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1. The Pincherle polynomials are defined * as the coefficients in
the expansion of {1 -3#x+¢}-%in ascending powers of ¢&. If the
coefficient of ¢* be denoted by P, (x), then the polynomials satisfy
the difference equation

A+ )P (x)-3@n+ Dz P, () +(2n-1)P,_,(x)=0.. ...... )
and P, (ac) satisﬁes the differential equation
d‘)

dy
-1) — - 24 94n - A
4 (4= l) + 96 «® o (12% 4n -9z

—n(2n+3)(2n+9)y=0 ........................ 2)

Dr Humbert + bas defined a more general type of polynomial
from the relation

{(1-3w+8} " =3P (a),
n=0

and has shown that thése polynomials satisfy the difference

equation
(m+1) P, (x) =3z (n+v)Pr(x)+(n+3v-2) P!, (x)=0......... (3)
and that P, (x) satisfies the differential equation

'y

d d’y
3 _ 2 (9
(42 - 1) e + 6% (2v + 3 o

(Zv+1)

- (3v+2)(3v+5) }%
~n(n+3v)(r+3v+8)y=0.......c.coinin (4)

* 8. Pincherle, Mem. della R. Accad. di Bologna, 8. 5, T. 1. (1890), p. 337
+ Humbert, Proc. Edin. Math. Soc., (1921).
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As is to be expected from their definitions, these polynomials have
properties which are closely analagous to those of Legendre’s and
Gegenbauer’s polynomials. The object of this present note is to
exhibit this similarity by obtaining expressions for Pincherle’s and
Humbert’s polynomials in terms of the hypergeometric function.

2. The hypergeometric function of the second order, defined as
S e a «.B.y. (e +1). B(B+]). y(y+1)
F(%ﬁ“/» 8:‘)“’):‘1’*‘1!8.5 x+ 218(8+1). ¢(c+1) @
+0..((1.+l)(0.+2).B(B+1)(ﬁ+2).V(7+1)(7+2)m3+
318(8+1)(8+2).e(e+1)(e+2) o

satisfies the differential equation

(l—w)wz% +{ (8+€+1)—(a+ﬁ+y+3)m}x$—j—ag

+{8:—1(0.,3+,37+7a+ou+ﬁ+7+1)}3—1—&37.3/:0 ...... (5)

The complete solution of this equation may be written in the form
y=AF(x, B,y; 8 ¢; x)
+B.at i F(a-8+1,B-8+1,y-8+1;2-8 ¢-8+1; x)

+Cwl—€F(a.—e+1, B-et+tl,y-e+l;8~e+1,2-¢; ),
4, B, C being arbitrary constants.

If in equation (5) we make the substitution x=4+¢ it
reduces to
1\d*y

Fy 2 _19
4(4t*’-1)W +\ 48 (o +B+y+1) £#-12 (8 +e+1) <3

+[16{1 ~6(c+B+y)+9(aB+By+ye+o+B+7y)}e

-4(4_63—6e+985)%] 3—1’ +432aBy.y=0......(6)

Identifying this equation with equation (4), satisfied by
Humbert’s polynomials, we obtain
2(+B+y+1)=2v+3
8+e~1=0
-4{1-6(c+B+7)+9(aB+By+yr+a+B+7y)}
=3n'+3n(v+1)-(Bv+2)Bv+5)| (7)
4-60-6c+95e=0
18aBy=-n(n+3v)(n+3v+3)

https://doi.org/10.1017/50013091500035781 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035781

60

Equations (7) give the results

n 1 =n v 1 n v+41 1
+B. (-Gt gyt gt et
2 4
3 ?; )(4&:’)
n 2 v 2 =n v+l 2
+C F(—§+-3—,‘—+T+—3—,"é-+ 3 +—3-,

%—, —2—; 41:3) (4 :z:’)§

3. From the difference equation (3) satisfied by P (x) it is

apparent that the term in P, () involving the highest power of =
will be that in #° and that the indices of the powers of x in
successive terms will differ by 3 ; it is therefore natural to assume

P’ (x)=4'sin (n~l)%—sin(n~2)—§-

, Y T . AT n n v 1
+ B sin (n-2) 7 sin—-. F’( ?+—§-, -6—+7+_3_’
n
6

v+1 1 2
Tty 3 )(4”’)
2 2
C'sin(n - 1)3 sm— ( % 3-,%.;_%4.?,
n v+l 2 4 5 #
F+T+—3‘7 "3‘: '§', 437:)(41,")’

A', B, C’ being certain constants which are to be determined.
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The coefficient of «* in P, (z) may be obtained from (3), with
the conditions

P (z)=1
P(x)=3va

Py (@)= v (v +1)@

and may be written in the form
P+ THTE)
n+l n+3 n+3
r r(*+)
P r(5)r(5) (S
On comparing coefficients in the two expansions we obtain the
result

P ()=

(=1 Tn+v) )
%1 n n v+1
3.43 r(v)r(?+%>r(?+ )

2
I ARAS WAL
GG %)

sin (n - 1)%— . sin (n—2)%~x

n v 1 n v+l 1
I‘(6—+—2—+-3— r T;-+ ) +—3—)
+ sin (n ~ 2)— x
1 r n+ 2
s T (%)
nr o, n 1 n v 1 n v+l 1
sm3.F\ 3+3’6+2+3’6+2 3
2 4 3
S T Al
= 3,4x)(4x’)
(2 2\p(n,vtl 3)
(Fro+re)T (G5~ x
+ sin(n — 1)—x
1 2 <n+l 3
el oF i
3°3 3
nw n 2 m v 2 =m vyl 2
sing F(-gtg gyt gt Yy
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In the case of Pincherle’s Polynomials, where v=}, this
gives

P,,(x):\ (“l)"l"(n+%)

[ 1 n 1 n 3
)
2 st3) gty

X

n 1 n 3
~“\r(2
I‘(6+4> <6 4>sin(n—1)l sin (n - 2 ™
F'n+3 3 -—.)?x
i)
n n 1 »n 3 1 2
-z *,- " o 1 2
( 3’6+4’6+4’3'3’4“’3)
n 7 n 13
F(G +EF_6—+1_)sm(n—2)1 i
L (n+2 3 SngT X
7 ("5)
n 1l = 7 =»n 18 2 4 3
-t n ¢ m 19 = . 3
( 573612 6 12’3’3’4"’3)(4”)
n 11 n 17
P(E—+E>P<F+l_§> sin(n 1)” sinnrx
+ _1_ 2 I,n+1> 37 3
38 3
2 = 11 =» 17 4 5 %
F “l o ot sy wtog o o )4
( st e et 3 3 W) (P

4. These expressions for P, (x) and P, (x) have a meaning and
satisfy the differential equations (4) and (2), respectively, even
when n is not a positive integer. They may therefore be used to

define functions P, (x) and P, (x) for all values of ». The functions
so defined bear the same relation to the Humbert and Pincherle
polynomials, respectively, that the Legendre functions bear to the
Legendre polynomials.
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