q) N K?H), to E, on which H acts by the
right regular action, (Z(Q) N K?H), the closure of (Z(Q) N K?H), in G(Q,),
and (Z(Q) N KPH), the image of Z(Q) N K?H in G(Q,) via the projection
G(A™) - G(Q)).

Let ¢ be a continuous character of Z, over E. We see ﬁé'[(K”, E)a =V is
also an admissible Banach representation of GL,(F,) stable under the action
Gal(F/F) x H?. Put

Up = {gp € Ky, | det(gy) =1} (€))

Let H, := Z,U, which is an open compact subgroup of K, ,,, (H, = K, , when
p # 2), we see the center of H,, is Z,. By Proposition 2 applied to H = H,,, one
has (note that (Z(Q) N K?H,,), is a subgroup of Z;)

COROLLARY 1. Let  be a continuous character of Z, such that
Vlzonkra,), = 1, then one has an isomorphism of Hy,-representations

HY(K", E)2=V = C(Uy, E)*"

where Z; acts on C(Uy, E)®" by the character {, and U, by the right regular
action.

4. Eigenvarieties

4.1. Generalities. Consider the admissible locally Q,-analytic representation
H (K", E)g,—an, by applying the functor of Jacquet-Emerton (cf. [24]), one
obtains an essentially admissible locally Q,-analytic representation

Js(HY(K?, E)g,—an)

of T(F,) (cf. [22, Section 6.4]). Denote by ﬁ;p the rigid space over E
parameterizing the locally Q,-analytic characters of T(F,). By definition
(of essentially admissible locally Q,-analytic representations, cf. [22, Definition
6.4.9]), the action of T'(F,) on Jz(HL(K?, E)q,-a);, (Where ‘b’ signifies the
strong topology) can extend to a continuous action of (’)(/T\);p) (being a Fréchet—
Stein algebra) such that J, B(ﬁéll(K P E )@p—gg)z is a coadmissible (’)(fgp)—module.
Thus there exists a coherent sheaf M, on Ts, such that

Mo(Ts,) — J(HYK", E)gp-un), -
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The action of H” on J, B(ﬁéll(K P, E)q,-an) induces a natural szp -linear action of
H?P on M. Following Emerton, one can construct an eigenvariety V(K?) from
the triple {M,, Tx_, H?}:

©?

THEOREM 3 (cf. [23, Section 2.3]). There exists a rigid analytic space V(K?)
over E together with a finite morphism of rigid spaces

i i V(K?) — T,
and a morphism of E-algebras with dense image (see Remark 1 below)
H? ®0, O(Ts,) — O(V(K?)) (10)
such that

(1) a closed point z of V(KP?) is uniquely determined by its image x in ﬁ;m (E)
and the induced morphism A : H? — E, called a system of eigenvalues of
H?, so z would be denoted by (x, \);

(2) for a finite extension L of E, a closed point (x, 1) € V(K?)(L) if and only
if the corresponding eigenspace

T (ﬁe’lt(va E)g,-an ®F L)T<Fm>=x,w:,\

is nonzero;

(3) there exists a coherent sheaf over V(K?), denoted by M, such that
i,M = My and that for an L-point 7 = (x, M), the special fiber M|,
is naturally dual to the (finite dimensional) L-vector space

Js(HY(K?, E)g, @ L)
REMARK 1. Indeed, by construggion as in [23, Section 2.3], for any affinoid
admissible open U = Spm A in Tx_, one has i~'(U) = Spm B where B is the

affinoid algebra over A generated by the image of H? — End,(My(U)), from
which we see (10) has a dense image.

Denote by V(K ?),.q the reduced closed rigid subspace of V(K7).
LEMMA 2. The image of H? in O(V(K ")) via (10) lies in

OV(K ) = {f € OWVEK ) | IF @) < 1, Vx € V(KP)(E)).

https://doi.org/10.1017/fms.2016.9 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2016.9

L-invariants and local-global compatibility for the group GL; /F 13

Proof It is sufficient to prove for any closed point (x, A) of V(K”), the morphism
: H? — E factors through Op. But this is clear since H (K?, E) has an
H” invariant Og-lattice (see Section 3.1). O

Since the rigid space /T\gp is nested, by [1, Lemma 7.2.11], one has

PROPOSITION 3. The rigid space V(KP?) is nested, and O(V(KP).q)? is a
compact subset of OV (K?)q) (Where we refer to the discussion after [1,
Lemma 7.2.11] for the topology).

It would be convenient to fix a central character (in the quaternion Shimura
curve case), let w € Z, consider the (essentially admissible) locally Q,-analytic
representation

)Z[:JV_W

o(AaK? B0 ) = Jn(AAK?, E)ayan an

One can construct an eigenvariety, denoted by V(K?, w), in the same way as
in Theorem 3 which satisfies all the properties in Theorem 3 with H H)(K",E)
replaced by H/ (K?, E)»="""_Denote by T; (w) the closed rigid subspace of
Ts, such that

Ty, w)(E) ={x €Ts, | xlz, ="}, (12)

moreover, if we denote by M (w) the coherent sheaf over /fzp (w) associated to
JB(H (K?, E)@ ™), by (11), one has Mo(w) = M, ®0(Ts,) O(Ts, (w)) and

—an

thus V(K?, w)eea = (V(K?) X7, T, ())sea-

4.2. Classicality and companion points. Let

T(F)* = { (g 2) e T(Fp)

one can equip V™ with a continuous action of 7'(F,,)" by

vp(a) = vp(d)},

7)== [No/tNet ™ [ Y () (w).

n€No/tNot~!
One has a natural T (F,,)*-invariant injection
Jp(V) — yMo (13)
which induces a bijection (cf. [24, Proposition 3.4.9])

T (V)T E=t T )~ (14)
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for any continuous (locally Q,-analytic) characters x of T(F,). In fact, by
the same argument in [24, Proposition 3.2.12], one can show (13) induces a
bijection between generalized eigenspaces (note that the action of T (F,,)" on
VNO[T(FK,)+ = x] extends naturally to an action of T (F,,))

Js(WIT(F,) = x]1 — V™[T(F,)* = xl. (15)

DEFINITION 1. For an L-point z = (x, ) of V(K?), S € X, z is called
S-classical (respectively quasi-S-classical) if there exists a nonzero vector

~ +_ —

ve (HAK?, E)g, m ®g )" 707

such that v is S-classical (respectively quasi-S-classical). We call z classical
(quasi-classical) if z is X,-classical (respectively quasi-X,-classical).

DEFINITION 2. Let z = (x; ® 2, A) be a closed point in V(K?), for S € C(x)
(cf. (5)), put

Xe=xls®xss =i [ oot @ o [ [ornr ety (16)

ogeS oceS

we say that z admits an S-companion point if z§ := (x§, A) is also a closed point
in V(K?). If so, we say the companion point z§ is effective if it is moreover quasi-
C(x)\S-classical (note that C(x§) = C(})\S).

As in [20, Lemma 6.2.24], one has

PROPOSITION 4. Let z = (x, M) be an L-point in V(K?), o € C(yx), suppose
there exists a nonquasi-o -classical vector (see Section 2 for d x )

€ (AL(K", Eyg,an ®e L) [T (Fo)" = x. M7 = 2,

then z admits a o -companion point. Moreover, there exists S C C(x) containing
o such that z admits an effective S-companion point.

Proof. We sketch the proof. Let k, := ky, , —k, o +2 € Z>, (since o0 € C(x)),
if v is not quasi-o -classical, we deduce that v = X’i‘f; " v # 0 (where X o=
(‘1’ 8) € g, ), moreover, as in [24, Proposition 4.4.4] (see also [20, Lemma 6.3.15]),
one can prove vS is a generalized (xS, A)-eigenvector for T (F,,) x H”. From
which we deduce z admits a o-companion point. If v¢ is not quasi-o'-classical for
some o’ € C(x)\{o} = C(x¢), one can repeat this argument to find companion
points of z¢ until one gets § € C(x) and an effective S-companion pointof z. [J
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REMARK 2. One can also deduce this proposition from the adjunction formula
in [11, Theorem 4.3].

As in [20, Proposition 6.2.27], one has

THEOREM 4 (Classicality). Let z = (x = x1 ® x2, L) be an L-point in V(KP?).
Foro € C(x), putky, :==ky, o —ky,o +2 € Z>y. Let S € C(x), if

Up(g )1 (@) < inf{k; — 1},
then any vector in
~ No,ts,=d
(HY{(K?, E)g, - ®5 L) "~ [T(F)* = x, H" = 1]
in quasi-S-classical, in particular, the point 7 is quasi-S-classical.

Proof. We sketch the proof. For o € S, if there exists a non quasi-o-classical
vector

€ (ALK", Eygyn ®e L) (T (F,)" = 4, W =,

by Proposition 4, z admits an effective S’-companion point z§ with §" € C(x)
containing o. Using [20, Proposition 6.2.23], this point would induce a
continuous injection from a locally Q,-analytic parabolic induction twisted with
certain algebraic representation (as in [20, Proposition 6.2.23] by replacing J, S,
Cz(x) by X, §', C(x) respectively) into ﬁélt(Kp, E)®g L. Since ﬁélt(Kp, E)is
unitary, one can apply [10, Proposition 5.1], and get (as in [20, Corollary 6.2.24])
Vo (gxi(@)) = Y ok, — 1), a contradiction. O

COROLLARY 2. Letw € Z, 7 = (X = x1 @ X2, A) be an L-point in V(K?, w)
with C(x) = Xy, ko = ky, o — kypo +2 € 2Z>, such that k, = w (mod 2)
for all o € X,. There exist thus smooth characters v\, Y, such that (note that
kyio +kpo =—w)

X1 ® X2 = 1_[ G_(w_k”+2>/21/f1 R l_[ O_—(111+k0—2)/2w2'

oeX, oeX,

LetS € X, if

_ka +2 .
V(g (@) < Y o + inf{k, — 1)

oeX,

then the point z is S-classical.
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REMARK 3. We invite the reader to compare this corollary with conjectures of
Breuil in [9] and results of Tian—Xiao in [40].

4.3. Localization at a non-Eisenstein maximal ideal. Let p be a 2-dimen-
sional continuous representation of Gal(F/F) over E, suppose that p is
absolutely irreducible modulo @ and there exists an irreducible algebraic
representation W of G¢ such that H(K?, W), # 0 (p is thus called modular).
It is known that there exist w € Z, k, € Z>;, k, = w (mod 2) for all 0 € X,
such that W = W(lgzp, w). We fix this w in the following Consider the
essentially admissible locally @ ,-analytic representation JB( W(KP,E )Z‘ = w),

whose strong dual gives rise to a coherent sheaf Mq(K?, w) 5 Over T;g As in
Theorem 3, one can obtain an eigenvariety V(K”, w)z together with a coherent
sheaf ./\/l(K P w)z over V(K?, w)p, which satisﬁes the properties in Theorem 3

with H (K?, E) replaced by éll(Kf’, E)%‘: . Since H (K7, E)Zl “isa
direct summand of Hét(K PEYA=NT U V(KP, w), is a closed rigid subspace
of V(K?, w) (cf. [20 Lemma 6.2.6]). By Proposition 1, one can describe the

classical vectors of H (K?, E )Zl A as follows:

COROLLARY 3. With the notation in Corollary 2, suppose moreover 7 in
V(K?, w)s let v be a vector in

)N0,21=v/l/7w,

(HL{(K?, E)g, -y @5 L =T = H =], (I7)

if v is classical, then v lies in (see Remark 4 below)
(H, (K", Wik, , w)g ®p LN A="2 [T (F)*
=1 @ Ya, H’ = 1] @k x(kyg ,w), (18)
with X(lizp’ w) = 1_[0629 o~ Wk +2)/2 & l_loe)?p o~ Wrks—=2)/2 (being a character

of T(F,)).

REMARK 4. Note that T(F,) acts on (W(ky, ,w)" Yo via x(ky ,w), the
embedding of the vector space (18) into (17) is obtained by taking No-invariant
vectors of the following GL,(F,) x H? x Gal(F / F)-invariant injection
(cf. Proposition 1)

Hélt(Kp’ W(lﬁzm’ w))ﬁ Qr W(kzw w)’ ®p L
— (ﬁél[(Kp, E)pran.ﬁ R W(kf&,v w))oo Rk W(kzp’ w) @ L
— ﬁélt(Kp’ E)Q,ﬁanj ®E L.
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We study in details the structure of V(K 7, w)5. Let

z zZ
P w 0 w 0 z1 O
=z (5 1) (5 ) (6 2)

One has thus a finite morphism of rigid spaces (which is moreover an
isomorphism when p # 2)

ze0s, = 1}. (19)

~ ( )~
Ts, —5 (Mg, x (ZD)s,. x> (. X1z (20)

where (T )z, and (Zl) 5, denote the rigid spaces parameterizing locally Q-
analytic characters of T’ and Z 1s respectlvely Note that M, :=pr, , My(K?, w);
is in fact a coherent sheaf over (T ) 5, : the support of MO(K w)5 1S contained
in T); (w) (as a closed subspace of T); ), which is finite over (T ) 5,

Put 1T := (T 9), let R, be a (finite) set of representatives of T( 0)/T'Z in
T(F,) (note T(F,) = T Z; when p # 2), let H be the H?-algebra generated
by (7 2). {(3 )|z € O;,z?_l = 1}, and the elements in R,. Denote by
W\ 5, the rigid space over E which parameterizes locally Q,-analytic characters
of 1 +2w O, = = Z), by the decomposition of groups (19), one gets a natural
projection pr : (T")z, — Wi s, x Gu, x = (xlz, x(I1)). By Corollary 1
and the argument in the _proof of [24, Proposition 4.2. 36] (for example, see [24,
(4.2.43)]), we see ./\/ll((T )x,) is a coadmissible O(W\ z,){{X, X~'}}-module

with X acting on M, (T )x,) by the operator I1. Let M, := pr, M, which is
thus a coherent sheaf over W 5, x G,, equipped with an Oy, ;_ xg,,-linear action
of H. One can thus construct V(K?, w)5 from the triple {M>, W, 5, x G,,, H}
as in [23, Section 2.3].

Let {Spm A;},c; be an admissible covering of W, 5, by increasing affinoid
opens, by Corollary 1, [24, (4.2.43)] and the results in [20, Section 5.A], for any
i € I, there exists a Fredholm series F;(z) € 1 + zA;{{z}} (which is hence a
global section over Spm A; x G,,) such that the coherent sheaf M |spm 4, g, 1S
supported at Z; where Z; is the closed rigid subspace of Spm A; x G,, defined
by F;(z). Moreover, it is known that (cf. [13, Section 4]) Z; admits an admissible
covering {U;; = Spm A;[z]/P;(z)} such that

e P;(z) € 1 4+ zA;[z] is a polynomial of degree d; with leading coefficient being
a unit;

o there exists Q;(z) € 14+zA;{{z}} such that F;(z) = P;(z) Q;(z) and that (P;(z),
Q_,' (Z)) =1

As in the proof of [20, Proposition 5.A.6], one can show M, (U;;) is a finite
locally free A;-module of rank d;, equipped with an A;-linear action of H such
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that the characteristic polynomial of I7 is given by P;(z), and that Q;(T) acts
on M, (U;;) via an invertible operator. Denote by H;; the A;[z]/P;(z)-algebra
generated by the image of the natural map

H— EndAi[Z]/P,'(z) (MZ(Uij))’

which is also the A;-algebra generated by the image of H — Endy, (M, (U;)))
(since IT € H). One can check the restriction V(K”, w)z|y,; is isomorphic to
Spm H,;; (cf. [23, Section 2.3]). In particular, we see that the construction of
V(K?, w)5 coincides with the construction of eigenvarieties by Coleman—Mazur
(formalized by Buzzard in [13]). Since W, 5, 18 equidimensional of dimension d,
by [16, Proposition 6.4.2], we have

PROPOSITION 5. The rigid analytic space V(K?, w)5 is equidimensional of
dimension d.

DEFINITION 3. For a character x of T'(F,,), we say that x is spherically algebraic
if x is the twist of an algebraic character by an unramified character. We call a
closed point z = (x, A) of V(K?, w) semistable classical if z is classical and yx is
spherically algebraic.

Denote by C(w) the set of semistable classical points in V(K?, w)5. By the
same argument as in the proof of [16, Proposition 6.2.7, Proposition 6.4.6], the
following proposition follows from Corollary 2.

PROPOSITION 6.

(1) Let z = (x, 1) be a closed point of V(K?, w)s suppose moreover x
spherically algebraic, then the set C(w) accumulates over the point z, that is,
for any admissible open U containing z, there exists an admissible open V C U,
z € V(E) such that C(w) N V(E) is Zariski-dense in V.

(2) The set C(w) is Zariski-dense in V(K?, w)z.

4.4. Families of Galois representations.

4.4.1. Families of Galois representations on eigenvarieties Keep the above
notation. For [ € S(K?), denote by a; € O(V(K?, w)5rea) (respectively b; €
O (K?, w)sreq)) the image of Ty € H? (respectively S; € H”) via the natural
morphism H? — OV(K?, w);eq). Denote by S the complement of S(K?) in
the set of finite places of F, which is hence a finite set. Denote by F© the maximal
algebraic extension of F' which is unramified outside S.
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For any z € C(w), by [14] (and Corollary 3), there exists a 2-dimensional
continuous representation p, of Gal(f/ F) over k(z), the residue field at z, which
is unramified outside S and hence a representation of Gal(FS/F), such that
(see also (6))

Frob; > —a, . Frob, ' +¢/b. =0

where ai;, b, € k(z) denote the respective evaluation of a; and b, at z. In
particular, one has tr(Frob[') = ay,. Denote by 7T, : Gal(F®/F) — k(2),
g > tr(p;(g)), which is thus a 2-dimensional continuous pseudo-character of
Gal(F¥®/F) over k(z). By [16, Proposition 7.1.1] and Proposition 3, one has

PROPOSITION 7. There exists a unique 2-dimensional continuous pseudo-
character T : Gal(FS/F) — OV(K?, w);ea) such that the evaluation of T at
z € C(w) equals to T..

Let z be a closed point of V(K?”, w)5 denote by T. = T|,, which is
thus a 2-dimensional continuous pseudo-character of Gal(FS/F) over k(z). By
[39, Theorem 1(2)], there exists a unique 2-dimensional continuous semisimple
representation p, of Gal(FS/F) such that tr(p,) = 7.. By Eichler—Shimura
relations, one has p, = P, in particular, p, is absolutely irreducible. By [2,
Lemma 5.5], one has

PROPOSITION 8. For any closed point z of V(K w), there exist an admissible
open affinoid U containing z in V(K?, w)5 rq and a continuous representation

pu : Gal(FS/F) — GL,(Oy)
such that py|. = p. for any 7' € U(E).
In general, by [1, Lemma 7.8.11], one has

PROPOSITION 9. Let U be an open affinoid of V(K?, w)srea, there exist a rigid
space U over U, and an Og-module M locally free of rank 2 equipped with a
continuous Of-linear action of Gal(F® | F) such that

(1) the morphism g : U— U factors through a rigid space U’ such that Uisa
blow-up over U" of U'\U" with U" an Zariski-open Zariski-dense subspace
of U’ and that U’ is finite, dominant over U ;

(2) for any z € U (E), the 2-dimensional representation M|, of Gal(FS/F) is
isomorphic 1o pg).
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REMARK 5. Let Z be a Zariski-dense subset of closed points in U, then g='(U)
is Zariski-dense in U: denote by g’ : U’ — U the morphism as in (1), by [16,
Lemma 6.2.8], we see (g')~!(Z) is Zariski-dense in U’, so g~'(Z) is Zariski-
dense in U.

4.4.2. Trianguline representations Consider the restriction p.,, := p:la,r,)-
Denote by F, o := U, F,(¢,») Where ¢, is a root of unity primitive of order
p". Set I' := Gal(Fy, «/F,), Hy := Gal(Q,/Fy, ). One has a ring B}, (cf. [3,
Section 3.4]) which is equipped with an action of ¢ and Gal(@/ Q,) such that
B:ig’ F, = (B:ig)HFw is naturally isomorphic to the Robba ring with coefficients in
F,, where F/ denotes the maximal unramified extension of Q, in F,  (which is
finite over F, o). For an n-dimensional continuous representation of Gal(QTp/ F,)
over E, Dy, (V) = (B:ig ®q, V)# is an étale (¢, I')-module of rank n over
Re = Bfig, r, ®q, E (that is, an étale (¢, I")-module over B! £, equipped with
an E-action which commutes with that of ¢ and I") (cf. [3, Proposition 3.4]). Let
6§ : F Kj — E* be a continuous character, following [33, Section 1.4], one can
associate to 8 a (¢, I')-module, denoted by R (), free of rank 1 over R. The
converse is also true, that is, for any (¢, I")-module D free of rank 1 over R,

there exists a continuous character § : F’ o — E* such that D = Rg(8).

DEFINITION 4 (Cf. [18, Definition 4.1], [33, Definition 1.15]). Let p be a
2-dimensional continuous representation of Gal(Q,/F,) over E, p is called
trianguline if there exist continuous characters &;, §, of pr over E such that
D¢ (p) lies in an exact sequence as follows:

0— RE((Sl) — Drig(V) e RE(Sz) — 0.

Such an exact sequence is called a triangulation, denoted by (p, 8, 8,), of Dz ()
(and of p).

We refer to [33] for a classification of 2-dimensional trianguline representations
of Gal(Q,/ F,). Note that if p is semistable, then p is trianguline, if p is moreover
noncrystalline, then the triangulation of p is unique.

DEFINITION 5 (cf. [32, Definition 4.3.1]). Let p be a 2-dimensional trianguline
representation of Gal(@/ F,) over E with (p, 8;, 8,) a triangulation of p. For
o € X, we say that p is non-o-critical if ks, , — ks, , € Z>,. More generally, for
J C X, we say p is non-J-critical if p is non-o-critical for all 0 € J, we say p
is noncritical if p is non- X -critical.

For a closed point z = (x; = x:,1 ® Xz,2, A;) of V(K?, w)5, putk, , :=ky. o —
ky,o +2 € Zsy, foro € C(x,). If z € C(w), we see k,, = w (mod 2) for
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all 0 € X, (note that C(x,) = X, in this case). The following theorem can be
easily deduced from the results in [35] (together with Corollary 3 and the results of
[33] on triangulations of semistable representations, see [20, Proposition 6.2.44]
for the unitary Shimura curves case).

THEOREM 5. Let 7 = (x;1 ® X2, A;) € C(w), then p,, is semistable (hence
trianguline) with a triangulation given by

0 = Ri)(8:1) = Dyig(p2,0) = Ri)(8.2) = 0 (21)

where
8.1 =unr(g) X1 1_[ ol e

oeX,
— -1 kzo—1
3z,2—Xz,2||0 ||U"
oeX, oeX,

with X, C X, (maybe empty). Put Y1 := Xen[lyes, oW ko *D/2 (being an
unramified character of F}), for S © X, if one has

w—k,, +2 .
Up(g¥ea(@) < ) —— " +inflk., — 1},

oeX,

then X,NS =, in particular, in this case the triangulation (21) is non-S-critical.

Denote by C(w), the subset of C(w) of points z such that

w—k,,+2 .
Vp (@Y1 () < Z — +Uleng koo — 1} (22)

o€,

As in [16, Proposition 6.2.7, Proposition 6.4.6], one can prove C(w), is Zariski-
dense in V(K?, w)5, and is an accumulation subset (cf. [1, Section 3.3.1]). By the
theory of global triangulation, one has

THEOREM 6. Let z = (x, = X..1 ® X.2, A) be a closed point of V(K?, w), then
the representation p, , is trianguline with a triangulation given by

0 = Ri(6.1) = Drig(p2,p) = Ri)(822) — 0

where
81,1 = unr(Q)Xz,l 1_[ O'l_kw

oeX,
-1 o—1
81,2 = Xz,2 1_[ o | | O'k‘”a
oeX, oeX,

with X a subset (maybe empty) of C(x,) N X,,.
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Proof. Since V(K?, W) eq is nested, and C(w), is Zariski-dense, there exists
an irreducible affinoid neighborhood of z such that C(w)y N U (E) is Zariski-
dense in U (for example, see [1, Lemma 7.2.9]). Denote by g : U — U the rigid
space as in Proposition 9, thus g~'(C(w)o N U(E)) is Zariski-dense in U. The
theorem then follows from [30, Theorem 6.3.13] and [30, Ex.6.3.14] (see also [32,
Theorem 4.4.2]). O

COROLLARY 4. Keep the notation in Theorem 6, suppose moreover

unr(qg Vx i xe2 # [ [ o™ foraling e Z¢, (23)

oeX,

let S C C(x,), if X, NS =@, then z does not have S'-companion point for any
S'C S, S # (. As a result, the point 7 is quasi-S-classical.

Proof. The second part follows from the first part and Proposition 4. We prove
the first part. Let " € S, S # 0, suppose z admits an S’-companion point z§,
by applying Theorem 6 to the point z§,, one can get a triangulation (ng/,@, 5z§,. 1s
612,2) for Pz, = p,p- Note that $' N C((x,)s) = 0,50 5N Yo = #. By the
hypothesis (23) and [33, Theorem 3.7], one can check the triangulations (oo,
812,,1, (Szg,,z) and (o, 61,0, 2) are the same. As a result, one sees S’ € X, a
contradiction. O

COROLLARY 5. Keep the notation in Theorem 0, suppose x, is spherically
algebraic (thus x,; = V. ]_[Uezp okrio with . ; an unramified character of FY)
and satisfies

wz,l(P)_le,z(P)q_e #1

(note this condition is slightly stronger than the hypothesis (23)), then there exists
an open affinoid neighborhood U of zin V(K?, w)5rea containing z such that for
any closed point 7/ = (x, \') € U(E), X, = (0 and 7' does not have companion
point.

Proof. As in the proof of [16, Proposition 6.2.7], one can prove C(w)
accumulates over z. Thus one can choose an open affinoid neighborhood Uj
of z such that

(1) C(w)o N Uy(E) is Zariski-dense in Uy;

@) unr(@ DV xhxe2 # [lpeg, 0" for any ny € 29 7 € Uy(E) (see
Lemma 3(1) below).
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By [30, Theorem 6.3.9], Z;, := {7’ € Uy(E) | X # (} is a Zariski-closed
subset of Uy and z ¢ Z,. So there exists an open affinoid U of U, containing z
such that Z; (defined in the same way as Zy, by replacing U, by U) is empty.
The corollary follows. (|

LEMMA 3. Let x1® x» be a sphertcally algebraic character of T (F,) (which can
be seen as a closed point of T);p) and let Yr; 1= y; Haexp ok

(1) Suppose Y(p)~ 1wz(p)q % 1, then there exists an admissible
neighborhood U of x1 ® x» in T); such that unr(g= ") (x) "' x5 # ]_[06): o for

anyny € Z% and x| ®X2 € U(E)
(2) Suppose Y () "y, (w) q~" # 1, then there exists an admissible
neighborhood U of x| ® x» in sz such that unr(qg=") (x)) "' x5 # ]_[062 o for

and x| ® x; € U(E).

Xi-o .

anyny € Z%XW_,CXM

Proof. Denote by /Z\);p the rigid space parameterizing locally Q,-analytic
characters of F;'. One has a morphism of rigid spaces:

Ty, — Zs,, (XD ® x5 xi x5 (24)

Let v := unr(g ")y, ¥, we claim that
o if Y( p) # 1 (respectively ¥o(@) # 1), then there exists an adm1551b1e open
U, of A 5, containing ¥, (Where v is seen as a closed point of 7 5,,) such that

[lyes, 0" ¢ U(E) forany ny € Z? (respectively [],.5, 0" ¢ U(E) for any
ny €Z%).

Assuming this claim, and let U be the preimage of the admissible open

< 1_[ O'_kXI'U+kX2*U) UO

oeX,

(of 2\;@) in /fz‘p via (24). Thus U satisfies the property in the lemma (1)
(respectively (2)).

We prove the claim. Consider the projection ?2&) — Wy, x Gy, x = (xloz,
x(p)) (respectively the isomorphism ’Z\zg, > Wy, X Gy, x = (Xlox, x (@))),
set a := Yo(p) (respectively a := yy(w)), which is the image of ¥ in G,,. We
discuss in the following two cases:

If vy,(a) # 0O, then choose n € Z3, such that v,(a) ¢ p"Z; let U, be
an admissible open in Wy containing the trivial character such that if

Haex&, o’ |o,§ € U,(E) then p"|n, for all o, U, be an admissible open in G,
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containing a such that v,(a’) = vy(a) foralla’ € U (E), one easily check the
admissible open U, := U, x U, satisfies the property in the claim.

If v,(a) = 0, since a # 1 by hypothesis, let U, be an admissible open in
G,, such that a € Uy(E), 1 ¢ Uy(E) and for all ' € Uy(E), vy(a’) = O;
put Uy := Wy, x U, we see if x' = [, o5, 0" € Uy(E) for ny € 7¢
(respectively for ny € Zio)9 thus v, (x'(p)) = 0 (respectively v, (x'(z)) = 0),
thus ZaexL ne =0,s0 x'(p) = 1 ¢ Us(E) (respectively n, = Oforallo € X,
hence x'(w) = 1 ¢ U,(E)), a contradiction, so U, satisfies the property in the
claim. O]

4.4.3. Etaleness of eigenvarieties at noncritical classical points Let 7 = (x, =
Xz1 @ Xz2, A;) be a semistable classical point of V(K?, w)5, foro € X, we say
that z is noncritical if

(1) the triangulation (p, ., d,1,08,2) (cf. Theorem 6) is noncritical (that is,
Ez = 0);

() unr(q D xz 1 Xe2 # [lyes, 0™ forany ny e Z°.

Let ¥, 1, ¥ » be unramified characters of F; such that x,; = ¥, IL. s, ok
then the condition (2) is equivalent to ¥, l(qw) # Y, 2(w). If one considers
the Galois representation p,,, (which is semistable), this condition means the
eigenvalues of g% on Dg(p.,,) are different.

Consider the natural morphism

k :V(KP, w)y; — fzp — Wi

(28

where the last map is induced by the inclusion Z] — T (F},) (see also (20)). This
section is devoted to prove the following result.

THEOREM 7. Let 7 be a noncritical semistable classical point of the rigid space
V(K?, w)p, then V(K?, w); is étale over W, 5, at z.

The theorem follows by the same argument as in the proof of [17, Theorem 4.8].
Letz = (X; = Xz ® Xz2+ A2) : Spec E — V(KP, w) be a noncritical semistable
classical point of C(w), by the construction of V(K”, w)z as in Section 4.3, one
can find a connected affinoid neighborhood U of «(z) in W, 5, and a finite
locally free O(U)-module M equipped with an O(U)-linear action of H such
that (see also the proof of [17, Theorem 4.8])

(1) the affinoid spectrum V of Im(O(U) @0, H — Endo)(M)) is an affinoid
neighborhood of z in V(K?”, w); (thus one has M(K?, w);(V) = M as
O(V)-module);
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(2) for each continuous character x € W), 5, (E), thereisa T (F, ) X HP-invariant
isomorphism

F ~ 5 =\ Zi=A V. Z)=
M@ow,E= @B  (Js(HyK". E)gp—u) ®: E)”" =

(X A)ec ™ (x)

[T(Fga) = Xz HP = )‘z/]v;

(3) k7' (k(z))™ = {z} and the natural surjection O(V) — k(z) has a section.

Let Zy, C U be the set of closed points x such that any point in x ~'(x) N V(E)
is classical, thus Z; is Zariski-dense in U (by Theorem 4, note that v, (). (@)
is bounded for 7’ € V(E)), and Z := «~'(Zy) U {z} is Zariski-dense in V. Up to
shrinking Zy, one can assume that for any z’ € Z,

(a) X, = ¥ (since z is supposed to be noncritical, for 7’ # z, this would follow
from Theorem 5);

(b) unr(g™") X;j X2 F [ ye s, o forany n s, € 74 (for example, by Lemma 3
(2), since by shrinking Zo, one can assume k, ,, o —ky, .0 = ky.,.0 —ky. |0
forallo € X, and 7’ € Z)).

Let 77 = (x»,Ay) € Z, denote by k(z’) the residue field at z’. One has an
isomorphism (cf. (15))

Zi=N """ Zi=k()
) [T(Fp) = xon HY = 2]

Is(AAK?. E)gy - @ k(@)

No,Z\=A"",Z=x(Z)
) [T (Fp) = xon HY = 2ol

= (K", E)gy - @1 k(D)

LEMMA 4. Keep the above notation, any vector in

)N(),Z]::/Vfw,Za:K(z’)

(ﬁ;,(K 7, E)g,-um ®f k() [T(Fp) = xo. 7' = 421

is classical.

Proof. Suppose there exists a nonclassical vector v, thus there exists o € X,
such that v is non-o-classical. By Proposition 4, one can prove 7’ admits a
o-companion point, which would lead to a contradiction by the same argument
as in the proof of Corollary 4. O

Keep the above notation (so 7' € Z), and put

wz’ = Xz’( l_[ O'ikxlvzl’g ® 1_[ O'kxz.;"d)

oeX, oeX,
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(being a smooth character of T (F,)), Ty := Z,Z/, by Lemma 4, Corollary 3, one
has an isomorphism of k(z’)-vector spaces

[T(Fp) = xz, H" = Ay]

4

~ , No,Z\=N"",Z1=k(Z)
(ALK, E)g, - @6 k()

S (HN K Wiy w) @p k()) T (F,) =y HP = 3
W(KP Wky , w) ®r k() [T (Fp) =, 21,

where k, ‘= ky, .o — khz,,(7 +2forallo € . So

) Zy ={/V7"7,Z/l =k ()

In(AUK?, Eg, - @ k(D) [T(F,) = xo. H" = 4]

To=

~ Vo
> Ty (HA(K? Wilks,, w) @ KE)) [T (Fp) = Yo HY = 0],
Denote by 8(z") the dimension of the above vector space over k(z'). Set

Hy(W(ky, , w)) = lim H((K")', W (ks , w)) ®¢ E
(KPy

where (K?)' runs over open compact subgroups of K7, this is a smooth admissible

representation of G(A™) equipped with a continuous action of Gal(F/F). One
has a decomposition of G(A*>) x Gal(F'/F)-representations

HA(W ks, ) = @, (p(0) ® )

where 7 runs over irreducible smooth admissible representations of G(A*).
It is known that if p(w) # 0, then dimy p(wr) = 2 (for example, see [14,
Section 2.2.4]). A necessary condition for p () to be nonzero is that there exists
an admissible representation m, of G(R) such that 7., ® 7 is an automorphic
representation of G (A) (we fix an isomorphism E = ©). Note that one has

HY(K? W(ky, ) @ E —> HY(W(ky,.w)" = @ (p(r) @ 7).

For an irreducible smooth admissible representation 7 of G(A*), & admits thus a
decomposition 7 = ®7r; with 7y an irreducible smooth admissible representation
of (B ®F F)*, where [ runs over the finite places of F'. Recall (for example, see
[29, Theorem VI.1.1(4)])

PROPOSITION 10. Let 7y, my be two automorphic representations of G(A), if
71 = 1, for all but finitely many places | of F, then w, = m,.

By this proposition (and the above discussions), there exists a unique
irreducible smooth admissible representation 7., of G(A*) such that the action
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of H? on (r,)X" is given by A and that p(i,)) # 0 (one has in fact p, = p(7.)).
Thus

Hélt(Kp’ Wiks, . w))[’H" =A== pr Q@M ® (( Rt ”z(/,K[p)[)[Hp = )“z’])-

We have the following facts:

o dimg Jp(my )T (F,) = Y] = 1 (by classical Jacquet module theory and the
condition (b));

o dimpnX" =1, forall [ € S(K?);

from which we deduce

JB (Hélt(Kp’ W(lin’ w)) ®E k(z/))T(Fp):‘/jz/YHp:)”:’

—> Jy(Hy(K?, W (kg , w)) ® k(2) V[T (F,) = o, H” = o],

Denote by S’ the complement of S(K?) U {g} in the set of finite places of F' (thus
S’ is a finite set), we also deduce (compare with [17, (4.21)])

8(z') =2 dimg (7).

les’

By the same argument as in the proof of [17, Theorem 4.8], one can prove
8(z") = 8(z) for all 7/ € Z, and then deduce that O(V) = OU) ®¢ k(z). The
theorem follows.

REMARK 6. Keep the above notation, if z is moreover an E-point of V(K?, w)5
(in practice, one can always enlarge E if necessary), thus one has O(V) = O(U).
So the action of T'(F,,) on M is given by the character T'(F,) — O(V)* =
O(U)* induced by the natural morphism V — ﬁ;p.

5. L-invariants and local-global compatibility

5.1. Fontaine-Mazur L-invariants. Recall Fontaine—Mazur L-invariants for
2-dimensional semistable noncrystalline representations of Gal(@/ F,).

Let ki s, koo € Z, k1o < ko, for all o € X; let p be a 2-dimensional
semistable noncrystalline representation of Gal(@/ F,) over E of Hodge-
Tate weights (—kz,, —ki4)ocs,- By Fontaine’s theory (cf. [27], [28]), one can
associate to p a filtered (¢, N)-module (D,, D) where

Dy := Dy(p) := (Bgy ®Q,, p)Gal(QT,/F&,)
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is a free Fy, o ®q, E-module of rank 2 equipped with a bijective (Fj, o-semilinear
and E-linear) endomorphism ¢ and a nilpotent F, o ®q, E-linear operator N such
that N¢ = ppN, and that D := Dy®p, , Fy, = Dar(p) := (Br®g, p) @/ isa
free F, ®q, E-module of rank 2 equipped with a decreasing exhaustive separated
filtration by F, ®q, E-submodules.

Using the isomorphism

Fy0®q, E — 1_[ E, a®b— (oo(a)b)

00:Fp0—E

00:Fp 0—E’

one can decompose Dy as Dy — [] D,,. Each D, is an E-vector space

00:Fp0—E
of rank 2 equipped with an E-linear action of ¢® and N, moreover, the operator
@ (on Dy) induces a bijection: Dy, > D41 It is known that Ker(N) is a free

Fy, 0 ®q, E-module of rank I, and thus admits a decomposition

Ker(N) — ]_[ Ker(N),,.

00:Fp0—E

Let ey, € Dy, such that Ee,, = Ker(N),,. In fact, one can choose e, such
that

®(€0.00) = €0,090p-1- (25)
Since Ker(N),, is stable by ¢®, there exists @ € E* such that 9 (e ,,) = o€y,
(by (25), we see « is independent of op). Since No = pe N, there exists a unique
€10, € Dy, such that Ne, ,, = €y, and ¢ (e, ,) = qae; o, (thus Dy, = Eeg 5, D
Ee o).

Using the isomorphism

Fo,®y, E— [[ E. a®br (0(@b)ses,,

oeX,

one can decompose D as D — [] D,.One has Dy, ®F,, Fp =[] oes, D,

1Fy, 0 =00

forany oy : F,0 — E.Foro € X,,i =0, 1, lete;, € D,, such that
€0 X 1= (e,-,(,) oex, -

olF, =%

oeX,

Since p is of Hodge-Tate weights (—kz,, —ki4)ocs,, forallo € X, there exists
(a,,b,) € E x E\{(0,0)} such that

Do— l < kl,(.ﬂ
Flll Dg = E(aael’a + boe(),g) kl,g <1 < kz,g,
0 i > k2,a-

We suppose p satisfies the following hypothesis.
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HYPOTHESIS 1. Forallo € ¥, a, # 0.

Pose L, := b, /a,, for o € X,,. One sees easily that £, is independent of the
choice of ey ,. An important fact is that one can recover (Dy(p), D4r(p)) (and
hence p) by the data:

{(_kZ,aa _kl,a)oez‘&,; o, qu; {LH}HEEW}'
Note that by the Hypothesis 1, p admits a unique triangulation given by

0— Re (unr(a) 1_[ o"”ﬂ) — Dyig(p) = Re (unr(qoz) 1_[ (7"‘“) — 0,

oeX, oeX,

in particular, p is noncritical.

REMARK 7. This hypothesis is automatically satisfied when F, = Q, by the
weak admissibility of (Dy, D). Note also that in critical case, one can still define
Fontaine-Mazur L-invariants £, for the embeddings o with a, # 0; we refer to
[21] for results in this case (where a key ingredient is the Colmez—Greenberg—
Stevens formula in critical case).

5.2. Breuil’s L-invariants. Keep the above notation, following [38] (which
generalizes results in [5S]), one can associate to o a locally Q,-analytic
representation of GL, (F,,). We recall the construction (note that the log maps that
we use are slightly different from those in [38]) and introduce some notations.
Letw € Z, k, € Z>, forall 0 € X, such that k, = w (mod 2), suppose p is of
Hodge-Tate weights (—(w + k) /2, —(w — ks +2)/2)5ex, . Put

x(ky , w; @) = unr(e) 1_[ o~k T2 @ unr(a) 1_[ oWtk =22
‘ (TGEK, GGEK,

which is a continuous character of T'(F,,) over E. Consider the parabolic

induction
GLy(Fp)

Qp—an
(ndgp xles, o wie)) " (26)
we have the following facts
e the unique finite dimensional subrepresentation of (26) is V (k 5,0 W o) =
(unr(a) o det) g W(lgzp, w)Y;
e the maximal locally algebraic subrepresentation of the quotient

Qp—an
GL,(Fy) r
(ks wi @) = (Indgr ™ xes i)V kg, w3 @)

is St(@xp, w;a) = St ®EV(/£EW, w; o), which is also the socle of 2(132@,
w; «) (where St denotes the Steinberg representation).
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Let ¥ (L 2@) be the following (d + 1)-dimensional representation of T (F,)

over £
a 0
1 log, , (ad™") log,  (ad™') --- log, . (ad™")
0 1 0 0
=10 0 1 0
0 0 0 1
One gets thus an exact sequence of locally (Q,-analytic representations of
GL,(F):
Qp—an
GLa(Fp) p
(IndB(;) ks, . w; a))
(Indi(L;(f" Xy ,wia) @ Y(Ly )>

Qp—any\ &d
= ((IndELZ(F“’) x(kg ,w; a)) ) — 0.

B(Fy)
Following Schraen [38, Section 4.2], put
Dlky, wias Ly ) =5 (Viky,, w; )*)/Viky,, ;). (27)

REMARK 8.

(1) By [38, Proposition 4.13], E(k/x ,w'of; E’E ) = Zky,, w; a;é%) if
andonlyifk'y =ky ,w' =w,o _aandﬁx _ﬁ 5,

(2)Foro € EK,, denote by ¥ (L) the followmg 2-dimensional representation

of T(F,):
a 0\ _ (1 log,_, (ad™")
V(Lo (O d) _<0 < )

One has thus an exact sequence

Qp—an
GLa(F,) »
0— (IndB(F )”’ (kzp,w;a)>

Qp—an

— (2 gk, wie) @ Y(L))

Qp—an
S0 GLa(Fp) . "
AN (IndE(Fp) X(lﬁzﬁ,v w; oz)) — 0.

Put
ks, wia; L) =5, (V(ky , w; @)/ V(ky , w;a).
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One has an isomorphism of locally Q,-analytic representations of GL,(F},):
ks, wies Lo) Oy, war 2 (ks wi a5 Lo) ®ray, v
e @Z‘(kzm,w;a) 2(]£259’ w; o5 £(m) _N) E(lizp’ w; o] éxp) (28)

Let x; be a locally o;-analytic (additive) character of F in E, replacing
the term log, _, (ad™") by log, _, (ad™") 4+ x; o det, one can construct a
representation Z/('lg 5, Wi O L ):p) exa'ctly the same way as X (k 5, Wi O L Zp)'
By cohomology arguments as in [38, Section 4.3], one can actually prove

LEMMA 5. One has an isomorphism of locally Q,-analytic representations of
GL,(Fy):

Z‘/(/izp,w;a;éxp) = E(lgxp,w;a;ézp). (29)

Proof. We use Ext' to denote the extensions in the category of admissible
locally Q,-analytic representations. By the same argument as in [38, Section 4.3],
replacing G, T by GL,(F,), T (F,,) respectively, one has (see in particular [38,
Lemma 4.8] and the discussion which follows)

GLa(Fp)

Qp—an
EXtIGLZ(Fp) (V(kzpﬂ w; a), (IndE(Fp) X(lﬁ):ps w; C{)) ! )
; HomQF—an(T(Fp)a E)v
which is hence of dimension 2(d + 1) over E.
On the other hand, one can prove

Exthy,r, (Vs ws @), Viky  wi@)) = Homg, w(Fy, E).  (30)

Indeed, put V := V(k 5,0 W a) for simplicity, then by [38, Proposition 3.5], one
has
Extgr, i, (Vs V) = Hy, (GLa(Fp), V @ VY);

for any finite dimensional algebraic representation W of Res; g, GL, over E, by
[15, Theorem 3], one has

H, (GLy(F,), W) = H'(g ®q, E, W).

Using Kiinneth formula (with respect to the decomposition g = s x 3, where s
denotes the Lie algebra of SL,(F,,) and 3 the Lie algebra of the center Z(F),)
of GL,(F,)) and the first Whitehead lemma (cf. [41, Corollary 7.8.10]), one can
show H'(g ®q, E, W) = 0, if W is irreducible nontrivial; and

H'(g®q, E. E) = H'(3®q, E. E) = H, (F}, E) = Homg, _(F,, E).
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Since the trivial representation has multiplicity one in V ®g V'V, one gets the
isomorphism in (30).
From the exact sequence

GL. (F)
0— Viky, , wia) - (Indﬁ(; :

. Qp—an .
(lgzp,w,a)) — Z‘(lgzp,w,oz)—>0
one gets

0— Exté}Lz(Fp) (V(k%, w;a), Viky , w; ))

— ExtéLz(Fp) (V(k%, w; a), (IndGLz(Fgo x(kg, w: a))Qp*an>

B(F,)
BN ExthLz(Fp) (V(l_czp, w; @), ¥k, , w; a)).

So dimgIm(j) = d + 1. This, combined with the discussion above [38,
Proposition 4.10], shows that the natural injection (cf. [38, Proposition 3.5],
where PGL, := GL, /Z)

Extogr, s, (V ks, , wi @), (ks , w; )
— Ext, i, (Vs , wi @), Dky , w; )

induces a bijection between Extll)GLz(FW(V(lng, w; o), E(lgxp, w; o)) and Im(j),
from which the isomorphism (29) follows. O

5.3. Local-global compatibility. Letw € Z, k, € Z>,, k, = w (mod 2) for
all o0 € X,. Let p be a 2-dimensional continuous representation of Gal(F/F)
over E such that

(1) p is absolutely irreducible modulo wg;

(2) pp = plcaa,/r,) 18 semistable noncrystalline of Hodge-Tate weights
(—(w+ks)/2, —(w — ks +2)/2),cx, satisfying the Hypothesis 1 with
{Ls}sex, the associated Fontaine-Mazur L-invariants and {a,qo} the
eigenvalues of g% over Dy (p,);

(3) HOmGal(f/F) (p, Hélt(pr W(k:p? w))) 7& O'

Denote by A, the system of eigenvalues of H” associated to p (via the Eichler—
Shimura relations), put

ﬁ(p) := Homgy 7/ r) (p, ﬁélt(K”, E)HP:A”).
Note that one has

-~ ~ , P=;,

I(p) — Homcal(f/F) (P’ (Kl E)f ﬂ)
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One can deduce from the isomorphism (cf. Theorem 2(2))
Hy (K", Wky, )y, —> Hi(K" E)g,-un ®& Wky, )
a natural injection (cf. Proposition 1 and [22, Proposition 4.2.4])

Hy(K?, W (ky, , w))mp_an ®r Wiky , w)" > HY(K", E)pq,-anr (31
thus I7 (p) 1s nonzero (by the condition (3)). Moreover, by Theorem 2(1), Ij (p)is
a unitary admissible Banach representation of GL,(F,) over E. In fact, I1(p) is
supposed to be (a finite sum of) the right representation of GL, (F,,) corresponding
to p, in the p-adic Langlands program (cf. [8]). By the local-global compatibility
in the classical local Langlands correspondence for £ = p, and Proposition 1

(see also [34, Theorem 5.3]), one can show that there exists r € Z;, such that

(cf. Section 5.2) R
Stk . wi @)® —> (). (32)

where T ()l denotes the locally algebraic vectors of i (p).We can now
announce the main result of this article.

THEOREM 8. Keep the above notation and hypothesis, the natural restriction
map
Homgy,r,) (2(11 sowies Lg), 1T (p)@p_an)

—> Homavr,) ((St(ks, . wi @), A (0)a, )

is bijective. In particular, one has a continuous injection of locally analytic
GL,(F,)-representations

2(/&29, w; o ézp)@’ [N ﬁ(p)Qp_an,

which induces an isomorphism between the locally algebraic subrepresentations.

Such a result is called local-global compatibility, since the IT(p,,) are
constructed by the local parameters (that is, parameters of p,,) while o (P)Q,—an
is a global object. By the isomorphism (28), the Theorem 8 would follow from
the following proposition.

PROPOSITION 11. For any t € X, the restriction map
Homat s,y (£ (ks, » w3 o3 L), A (0)g, -
—> Homgy,(x,) (St(lixm, w; a), ﬁ(ﬂ)@,,%n)

is bijective.
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Before proving this proposition, we give a corollary on the uniqueness of
L-invariants (suggested by Breuil):

COROLLARY 6. Keep the notation in Proposition 11, let L. € E, if there exists a
continuous injection of GL,(F,)-representations

lE(kZ , W, o ﬁ/) —> n(p)(@p—am

then L. = L,.

Proof. By Proposition 11, the restriction on i to St(k 5, W o) gives rise to a
continuous injection

ji (ks wsa; L) <> M(p)g, -
Suppose L. # L., one can thus deduce from i and j an injection
E(lizp, w; o, AC;) @Z(kzp,w;a) E(l_cz‘p’ w; o] Er) — ﬁ(p)@,,fan- (33)
Put for simplicity
V = 2(k2p, w; o, ﬁ;) @E(&Z@,w;a) 2(&29’ w; o; 'Cr)’

the key point is the locally algebraic subrepresentation Vj,, contains an extension
of V(lgzp, w; o) by St(kg@, w; «), which would contradict to (32):
Denote by ¥ (L', L) the following 3-dimensional representation of T (F,):

2 0 1 log, , (ad™") log, . (ad™")
vencos 9)={o o),
0 0 1

thus one has an exact sequence

Qp—an
GLy(Fp) 4
0 —> (Indg s, w5 @)

QIJ_
— (52 xles, ws @) @ YL, L)

s pr'dn H2
((I g (k):@,w;a)> ) o

B(Fp)

It is straightforward to see

V— ()7 Viky,, w; )/ Viky, , w; ).
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On the other hand, ¥ (£, £.) admits a smooth subrepresentation
0 1 (L. —-L, d!
wo(ﬁ ) <a ) — (0 ( T iubﬁ(a )) ,

one has thus an exact sequence of smooth representations of GL,(F},)

0—> (IndGLZ(F ») a) —> (IHdELZ(Fp) Xo Q£ Yo(L, ﬁr)>

B(Fp) B(Fyp)

s

GL2(FK7
B(Fy)

(Ind a>oo — 0,

where ¥, := unr(o)®unr(c). Note that unr(a)odet is the socle of (Indg(L;(fp) )%,
»

and one can check
V' = ((s") "' (unr(@) o det)/ unr(e) o det) @ W(kzp, w)”
is a locally algebraic subrepresentation of V, which is an extension (nonsplit) of

V(lgzp, w; a) by St(lgzp, w; o). We deduce from (33) an injection V’ < ﬁ(p)lalg,
a contradiction with (32). O]

REMARK 9. By Theorem 8 and Corollary 6, we see that the local Galois
representation p,, can be determined by I7(p).

The following lemma has a straightforward proof that is omitted.

LEMMA 6. Let V be an admissible locally Q,-analytic representation of
GL,(F,) over E, there exists a natural bijection

HomGszp) (V, ﬁ(P)Q,,—an)
~ 5 P=),
- HomGal(f/F) (P: HomGLz(FW)(Vv (K[ E)Q ﬂmp))

The Proposition 11 thus follows from

PROPOSITION 12. With the notation in Proposition 11, the restriction map

HomGLz(FxJ) (E(]S):p’ w; a; Ef) (KP E)Q _)Lp>

—> Homar,r,) (St ks, . ws o), HAK?, B (34)

—an

is bijective.
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The rest of this paper is devoted to the proof of Proposition 12. Given an
injection (whose existence follows from (32)) St(k 5, Wi o) — H (KP, E)@ _:n",
by applying the Jacquet-Emerton functor and Theorem 3, one gets a closed

E-point (associate to p) in V(K?, w); given by
= (x = xlkg,, w; @3, 4,).
LEMMA 7. The restriction map (34) is injective.

Proof. The proof is the same as in [20, Proposition 6.3.9]. Let f be in the kernel
of (34), suppose f # 0, thus f would induce an injection

HP=1,

V, — HY{(K" E)§

with V,, an irreducible constituent of X'(k 5,0 W05 L.) different from St(k 5,
w; o) (since f lies in the kernel of (34)) and from V(/ixp, w; «) (by (32)), from
which, by applying the Jacquet-Emerton functor, one would get a companion
point of z, which contradicts to the fact that z is noncritical (thus does not admit
companion points, cf. Corollary 4). O

In the following, we prove the surjectivity of (34), which is the key of this
paper. By assumption, we know the point z is noncritical, thus one may find
an open neighborhood U of z in V(K?, w)5 such that (cf. Corollary 5 and [20,
Lemma 6.3.12])

(1) U is strictly quasi-Stein [22, Definition 2.1.17(iv)];
(2) forany 7/ e U (E), 7' does not have companion points.

Denote by M := M(K?, w); for simplicity, the natural restriction (with dense
image since U is strictly quasi-Stein)

Is(UK? EYAGE) = MOVK?, wyp) — MU

induces a continuous injection of locally Q,-analytic representations of T
(invariant under H?)

MU, —> JB( NKP EYAS ) (35)

where M (Uf), denotes the strict dual of M (/). As in Appendix A, one can show
(see [23, Lemma 4.5.12] and the proof of [23, Theorem 4.5.7] for GL,(Q,)-case)

e M), is an allowable subrepresentation of JB( G(KP, E)Q _;;/ ) (cf.
Lemma 14 below);
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e the map (35) is balanced (cf. Lemma 16 below);

o M(U) is a torsion free O(W 5, )-module (cf. Section 4.3).

From which, one can deduce that the map (35) induces a continuous GL,(F,) x
‘HP-invariant map (cf. Corollary 7 below, see [23, (4.5.9)] for GL,(Q,)-case)

)21:./‘/7'“

( GLz(Fp)M(u)b [8 l])@p an ﬁél[(Kp’ E 7.Qp—an

B(F,)

(36)

where M(U);/[67'] denotes the twist of MU), by §~'. We would deduce
Proposition 12 from this map.

For 0 € X, denote by f, (respectively W, ,) the rigid space over E
parameterizing locally o -analytic characters of T (F,,) (respectively 1 + 2@ O,,),
which is hence a closed subspace of ﬁ;ﬁ) (respectively W x,) (for example, see
[20, Section 5.1.4]).

The character x induces a closed embedding

X Wie=—>Wis,, x'+ xlzx

Recall that we have a natural morphism « : V(K?, w); — W, 5 which is étale
at z (cf. Theorem 7). Put V(K?, w); . := V(K?, w)5 XWi 5, x W\ ., one has thus
a Cartesian diagram

V(Kp, w)ﬁ, _— Wl,f

l |
V(K?, w); —> VVL,):Ap

Denote still by z the preimage of z in V(K?, w)5., « the natural morphism
V(K?, w)s. — Wi, thus « is étale at z. By results in Section 4.4.3, one can
choose an open affinoid V of V(K?, w) containing z such that V is étale over
W\.s,,, and that any point in V' does not have companion points. Denote by V;
the preimage of V in V(K?”, w);.. We see V; is in fact a smooth curve. By
Proposition 8 and shrinking V (and hence V,) if necessary, one gets a continuous
representation

ov, : Gal(F/F) — GL,(O(V)) — GL,(O(V,)).

Denote by xy, = xv.1 ® xv.2 @ T(F,) — O(V,)* the character induced
by the natural morphism V; — V(K?, w);, — V(K?, w); — TE((’ By [30,
Theorem 6.3.9] applied to the smooth affinoid curve V., together with the fact
that any point in V; does not have companion points, one has
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LEMMA 8. There exists an exact sequence of (¢, I')-modules over Roy,, =
B:ig,Fm @QFO(VI) (see for example [30, Theorem 2.2.17] for Diys(pv, ), and [30,
Const.6.2.4] for (¢, I')-modules of rank 1 associated to continuous characters of
F with values in O(V;)*):

0 — Row, (unr(q) xv,,1) = Diig(pv, o) = Row,) (XV,,z l_[ 0_]) — 0. 37)

oeX,

Let t, : Spec E[e]/€* — W, . be a nonzero element in the tangent space of
W . at the identity point (corresponding to the trivial character), since V; is étale
over W ., t. gives rise to a nonzero element, still denoted by 7., in the tangent
space of V(K”, w); . at the point z. The following composition

t. : Spec E[e]/e2 — VK", w);, — VK", w); — wa (38)

gives rise to a character X, : T(F,) — (E[€]/€*)*. We have in fact X, =, o xv,
(1, /:\(’)(V,) — El€]/€?). We know ¥, = x (mod €). Since the image of (38) lies
in Ts,_ (w) (cf. (12)), we see X:|z, = A" and thus (X: x|z, = 1.

LEMMA 9. There exist y, n € E, u € E* such that

1

Y= xex~ =unr(l + ye)(1 — ue log, ) ®unr(l + ne)(1 + nelog, ;).

Proof. The lemma is straightforward. Note that i # 0 since ¢, (as an element in
the tangent space) is nonzero. 0

By multiplying € by constants, we assume p = 1 and thus
V. =unr(l + ye)(1 —elog, ) ®unr(l + ne)(1 +€log, ;).

The following lemma, which describes the character X, in terms of the
L-invariants, is one of the key points in the proof of Proposition 12.

LEMMA 10. (n —y)/2 =e N(=L, —log, (p/@®)) = (—L.) () (cf. Section 2).

Proof. Denote by
Pep i=t: 0 py, o : Gal(Q,/F,) — GLo(O(V,)) — GL,(E[el/e),

from (37), one gets an exact sequence of (¢, I")-modules over R g(e)e2:

0— RE[e]/eZ(unf((]))?r.l) - Drig(ﬁz,p) - RE[e]/eZ <)~(r.2 1_[ 0_1> — 0. (39

oeX,
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For o € X, denote by &,, the character of F with &, ,|0x = 0lp; and
€o.w () = 1. Recall

X =unr(g ') 1_[ o~k D2 @ unr(ga) 1—[ o —Wtka=2)/2.

o€y oeX,

We have thus
8y :=unr(q) %1 = unr (a(1 + ye))(1 —elog, , ) [] o~/

oeXy,
= unr (O[(l —I—ye) 1_[ o(w)” w— kg+2/2>(1 610gt0w) H e (w kg+2)/2
o€y oex,
6y 1= 5(\',72 1_[ o ! = unr (qu(l + ne) l_[ O'(ZD')(w+k”1)/2)
o€y oeX,
x (1+€log, ) 1_[ g, W2,
oeX,
Let xo := (1 — €log, ) [l ez, €5t " ">/%, one can view xo as a character

of Gal(@p/Fp) over E[e]/[€?] via the local Artin map Artr, . Denote by 0=
51,@ ®E[e]/e2 X()_la

81 :=81x, ' = unr <Ol(1 +ye) l_[ a(w)‘w"v”)/z)

oeX,

8; = 52)((;1 = unr <qa(1 + ne) 1_[ O—(w-)(W+kal)/2>

oeX,

x (1+2elog, ) [] eik

(76257
Thus one has
0 — Rggerye2(8) = Drig(p) = Rereye2(85) — 0. (40)

Denote by @ = a(l + y€)[[,c5, o ()~ W*k+2/2; by [3, Theorem 0.2], we
deduce from (40) that (Bis ®q, £)Ga@/Fo) ¢ =3 i free of rank 1 over Fy0 Qq,
E[€]/€?; note also that the E-representation p (mod €) of Gal(@/ F,) is

semistable noncrystalline of Hodge-Tate weights (1 — k,, 0),cx,, and has the
same L-invariants as p,,. By applying the formula in [42, Theorem 1.1], one gets

Yy +n 1 p 1
—~log, (=) - =L, =0.
dﬁ( 2do> d(’g’(we) d
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In fact, with the notation of [42], one has

1
logt,O.w = _E IOgT <wl:)w1 + 1r¢2

where 1, € F, ®q, E = HUEZ‘K,) E such that (1,), =0ifo # v and (1,), =1,

and where we view log, , ., as an additive character of Gal(Q,/F,) via the local
Artin map Artg, . Thus one can apply the formula in [42, Theorem 1.1] to

2
(V,a,8,k} = {~ a, (— y+n_ Z log, (i))e,z,e}.
do d w*®

The lemma follows. O

The following lemma follows directly from Lemma 10.
LEMMA 11. As representations of T (F,,) (of dimension 2) over E, one has
Heb™ = gy, wie) ®p YL,

, -1
where Y (L, (3 9) = (| reerted D irimusadrz).

1

The parabolic induction (Ind— B(L;(f”’) X8~ @ = Jies thus in an exact sequence
as follows
Qp—an Qp—an
GLa(Fp) A ! GLy(Fp) ~ o—1) <
0— (I ndzo )" X (kzg,,w,a)) (I ndg ;" Xed )
Qp—an
GLZ(Fp . /
= (g2 g wie)) T — 0. @1)

By Lemma 5, one has

LEMMA 12. One has an isomorphism of locally Q,-analytic representations of
GL,(Fy):

(s)~ ( ( 5,0 W3 oz))/V( 5, W a) E(L%,w;oc;ﬁr).

Consider the composition ¢, : Spec E[€]/€> = V(K?, w)s. — V(K?, w)s,
and (t}M)" being a finite dimensional E-vector space equipped with a natural
action of T (F,) x H”. We claim there exists n € Zx; such that (as T (F,)-
representations)

(M) = 5o, (42)
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In fact, as in Section 4.4.3, there exist open affinoids V' of V(K”, w); and
U of W, 5, such that V' lies over U, O(V') = O(U), and that M(V’) is a
locally free O(U)-module. The group T (F,,) acts on M(V’) via the character
T(F,) — O(V')* = O(U)* (with the first map induced by the natural morphism
V — /T\zm), the claim follows. We also see that H? acts on M (V") via the natural
morphism H? — O(V’) Z O(U). Thus H? acts on (t:M)" viaH? — O(V') —
E[€]/€?, in particular (M) is a generalized A,-eigenspace for H” (one can
view f, as a thickening of the point z).

Since U is strictly quasi-Stein, the restriction map M U) — M is surjective,
so we have injections

(ZM)Y — (M) — MWU),.

Firstly note that a nonzero map f in the right term of (34) corresponds to a
nonzero vector v € (z*M)" in a natural way:

@ M) — J(HY (K", EYG=0 "

—an

)T(FK,):)(,H”:AK,

T(Fp)=x.Hl=hp

> Ts(HY (K" Wk, w) @ W ks, w)")
— 5 (Ha (K", Wiks, , )))T(Fp) e ®r x (kg , w)

= Homgy, () (( (;?;(fm) Yo~ ) , Hy(K?”, Wiky, ,u))) Jp)
—> Homarr,) (St ks, ws @), Au(K?, D). (43)

where the first isomorphism follows from Theorem 3, the second from the fact
that any vector in the second term is classical (see also Corollary 3),

¥ o= xx kg, w)™

(cf. Corollary 3), the fourth from the adjunction formula for the classical
Jacquet functor, and the last isomorphism follows from (31) and (32) (and [20,
Corollary 5.1.6]).

By the isomorphism (42), there exists ¥ € (t*M)" such that (E[e]/€?) -V = ¥
and that v € (E[€]/€?) - ¥. By multiplying 7 by scalars in E, one can assume
v = €v. The T (F,,)-invariant map, by mapping a basis to v,

X —> MU, [H" = 2,]
induces a GL,(F,,)-invariant map denoted by U

¥ (Indy 20 :5*1)@f>*““<_>(Indﬁw&”M(u),,[a N)E A = )

B(Fp) B(Fyp)
(36)

Hy(K?, E) " THY = 2,1, (44)
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Similarly, the T (F,,)-invariant map x <> (MU);)" =", by mapping a basis to
v, induces a GL, (F},)-invariant map, denoted by v

GLy(Fp) —1\Qp—an ~1 p Zy=N"" ?—LV_A/,
(I d15’(F) X8 ) Hét(K ’ )pQ,, —an

It is straightforward to see that the following diagram commutes

Zy= N "V HP =1,
0,Qp—an

l |

GLa2(Fp) ~ o_1\Qp—an v
(Indﬁwgg; XS —— HUKP BT THY = 1,]

GLy(Fp) 1\ Qp—an v ~1
(IdB(F)“ 5" ——  Hy(K?,E)

P, Qp an

where the left arrow is induced by x <> ¥, and the right arrow is the natural
injection.

By the same argument as in the proof of Lemma 7, one can prove the map v
factors through an injection
)zlz(/vfw,wle,

v E(Ig%, w; a) —> H (K", E 7.0y

Moreover, we claim the restriction f, := v|St(k;p,w:a) is equal to f. In fact, by
taking Jacquet—Emerton functor, one sees both the maps f and f, give rise to the
same eigenvector

ve p(Huk?, BG ) T = @My,

from which the claim follows.
By the commutative diagram (45) and Lemma 12, we see v induces a
continuous GL, (F,,)-invariant injection

E(Igzp, w; o] Ef) > H (K", E)Z! M = Aol (46)

. Q —an

whose restriction to St(k%, w; o) equals to f (by the above discussion and

commutative diagram (45)). It is sufficient to prove the map (46) factors through
HA(KP, B2 T

P, Q,rdn
By the same argument as in the proof of Lemma 7, one can prove the following

restriction map is injective:
HomGLZ(Fm) (E(kf » W & ‘C ) ﬁélt(va E)Q,,—an[Hp = )Lp])
—> Homgr,(r,) (St (lgzp, w; a), ﬁélt(K", E)q,-ulH’ = Ap]).

For any X € H”, we know the restriction of the map (X — 1,(X))v to St(ky,
w; o) is zero (since the image of f lies in the A,-eigenspace), hence (X —
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A, (X))V = 0 (here X7V signifies the composition Dky,, wia; L) o ﬁé‘[(K”,
E)q,-awlH? = A,] X ﬁélt(Kp, E)g,—w[H” = A,]), in other words, Im(?) €
HM\(K", E )S "=} This concludes the proof of Proposition 12.
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Appendix A. Some locally analytic representation theory

As suggested by one of the referees, in this appendix, we recall some locally
analytic representation theory and explain how to deduce the map (36) from
Emerton’s adjunction formula [25] (the results in this section were contained
in [20]).

Let U be a strictly quasi-Stein rigid analytic space over E (cf. [22,
Definition 2.1.17(iv)]), A := O(lA) is thus a (commutative) nuclear Fréchet-Stein
E-algebra (cf. [37, Section 3]); let M be a coherent sheaf over U, M := M(U)
is thus a coadmissible A-module (cf. [37, Section 3], [22, Definition 1.2.8]).
The strong dual U := M, is then an E-vector space of compact type (cf. [36,
Section 1]), equipped with a continuous A-action: (a-U)(m) := u(am) fora € A,
ueUandm € M (thatis, A x U — U is separately continuous, for example, see
[22,1.2.14]). Note Uy = M. Let (U @ E)?® be the E-vector subspace of U @ E
generated by the generalized eigenvectors for A, and U¢ := (U ®z E)* N U.

LEMMA 13. US¢ is dense inside U.

Proof. For a closed maximal ideal m of A, n € Z,, the natural projection
M — M/wm" induces an injection (M/m")” < M,’ (note M/m" is finite
dimensional over E). Then U; := dom li_r)nn (M/m")¥ C U is contained in US,
and it is sufficient to prove the closure U_(f equals U. First note by Nakayama’s

lemma, if U(‘f =0thenU =0.Let W :=U /W, and the strong dual of the exact
sequence

O—>U_(‘f—>U—>W—>0
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gives an exact sequence of coadmissible A-modules (corresponding to coherent
sheaves over U):

0—> W) - M — (US)) — 0.

We define W{ in the same way as U replacing M by M’ := W,’ (and let M’
be the corresponding coherent sheaf over /), and as mentioned above, Wog =
would imply W = 0. To prove W = 0, it is sufficient to prove the induced map
U§ — W is surjective. Thus it is sufficient to prove the

lim (M /m")" —> Tim(M'/m")" (A1)

is surjective for any closed maximal ideal m of A (which corresponds to a
closed point z in /). Let JJ = Spm B be an admissible affinoid neighborhood
of the point z in U, N := M(Y) = M®,B, N' := M'(Y) = M'®4B (for
example, see [37, Corollary 3.1]), and denote by mp the corresponding maximal
ideal of B. Then N and N’ are finitely generated B-modules, and we have
M/w' = N/wh, M'/m" = N'/m’, forn € Z>, (see [37, Section 3] for properties
of coadmissible modules over Fréchet—Stein algebras, note also that it can be
deduced from [4, Proposition 7.2.2/1 (ii)] that A/m" = B/m},). By Artin—Rees
lemma, there exists r(n) such that (m,"”N) N N’ C m, N'. The natural map
(N/m"N)Y — (N'/(mS"N) N N’))¥ is surjective (since its dual is injective),
while, (N’/m’, N')" is naturally contained in the latter space, from which we see
(A.1) is surjective. The lemma follows. O

Now suppose ¢/ C X with X a rigid space finite over ?;,, then U is
naturally equipped with a locally analytic T'(F},)-action induced by the evaluation
map T(F,) — (’)(T;@) (for example, see [36, Corollary 3.3], note by [22,
Proposition 6.4.6], the distribution algebra D(T (F},), E) is contained in (Q(Tg ).

LEMMA 14. U is an allowable locally analytic representation of T (F,) (cf. [25,
Definition 0.11]).

Proof. Let H = Endzf,)(U), since A acts naturally on U, we have a natural
map A — H. By definition, we need to prove for any two algebraic characters
X1> x2 of T (F,), each element in Homy 7,1 (U ® x1, U ®f x2) is strict where
H acts U ®g x; on the first factor and T'(F,,) acts on U ® x; via the diagonal
action. However, we have

Homy 7, (U ®k x1, U @& x2) C Homy (U Qf x1, U ®F x2)
= Homy (U, U) C Hom, (U, U),
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and any element in the right set is strict (since U" is a coadmissible A-module),
the lemma follows. O

Denote by C%~™!(N, E) the affine E-algebra of the algebraic group
Resgi N xq, E = Resg; Ga xq, E,

thus
CY» (N, E) = ®yex, Elo(2)] =: Elzy 1.

Let C&» (N, U) :=CY% (N, EYQpU = Ulzy, 1. This space can be equipped

with a natural gy, -action such that for z** =[] o(z)" € CYPY(N, E),
|Eg.)|
my €Zyg,andu €U,

oeXp

o ZU : (uzﬂzp) = m(r(d(r - do)uzﬂzﬁ’ + (ZO' . M)Zﬂ):py for Z(r = (a(ﬁr d(?,) €t, C Yo

1 o'=0
0 o #0°’

0 ifm, =0

my,
[} . (2 = _ .
X+"’ (uz ) {mduzﬂ% = otherwise

where 1, € ! with (1), = |
and X4, == (3 }) € go;
o X_, - uz"%) = (hy - w)"%'e —mouz"s+ with X_, = ($ §) € go, ho =
((1) —01) € Jo-
The embedding U < UJz 5 ] (which can be easily checked to be by, -invariant,
5

where b denotes the Lie algebra of B(Fj,) and by, actson U via by, — ts ) thus
induces
U(as,) ®ues,) U — Ulzy, ] (A2)

since U(gx,) = U(myz,) ®c U(bs,), U(gs,) Que,,) U = Us,) ®¢ U. One gets
thus amap U(ny, ) ® U — Ulz, ] with
Fp

( I1 X'l',“c,)u - (( I1 mﬁ(ha - j)) -u)z’% (A.3)

oez, o€, j=0
forallu € Umg € Z‘;ﬁ", where we let ]_[;f’;(;l(hg — j) be 1 when m, = 0.

Asin[25, 28)], let ;21 (U) < (Indy ;" 1)~ be the closed GLa(F,)-
subrepresentation generated by JB((Ind%(L;S”) U)®~®). Since U is allowable,
IEG(L;X”)(U ) is moreover a local closed subrepresentation of (Ind%l(‘;;j") U)Qy—an
(cf. [25, Proposition 2.8.10]). Note M is equipped with a natural action of U(ty, )
induced by

U(ts,) —> OTs,) —> A.
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Let t C t be the Lie algebra of Z| C T(F,), thus U(ts,) is the polynomial
E-algebra generated by {h,}ocs,, -

LEMMA 15. Suppose M is U(f);p)—torsion free, then

GLo(FK))
B(F )

(U) = (Ind22"

B(Fy)

U)o,

Proof. By results in [25, Section 2], it is sufficient to prove (A.2) is surjective.
Indeed, any local closed subrepresentation V' of (Ind%(L;(j”’) U)%~ js determined
by its fiber V, (cf. [25, Definition 2.4.2, Propositi&on 2.4.7 (iii)]). By [25,
Lemma 2.8.8, Proposition 2.8.10], we have a commutative U(gy, )-invariant
commutative diagram

(A2) .
U(gs,) Qus,) U — CL=PU(N, U)

| l

GLQ(FK, GLy(Fp) 1\ Qp—an
B(F) ), —— (In dE(F) U).

where the left vertical map is induced by the U(by,)-invariant map U <
IGLz(Fp)

B(Fp) . N .
surjective, we deduce the bottom map has dense image, thus is an isomorphism,
from which the lemma would follow.

Since M is U(ty, )-torsion free, for each 0 # x € U(ty,), M = M is injective;

(U), and the right vertical injective map has dense image. So if (A.2) is

by taking the dual, we see the map U 5 Uis surjective, so (A.3) (hence (A.2))
is surjective. 0

By [25, Theorem 0.13], we have thus (note the modulus character § is smooth,
hence does not change the Lie algebra action)

PROPOSITION 13. Let V be a very strongly admissible locally Q,-analytic
representation of GL,(F,) and suppose M is U({Ep)-torsion free, then we have a
natural bijection

HOHIT(FW)(U, JB(V)) ;> HomGLz(Fp) ((IndGLZ(FK} U ® 5~ )Qp—an V)bal

B(Fp)

where ‘bal’ denotes the balanced maps (cf. [25, Definition 0.8]).

Now we go back to the setting after Lemma 7: let I/ be a strictly quasi-Stein
neighborhood of z in V(K?, w); such that for any 7z’ € U(E), z’ does not have
companion points. By Lemma 14, the representation M ({{),] is allowable (where

M = M(K?, w)s).
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LEMMA 16. (35) is balanced.

Proof. By definition (cf. [25, Definition 0.8]), we need to prove the kernel of the
composition

U(g&))@U(WM(u)z — Uds,) @ JB( ISR
Hy(K", )75,

contains the kernel of (A.2) (for U = M@U))).

It is thus sufficient to prove for 0 # v € MU)y, if there exists m . € Z‘Zp
such that ([T,.5, [172 ' (he — /))v = 0 (where we let [72; ' (h, — j) be 1
if m, = 0), then (]_[Gexm
in HL(K?, E)pQ”_Q; (via (35)). We view h := [[ o5, [Ti2 ' (ho — j) as a
global section of T, 5, and put Tx (m ):W) to be the closed analytlc subvariety

of /T\);p defined by & (see [4, Section 9.5]). Let I/I(mxp) =U X7y, /T\);W (ﬂxp)
(which is also the closed rigid subspace of ¢/ defined by h, thus in particular
is also strictly quasi-Stein), M’ := ./\/llu(mzp), M = M’(U(mzp)). One can
check that (M'); = (M@U);)"=". By Lemma 13, the generalized eigenvectors
are dense in (M’)/, it is thus enough to prove (][, . 5, X "o )v = 0 for generalized
eigenvectors (of T(Fy,) x HP)v € (M'))/. Let 0 # v € (M'), be a generalized
(x', A")-eigenvector (enlarge E if necessary), where x' = x; ® x; is a continuous
character of T'(F,), since hv = 0, there exists 0 € X, such that m, > 1,
ne = ky o —kyo €1{0,...,m; — 1} and hence (h, — n,)v = 0. However,
as in [24, Proposition 4.4.4] (see also [20, Lemma 6.3.15]), one can prove X" x !
induces a map

( (Kp E)P Qp—an )hﬂz"v [T (Fp) = X' HP = 2]

—an

XM )v = 0, where the latter v is Vlewed as a vector

to ho=—ng—2 e ,

— J(HyK", E)257) [T(Fp) = ()5, HP = 1]
while the latter space is zero since any point in I/ does not have companion points.
So X" 'v = 0, the lemma follows. O

By results in Section 4.3, M) is O(W. 5, )-torsion free thus U(f;@)-torsion
free. By Proposition 13, we get

COROLLARY 7. The map (35) induces an HP-invariant morphism of locally
analytic representations of GL,(F,,)

(IndZ="

S M8~ T — B B

p,Qp—an
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