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AN IMPROVED CONVEXITY MAXIMUM PRINCIPLE
AND SOME APPLICATIONS

Atan U, KENNINGTON

This thesis investigates geometric properties of a class of elliptic
boundary value problems. Geometric assumptions are made on the data
defining the problems in order to prove geometric properties of the

solutions.

The problems considered are of the type

1

(1) aij(Vu)uij + b(x, u, Vu) =0 in Q ,

u=0 on 230,

where § 1is a bounded convex domain in Rn for some n = 2 , [?ij] is
the matrix of second derivatives of a function u on Q , Ezij] is a

positive semi-definite real symmetric matrix, and b > 0 . (The usual
summation convention is understood.) The geometric properties considered

are generalisations of concavity.

The principal results are a convexity maximum principle and a
concavity theorem. The maximum principle is an improved version of one

proved by Korevaar ([1]). 1t states that if a function » on § is

smooth enough and satisfies (1) with b(z, z, p)-l a convex function of

the joint variable (x, 2) for all p , then the function e(x, y)
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defined on f x Q by
e(z, y) = (1-A)v(x) + Ww(y) - v((1-2)z+ry)

cannot take on a positive maximum in the interior of Q X Q . Appropriate
boundary behaviour of v guarantees that ¢ 1is non-positive near the

boundary of £ X Q , from which it follows that v is concave in § . The

concavity theorem generalises this by substituting ua for v with

O0<oa=1. Then ua is shown to be concave in §} under some rather

complicated conditions on b

A special case is Poisson's equation Au + flax) =0 . If f‘(x)B is

. a . .
concave in £ for some 8 = 1 , then wu(x) is concave with

a = B/(1+2B) . This value of & is shown by counterexamples to be sharp.

. (S N
(Note that if u is concave then uY is concave whenever 0 <y = «a .)

Thus the solution is seen to inherit geometric properties from the data.

Since the thesis was submitted, the author has found a simplification

of the conditions required of b(x, 2, p) . The simpler conditions are

O~
that =z lb(ac, 2, p) be decreasing with respect to =2 , and

3a-1)/ab[x’ Zl/a, z(l—a)/ap

z( ) be jointly concave with respect to the

variable (x, 2) in & x (0, «) .

At the time of writing the thesis, only a small handful of articles
had appeared on this topic. Now there is an extensive, rapidly growing
literature on the concavity-like properties of solutions of boundary value

problems.
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