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1. Introductory. The Laplace transform

f(p) = p f° er"h(x) dx (B,ep>0) (1.1)
Jo

has been generalised by Varma [4] by the relation

<t>(p) = P \ e-iv*{px)m-lWkm(px)h{x)dx ( R e p > 0 ) , (1.2)
J o

which reduces to (1.1) when k = - m + J by virtue of the identity

^—+».«(») =ar»+»«-»« (1.3)

We shall define <j>k,m,x (p) by the relation

Km.»(P) =P r e~i^(pxr-iWKm(px)x%(x)dx (Rep>0) (1.4)
Jo

The object of this paper is to obtain some recurrence formulae and series for <j>ki m_ A (p)
and to use them to obtain recurrence formulae and series for MacRobert's 2?-function.

2. Formulae required in the proof. We have [5, p. 352]

Wk,m(z) = zWk-*,„_»(*)+ ( i -*+m)tP*- l i m(«) , (2.1)

Wk,m(z) = ziWk_itm+i(z)+(i-k-m)Wk_Um(z) (2.2)

and
zW'k,m(z) = ( ' - I ^ M W - ^ - ^ D I W M ^ W (2.3)

We have also [3, p. 201]

fj-[z™-h-i*Wk,m(z)] = - t f - i e - * ' ^ , „,_»(*) (2.4)

It will be observed that (2.2) can be obtained from (2.1) by using the property

W\-m(sO = WKm(z) (2.5)

From (2.3) we also observe that

W'k,-m(z) = W'k,Jz) (2-6)

Harishanker has obtained the following series for WKm(z)

Wk+n.m(z) = ( - l ) . r (» + * + . + *)n! i ^

(2.7)
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and

W (z) - (^r(m +
Wk_n,m(z) - r(m + k + l) r t 0 (n-r)\r\

(2.8)

3. Recurrence formulae for the Whittaker's confluent hypergeometric function.
Eliminate Wk_lm(z) between (2.1) and (2.2), divide by z*, replace k by k + J and m by ?«. - £
to obtain

(m-fc-i)W*.m(z) = (|-A;-m)fFt,m_1(2) + (2m-l)2-iPFJt+i,m_1(Z) (3.1)

This has been otherwise obtained by Rathie [2, p. 392].

In (2.2) replace m by m - 1 and eliminate z* W*_j, m_j (z) from this relation and (2.1) to get

Equating the values of ^ -^ (z ) from (2.3) and (2.4), we obtain

{m + k-z-\)Wktm(z) ={mi-{k-mWk.1,m(z)-ziWk+iim_i(z) (3.3)

Simplifying (2.4), we get

sTPi,»(2) = (^-m + h)Wkrm(z)-ziWk+iim_i(z) (3.4)

Using (2.6) with (3.4), we obtain

W m(z) -zlWk+hm+i(z) (3.5)

4. Recurrence formulae for the generalised Laplace transform <f>ktmi\(p). Using
(3.2), we get

y ^ . M . J + l W + l i ^ + ^ M , ™ , ^ ) = ?(!-i-)»)^1,I»-u+l(?)+^,m,»(l') (4-1)
Using (3.3), we get

(4.2)

5. Recurrence formulae for MacRobert's E-function. If

x*h(x) = x^E (*lt.... ar_2: pv ... , p^ :

then [2, p. 392]

The formulae (4.1) and (4.2), on replacing A by ar_li A + 2m by ar and A + m - k + £ by j8s.
Ihen give us

and

Uv . . . , « r _ 2 , « r_! + 1 , « r - l : P\,m „ » E . / « ! » - . « r :
I ft ft ft- l + l P s - a r - i ) ^ 1 o o o , i
\Pi Ps-v Ps • I \Pv ••• » Ps-i. Ps + 1 :

"r-l + W - l
fl ft , 1 . ) ( f t

i P«-i» Ps + 1 : / \Pv

^' •••'ar: P\ p / a p . . . , a r - 2 . a r - l + l . «r + l : M

= (A - « « ) ( « , - A)* fr - ' J = fl +. .*) - ̂  (a
fi
lJ - ' "-»' a^ + 1> a- ^) • ...(5.3)

\Pl Ps-vPs + l-/ \Pv->Ps'- I
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6. Series for the generalised Laplace transform. Using the results (2.7) and (2.8)'
we obtain the following series for the generalised Laplace transform, <f>k m ^{p),

(6.1)
and

, ,„, W! r ( m + f c - W + ^ ) ( - l ) " ». j-l)r<l>k-rl2,m+rl2.x{P)
**-».».*M = r(m + k + i) r?0 (^7)17!

(6.2)

7. Series for the MacRobert's E-function. Using (5.1) with the results (6.1) and
(6.2), we obtain the following finite series involving MacRobert's iS-function

(*v . . . , a r : p\
U fls-n:)

r-i,

and

, ' )

My thanks are due to Dr N. G. Shabde for the help and guidance I received from him
during the preparation of this paper and to Professor T. M. MacRobert for his various valuable
suggestions.
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