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FIBER CONES OF IDEALS WITH ALMOST MINIMAL
MULTIPLICITY

A. V. JAYANTHAN* anD J. K. VERMAT

Abstract. Fiber cones of 0-dimensional ideals with almost minimal multiplic-
ity in Cohen-Macaulay local rings are studied. Ratliff-Rush closure of filtration
of ideals with respect to another ideal is introduced. This is used to find a bound
on the reduction number with respect to an ideal. Rossi’s bound on reduction
number in terms of Hilbert coefficients is obtained as a consequence. Sufficient
conditions are provided for the fiber cone of 0-dimensional ideals to have almost
maximal depth. Hilbert series of such fiber cones are also computed.

§1. Introduction

Let (R, m) be a Cohen-Macaulay local ring having infinite residue field.
Let I be an m-primary ideal of R and K an ideal containing I. The
fiber cone of I with respect to K is the standard graded algebra Fg(I) =
D,>0["/KI". The graded algebra Fx(I) for K = m is called the fiber
cone F(I) of I. For K = I, Fx(I) = G(I), the associated graded ring of I.
The objective of this paper is to study the depth of the ring Fx (I) subject
to certain conditions imposed on the coeflicients of the Hilbert polynomial
P(I,n) corresponding to the Hilbert function H(I,n) = A(R/I"), where
A denotes the length function. This theme has been studied for the asso-
ciated graded rings by Elias [8], Goto [10], Huckaba [15], Huckaba-Marley
[17], Jayanthan-Singh-Verma [19], Rossi [25], Rossi-Valla [26], [27], Sally
[28], [29], Wang [34], [35] and for the fiber cones by Cortadellas-Zarzuela
[5], D’Cruz-Raghavan-Verma [6], D’Cruz-Verma [7], Jayanthan-Verma [20],
Shah [30].

The form ring G(I) and the fiber cone F(I) have been studied sepa-
rately. By studying the ring Fx (1) we hope to unify the results obtained for
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G(I) and F(I). An initial motivation for this paper was to find conditions
on Hilbert coefficients which will ensure high depth for F (1), thereby ob-
taining the results known for G(I) and F'(I). We have not been completely
successful in providing a unified approach. However, techniques developed
to study the two rings separately can be unified in the hope of obtaining
results for F (I).

We now point out a few results in the literature which indicate the
importance of a systematic study of fiber cones. We begin with the clas-
sic paper [22] of Northcott and Rees. Throughout this section, let (R, m)
be a local ring of dimension d and let I be an R-ideal. Let £k = R/m
be infinite. The analytic spread, [ := ¢(I), of I is defined to be the di-
mension of the fiber cone F(I). By Noether normalization lemma, there
exist elements aq, a9, ...,a; € I such that their images by, bo, ..., b in I/mI
are algebraically independent over k and F(I) is an integral extension of
k[b1,ba,...,b]. Tt follows that there exists an n > 0 so that JI" = [+
where J = (aj,a2,...,a;). The ideal J is called a minimal reduction of
and the smallest n so that JI™ = I"*1 is called the reduction number, r; (1),
of I with respect to J. Minimal reductions have played an important role in
the study of many problems in commutative algebra, e.g. Hilbert functions,
Rees algebras and associated graded rings, to name a few.

The fiber cone F'(I) is the fiber over the closed point of the blowup

Spec <é I"/I"H) — Spec(R).

n=0

Thus it plays an important role in resolutions of singularities of algebraic
varieties. Hironaka, in his paper [16] on resolution of singularities, intro-
duced the concept of permissibility of I as a center of blowing-up. Recall
that I is called permissible in R, if R/I is regular and the associated graded
ring G(I) is R/I-flat. Put

mn

H(G(m),\) = gdim<mn+l>)\" and H(F(I),\) = idim<£n)xn.

Let e denote the embedding dimension of R/I. In 1976, B. Singh [31],
proved that I is a permissible center of blowing-up if and only if the Hilbert
series of G(m) and that of F'(I) are related by the equation:

H(G(m), \)(1 — N = H(F(I), \).
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In the same year 1976, Cowsik and Nori [4] used fiber cones to characterize
complete intersections. They showed that in a regular local ring R, a radical
ideal I is a complete intersection if and only if ¢(I) = ht(I).

Let R be a commutative ring. An element x € R is called integrally
dependent on an R-ideal [ if it satisfies an equation of the form

" +ar" a4+t a1z +a, =0

where a; € I' for i = 1,2,...,n. Elements of R that are integrally de-
pendent on I form an ideal denoted by I. We say that I is complete if
I=1

Recently, the work on fiber cones has been inspired by their usefulness
in detecting evolutionary stability of local algebras. Let A be a ring and let
T be alocal A-algebra essentially of finite type over A, i.e. T is a localization
of a finitely generated A-algebra. An evolution of T over A is a local A-
algebra essentially of finite type over A, and a surjection R — T of A-
algebras inducing an isomorphism Qg4 ®r T~ Q7/4. The evolution R of
T is called trivial if R — T is an isomorphism. We say T is evolutionarily
stable if all its evolutions are trivial. Eisenbud and Mazur remarked in [9]
that they have been unable to find any nontrivial evolution of any reduced
k-algebra in equicharacteristic zero or of any reduced algebra which is flat
over a discrete valuation ring of mixed characteristic. Hiibl [12] observed
that if I is a complete ideal in a local domain (R, m) and F(I) is reduced in
degree one then mI is complete. He also proved that if (R, m) is a smooth
k-algebra where k is a field of characteristic zero with [R/m : k| < oo
and I is a reduced, equidimensional ideal with m/ complete, then R/I is
evolutionarily stable.

Therefore it becomes important to know when m/ is complete. Huneke
and Hiibl provided sufficient conditions in [13] for completeness of m/. An
ideal is called normal if all its powers are complete. Let I be a normal ideal
in a normal local domain (R, m) with R/m infinite and ¢(I) = dim R. If
F(I) is equidimensional and has no embedded components, e.g. when F(I)
is Cohen-Macaulay, then m/” is complete for all n € N.

Therefore we observe that it becomes important to know when F([I) is
Cohen-Macaulay or what exactly is its depth. Once we know that F'(I) is
Cohen-Macaulay, it becomes easy to determine its Hilbert series, provided
we have access to a minimal reduction of J of I. The images of minimal
generators of J in I/mlI form a homogeneous system of parameters in F'(I).
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Hence they form a regular sequence, whence

SO NI/ (T + mIm))en

H(F(I),t) = (1 _ t)ﬁ([)

We now describe the contents of the paper. For a Cohen-Macaulay
local ring (R, m) the ‘Abhyankar-Sally’ equality gives that

p(m) +A(m?/(y1,...,y5)m) = eg(m) +d — 1,

where (y1,...,yq) is a minimal reduction of m. J. D. Sally studied the
associated graded rings of the maximal ideal with pu(m) = eg(m) +d — 1
and showed that G(m) is Cohen-Macaulay in such cases. She conjectured
that if u(m) = eg(m) +d — 2 then depth G(m) > d — 1. This conjecture was
settled in affirmative by M. E. Rossi and G. Valla [26] and independently
by H.-S. Wang, [34]. Later M. E. Rossi generalized this to the case of m-
primary ideals to prove that if A(I/I1?) = eo(I) — (1 — d)A(R/I) — 1, then
depthG(I) > d — 1. She further generalized this to prove that if there
exists an integer k such that I"NJ = JI" ! for all n = 1,...,k and
A(IF+1/JI%) < 1, then depth G(I) > d — 1.

The Abhyankar-Sally equality was generalized by J. Chuai to m-primary
ideals I. It was shown in [3] that for an m-primary ideal I in a Cohen-
Macaulay local ring R p(I) + A(mI/mJ) = eo(I) — AN(R/I) + d. Hence
pu(I) <eo(I) — AM(R/I)+ d and the equality occurs if and only if mI = m.J.
S. Goto defined an ideal to have minimal multiplicity if mI = mJ. He
characterized various properties of the associated graded rings, the Rees
algebras and fiber cones of such ideals.

In Section 4 we prove the main result of the paper, Theorem 4.4. Let
~(I) denote depth G(I). We prove that if I is an m-primary ideal such that
there exists an integer k > 0 such that mI"NJ = mJI" tforalln =1,...,k
and A(mI**!/mJI*) < 1 for any minimal reduction J of I and y(I) > d—2,
then F'(I) has almost maximal depth. The method of the proof is inspired
by the methods employed in [25]. The first main ingredient of the proof is
a bound on the K-reduction number rX(I) = min{n | KI"*! = KJI"}.
Such a bound for the usual reduction number r(I) was provided in [25].
This bound played a crucial role in the solution to an analogue of Sally’s
conjecture for m-primary ideals by M. E. Rossi. By specializing the bound
on the reduction number r¥(I) for K = m, we are able to use it for the
fiber cone F(I).
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The second main ingredient of the main theorem is the notion of Ratliff-
Rush closure, rri(In) = U,>0 K Lnyk If, of a filtration, F = {I,}n>0 of
ideals with respect to an ideal K containing I;. We will develop the basic
properties of 77 (I,) in Section 2. We shall find an analogue of Huneke’s
fundamental lemma [18] for the Hilbert function A(R/rrx(I,)). As a con-
sequence of this generalization, we shall provide formulas, in dimension 2,
for the coefficients of the Hilbert polynomial, Px(F,n) corresponding to
the Hilbert function Hx (F,n) = A(R/K1I,). These formulas are crucial for
obtaining the bound on the reduction number r& (I) in Corollary 3.6. We
shall recover Rossi’s bound [25] for r(I) as a consequence of our bound for
ri(I).

One of the motivations for finding numerical conditions which ensure
high depth for G(I) and F(I) is to compute the Hilbert series. Because
of high depth one can work in dimension 1 or 2 where computation of
Hilbert series is relatively easy. As a result, by imposing conditions on
the multiplicity and minimum number of generators, one can predict the
Hilbert series. In the final section of this paper, we obtain a formula for the
generating function, ) -, Hx(I,n)t", where I is an m-primary ideal with
almost minimal multiplicity with respect to K. This formula generalizes
results of Sally and Rossi-Valla.

§2. Ratliff-Rush closure of a filtration of ideals with respect to
an ideal

Let (R,m) be a Noetherian local ring of dimension d > 0. A filtration
of ideals F = {I,,},>0 is said to be a Hilbert filtration if

(i) Lnlm C Iy, for all n,m > 0,
(ii) there exists p > 0 such that I1 I, = I,,; for all n > p and
(iii) I; is m-primary.

For a Hilbert filtration F, let H(F,n) = A(R/I,) denote the Hilbert
function of F and

P(F,n) = eo(F) (” * 3 B 1> — ey(F) <" ji‘f N 2) bt (21 ey (F)

denote the corresponding polynomial.
Let K be an ideal such that I,,11 C K1, for allm > 0. Let Hg(F,n) =
A(R/K 1) be the Hilbert function of F with respect to K. Since Hx (F,n) =
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ANR/I,) + NI,/KI,), Hx(F,n) coincides with a polynomial for n > 0.
Let the corresponding polynomial be denoted by

n+d-—1 n+d-—2
PK(f,n):90< d )91< d—1 >+-~-+(1)d9d~

Let (R, m) be a Noetherian local ring and F an I;-good filtration of R.
Let K be an ideal of R such that Iy C K. Let Fx(F) = @,,~ In/KI, be
the fiber cone of F with respect to K. For z € I1\K1I, let 2* denote its
initial form in the associated graded ring, G(F) = @,,~¢ In/In+1, of F and
2° denote its initial form in the fiber cone Fg(F).

We begin by recalling some of the properties of superficial elements in
Fx(F) proved in [20].

PROPOSITION 2.1. Let (R,m) be a Noetherian local ring of dimension
d with R/m infinite. Let F = {I,,} be a Hilbert filtration of R, K an ideal
such that In+1 C K1, for alln > 0. Then

1. There exists an x € [1\KI; such that x° is superficial in Fx(F) and
x* is superficial in G(F).

2. If, for x € [\K I, x° is superficial in Fi(F) and x* is superficial in
G(F), then there exists a ¢ > 0 such that (K1, : x)N 1. = KI,_1 for
all n > c. Moreover if x is reqular in R, then KI,, : x = KI,_, for
all n > 0.

3. If x° is regular in Fr(F) and x* is reqular in G(F), then KI,, : x =
KI, 1 foralln > 1.

4. Let x € I be such that =* is superficial in G(F) and x° € Fx(F) is
superficial in Fi(F). Let F = {I, + xR/xR}p>0 and K = K/zR. If

depth Fiz(F) > 0, then x° is reqular in Fr(F).
5. Let x1,...,x, € I;. Assume that

(1) x1,...,xK is a reqular sequence in R.
(i) x7,...,x; € G(F) is a regular sequence.
(1ii) x9,...,2% € Fg(F) is a superficial sequence.

Then depth(ye . .oy Fx(F) = k if and only if (z1,...,x) N KI, =
(x1,...,2)KI,_1 for alln > 1.
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DEFINITION 2.2. The Ratliff-Rush closure of F = {I,,} with respect
to K is the sequence of ideals rrg (F) = {rri (1) }n>0 given by

rric(In) = | J (K Tyr < I7).
k>1

The Ratliff-Rush closure of a filtration of ideals with respect to an ideal
behaves quite similar to the Ratliff-Rush closure of an ideal. We summarize
some of its properties.

PrOPOSITION 2.3. 1. rri(In) = Upsy (K nktn : 1Y)
2. If gradely > 0, then rrg(I,) = KI, for n > 0.
3. If J = (x1,...,24) is a reduction of I, then rri (I,) = Upsy (K Intk :
(zf,...,2h)). )
4. If J is a reduction of I, then rri(In) = Ugs (K Intk : JF).

5. If J is a minimal reduction of Iy, then rri(I,) : J = rrig(I,—1) for
alln > 1.

Proof. 1. Note that KI,.1 : I} C KI,12: I? C --- is an increasing
chain of ideals in R. Hence rri(I,) = K1 : I{“ for k > 0. Since the
chain Kl 4y : I, € Klyi0p : I,QL C --- also terminates, it is enough to
show that rrg(I,) = Klpin : IF for k> 0. Suppose x € Ky, @ IF.
Since I7F C I¥, xIP* C K1, ,. Therefore for k> 0, 2 € Kl gy : ITF =
rri(I,). Conversely, let xI¥ C K1, 4, for k > 0. Since F is an I;-good
filtration, there exists py such that I11, = I,,11 for p > pg. Choose k > 0.
Then

wI¥ C 2Ly C 2L, I C L Kk—posn © K Inpin.

Therefore z € K1y : Ifj, so that rrg (I,) = KlLygin Iﬁ for k> 0.

2. Let x € I; be such that x is regular in R and z? is superficial in F (F)
and z* is superficial in G(F). Then, by Proposition 2.1(2), KI,, : = =
K,y for n > 0. Therefore KI,, C Kl,y1 : 1 C Kl,y1 : x = KI,, for
n> 0. Thus K1,y : Iy = K1, for n > 0. We show that K1, : I{“ =KI,
for all £k > 1. Apply induction on k. The result is proved for k£ = 1. Assume
that the result is true for £k — 1. Then

Kl i IV = (KL, - IFY 0 1y
= KI,41: 11 (by induction)
= KI, forn>0.
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Therefore rri(I,) = K1, for n > 0.

3. Let (z) = (21,...,2s) and (z)F = (2% ... 2F). Clearly KI, 4y : If C
KI, 1 : (z)*l. Since (z) is a reduction of Iy, there exists an integer r such
that (z)™Ip = I for all n > r and m > 1. Let z € KT,y : (z)!¥ for
k> 0. Then

ZI{-‘:-SIC — Z(Q)Skllr

= < Z za{? x?*)]f

|a|=sk
C Z KIyjpoxit -t xgsI]  where a; > k
|a|=sk
- KIn+r+sk-

. rsk+r
I

Therefore z € K1, 15k =rrg(l,).

4. Let J = (x1,...,25). Since Kl : If C Klyp : J¥ C K1y :

(z¥, ..., 2F) for all k, the assertion follows.

5. For k> 0, we have

rric(In) s J = (KL : J*) 2 J

= Klyyp: J* T = rrg(I,1).

i

The next lemma inspired the definition of Ratliff-Rush closure of a
filtration of ideals with respect to another ideal.

PROPOSITION 2.4. Let F = Fg(F) and let [H2‘+(F)]n denote the n-

th graded component of the local cohomology module H%+(F). Suppose
grade I; > 0. Then for alln > 0,

rri (L) NI,

[Hp. (F)), = T

If grade(I1) > 0 and v(F) > 0, then grade F. > 0 if and only if rri(I,) =
KI, for alln > 0.
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Proof. Let y € I, and y° € [H&(F)}n =0 :p, F} for k> 0. Then
y°FY¥ = 0. Therefore yIf C Kl Hence y € (Kl @ IF) NI, =
r7i (In) N I,. Therefore [H%+ (F)n C (rrx(Iy) N 1,)/KI,. Suppose y° €
(In Nrrx(1,))/KI,. Then for k > 0, yI¥ C KI, 4. Therefore y°Ff = 0
so that y° € 0:p, FF = [H%+(F)]n

Suppose rri(I,) = KI, for all n > 0. Then H%+(F) =P, N
rri(Iy,)/KI, = 0. Therefore grade 'y, > 0. Conversely, suppose
grade F. > 0. Then rri(I,) N1, = KI, for all n > 0. Suppose y €
rric(I,) = Kl : IT. Choose a regular element 21 € I; such that x¢ is
regular in F and 7 is regular in G(F). Then yz¥ € K1, so that ya¥ €
KI, N (2}) = 2¥K1I,. Therefore y € K1, and hence rrx(I,,) = KI,,. []

In the next proposition we obtain a generalization of Huneke’s fundamental
lemma [18] for the function Hg(F,n). It also shows that once we know
a minimal reduction of I;, we can compute the coefficients g; and g and
hence the Hilbert polynomial of F(F) can be completely determined.

PROPOSITION 2.5. Let (R, m) be a 2-dimensional Cohen-Macaulay lo-
cal ring. Let F = {I,} be a Hilbert filtration of R. Let J = (z,y) be a
minimal reduction of Iy. Then N(R/rri(I,)) coincides with the polynomial
Pr(F,n), for n >0 and the following are true:
1. Forn > 2,

APy (F.m) — AR/rric(I))] = A(K(”)

Jrrg(In-1)
2. Set
eo(F) — MR/rrg(lp)) if n=0
Un = rric(In .
)\<7JW;((I”_)I)) if n>1.
Then, g1 = ) ,>1vn — MR/rrk(ly)) and g2 = >, 51(n — D, —
AMR/rri(1p)).

Proof. 1. Since rrg(l,) = KlI, for n > 0, A(R/rrx(l,)) =
Hy(F,n) = Pg(F,n) for n > 0. Consider the exact sequence:

R B R 2 a J
0— rr(In—1):J - (rrK(In71)) - Jrrg(In—1) - 0’
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where the maps a and 3 are defined as, a(7,5) = zr +ys and B(F) =
(yr,—zr). It follows that for all n > 2,

2A(R/rri (In—1)) = MR/ (rri (In-1) : J)) + M(J/Jrri(I—1))
=AMR/(rri(In-1) : J)) + MR/Jrri(In-1)) — M(R/J).

Therefore eg(F)+2 N R/rri (In—1)) = A R/Jrrik(In—1))+ AR/ (rrr (In—1):
J)). Hence

eo(F) = MR/rrg (L)) + 2ANR/rr(In-1)) — MR/rrr(In—2))
=MNR/Jrrg(In-1)) = MR/rri(I,)) + M(R/(rrg(In—1) : J))
— MR/rri(In—2))
= ANrrr(In)/Jrri(In=1)) = ANrrx (In—1) : J/rri(In—2)).

Since A2Py (F,n) = eo(F),

I,) i (In—1):J
A2[Pye(Fn) — Hig(Fon)] = A —-rEUn) )y (rrslnoy) 2 Ty
Pre(Fsm) K(Fn)] (JTT‘K(In_l) i (Lh—2)

By Proposition 2.3(5), we have rrg(l,) : J = rrg(Ip—1) for all n > 1.
Therefore for all n > 2,

A2 [Py (F.m) — MR/rrc(1))] = A(K(”)

Jrrg(In-1)

2. Define a filtration of ideals F' = {F,,} in R as follows:

P R ifn=20
" i (Ih—1) ifn>1.

Then it can be seen that F' is a Hilbert Fitration. Since R is Cohen-
Macaulay, grade I; > 0 and hence by Proposition 2.3(2), the Hilbert polyno-
mial corresponding to the functions Hyx (F,n) and A(R/rrk(I,)) are equal.
Also, Proposition 2.3(5) shows that v(F') > 1. Let H(F,n) = A\(R/F},) and
P(F,n) denote the Hilbert function and Hilbert polynomial corresponding
to the filtration F'. Then it can be seen that

P = PeFon - =) - ()7 1) + e

=go<n21> —(go+g1)<dil> + (91 + 92)-
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Applying Proposition 1.9 of [11], we get that

n
g+ g = j;o/\(FjH/JFj) and g1+ g2 = ; <1>/\(Fj+1/JFj)-

Therefore

g1 = Mrrx(lo)/J) + Z Arrg(Ly)/Jrrg(In-1)) — 9o

Substituting the value of g1, we obtain go = >, <, (n—1)v, —A(R/rrK (Ip)).
B i

As a consequence we derive formulas for the Hilbert coefficients obtained
by Huneke for the I-adic filtration in [18].

COROLLARY 2.6. Let (R, m) be a 2-dimensional Cohen-Macaulay local
ring and F be a Hilbert filtration. Then ei(F) = > <1 vn and ez(F) =

ZnZl(n - 1)'071

Proof. Put K = R in Proposition 2.5(2) and note that, for K = R,
rri(ly) = R. i

§3. Bounds on reduction numbers

In this section we obtain a bound on the K-reduction number of an
m-primary ideal (see Definition 3.3) from which we derive Rossi’s bound
([25, Corollary 1.5]) for the reduction number. We use this bound to prove
the almost maximal depth condition for the fiber cone. We set the following
notation for the rest of the section. Let (R, m) denote a Cohen-Macaulay
local ring with infinite residue field. Let I be an m-primary ideal of R
and let J be its minimal reduction. Let K be an ideal containing / and
let rrg (I™) denote the Ratliff-Rush closure of I"™ with respect to K. For
n > 0, set

K = Nrrg(I"™) ) Jrr(I)  and  vX = N(KI"TY/KJI).

LeMMA 3.1. If KI"M' N J = KJI" for some n, then pk — vE =
Arrg (I ) Jrr e (IT) + K1Y,
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Proof. Since Jrrg(I™) C Jrrg(I™) + KI" C rrg (1™, we have

rrg (17T _ K Jrr (1) + K1+
Trrg(I") + K1) = Pn Trr(IM)

e \ KIn+1
~/n KI" A Jrrg(I7) )

Since KJI" C Jrrg(I") N KI"tY € Jn KI" € KJI*, KJI" =
Jrrg(I™) N KI"L 0

The next proposition, due to M. E. Rossi, played a crucial role in solving
the conjecture of Sally [26] and its generalization to case of m-primary ideals
[25]. For an ideal I in R, let R(I) = @p,,~, I"t" denote the Rees algebra of
I. For an R(I)-module M, put Annsv (M) = {z € IV | xt*M = 0}.

PROPOSITION 3.2. Let I be an ideal of a Noetherian local ring R and
let J be a minimal reduction of I. Let M be an R(I)-module of finite length
as R-module. Let v be the minimum number of generators of M/R(J)+M
as an R-module. Then

I = JI"' + Annp (M),
DEFINITION 3.3. Let J be a minimal reduction of an ideal /. Put
rB(I) ;== min{n | KI""' = KJI"}.
The integer r& (1) is called the K-reduction number of I with respect to .J.

We now give a bound for the K-reduction number of an m-primary
ideal. Put

SK(I) == {n e N|KI*' nJ = KJI for all j < n}.

THEOREM 3.4. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion d > 0. Let I be an m-primary ideal of R and let J be a minimal
reduction of I. Let K be an ideal containing I and let n € Sff([). Then

n

() SZPZK—E—TL—Fl—ZViK.

>0 =0
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Proof. Let M := D, 5 mri(I")/KI". Then M is a finitely generated
R(I)-module and Agr(M) < oo, by 2.3(2). For j >0, (M/R(J)+M);41 =
M1 /(J7T Mo+ JIMy+- -+ JM;). For 1 <i < j+1and k> 0, we have

J M1 =JJ My_ip1 €I My
JITYK Pk k) 4 K[+

KJIi+1

c Jrrg(I7) + K7+

= KIith

= JM,;.

Therefore [M/R(J)+M]j+1 = rri (L) ) Jrrg(17) + K7, We have
Nrr (Y ) Jrre (7)) + KPP < Xorrg (P ) Jrrg (7))

and equality occurs if and only if K1/t C Jrrg (I7). Since J is a reduction
of I and rry(I") = KI™ for n > 0, there exists a j such that KI/t! C
Jrrg (7). Let k = min{j | KI’*' C Jrrg(I7)}. Let p; be the minimal
number of generators of rry(I/T1)/Jrr(I7) + K[’ as an R-module.
Then p; < Mrrg (I /Jrrg () + KIPHY). Let p = >_j>oHj- Then by
the previous proposition I* = JI#~! 4+ Annyu(M). Therefore
KIWHRL — R (et 4 Annge (M)
= KJI"F + KT*" Annge (M)

C KJI*M™* 4 Jrrg (I%) Anng (M).
Since Jrr (I*) Annpe (M) C KJIPHF K T#HR+1 = K JT#FF Therefore

PP <p+k= pmi+k<Y A rric(I77) +E
! Jrric(17) + KI7+1
7>0 7>0

Since n € SK(I), by Lemma 3.1, A(rrg (I /Jrrg(I7) + KIPH) = pJK -
V]K for 7 < n. Hence

Ji+1
S ) N
Jrri (1) + KIi+1

n
r ) <) (o v +
§=0 j>n+1

If k <n+1, then X(rrg(I7HY) [ Jrrg (I7) + K7 = p for all j > n+1
so that

(<) o) +h- ZV <D0 +”+1*ZV

3>0 7>0
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Suppose k >n+2. Thenforn+1<j<k-—1,

A(rrg (P ) Jrrg () + K'Y = pf — M Jrrge (1) + K ) Jrrge (1))

<pf -1
Therefore
n k—1
P <3 K =+ T -+ Yk
j=0 j=n+1 jzk
n
>0 =0

i

The following lemma is quite well-known. We include it for the sake of
completeness.

LEMMA 3.5. Let (R,m) be a Noetherian local ring and let J = (z1,. ..,
xs) be an ideal generated by a regular sequence in R. Then for any ideal K

containing J, J/KJ = (R/K)°.

Proof. Consider the map ¢ : (R/K)® — J/KJ, defined as

O(T1y.. . Ts) =121 + -+ + Tss.

The map ¢ is clearly surjective. Suppose for some r1,...,7s € R, riz1+---+
rsxs € KJ. Write rix14- - -+rsxs = t1x1+- - -+tsx, for some tq, ..., ts € K.
Then (r1 —t1)xy = (ta—ro)zo+- -+ (ts—7rs)xs. Since xq,..., s is a regular
sequence, 11 —t; € (x9,...,25) € K and hence r; € K. Similarly r; € K
forall t =1,...,s. Therefore ¢ is an isomorphism. 0

We obtain a bound on the reduction number r%(I) in terms of the
Hilbert coefficient g;.

COROLLARY 3.6. Let (R, m) be a 2-dimensional Cohen-Macaulay local

ring, 1 an m-primary ideal, K an ideal containing I and J a minimal
reduction of I. If n € S¥(I), then

rX(I) < g —Zl/f{—l—n—l—l—l—/\(R/K).
=0
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Proof. By Theorem 3.4, we get

ri (1) < Mrr (1)) Jrric (I +ij —i—n—l—l—Zu
j>1

= MR/ Jrr(I°) = M(R/rri (I —{—Zp] —I—n—l—l—ZV
7>1
(R/J)+>\(J/J7“7"K(IO))— A(R/rri (1))

DI}

j>1

= eg(I) + 2X\(R/rr (1Y) — A(R/rrg (I —i—ij —|—n+1—21/
j>1

< eo(I) + AMR/rri(1%)) +>\(R/K) — AMR/rri(I))

DR

j>1
The last equality follows from Lemma 3.5 and the inequality follows since

K Crrg(1°). By Lemma 2.5, g1 = eo(1) + M(R/rri (1)) — N(R/rri (1)) +
> i>1 pJK . Therefore

rF() < g —Zqu—i—n—i-l—i-)\(R/K).
=0

i
COROLLARY 3.7. (Rossi’s bound) Let (R, m) be a Cohen-Macaulay lo-

cal ring of dimension 2. Let I be an m-primary ideal of R and J be a
minimal reduction of I. Then

T'J(I) < 61(1) —60<I)+)\(R/I)+l

Proof. For K = R, we have 0 € SK(I) and note that g; = e; for
all i = 0,...,d. Hence from Corollary 3.6 it follows that r(I) < e;(I) —
AI/T)+1=e1(I)—eo(I)+ NR/T) + 1. [

Our objective in introducing r¥ (I) is to obtain bounds for r%(I) which in
turn is used to study the depth of fiber cones of ideals with almost minimal
multiplicity.
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COROLLARY 3.8. Let (R, m) be a 2-dimensional Cohen-Macaulay local
ring, I an m-primary ideal and J a minimal reduction of I. If n € ST(I),
then

n
r7(I) Sg1+n+2—2u}“.
=0

Proof. The assertion follows directly from Corollary 3.6 by puttting
K=m 0

If I is an m-primary ideal, J is a minimal reduction of I and z* is regular
in G(I), then r;(I) = rz(I), [14]. In the following lemma we prove that a
similar result holds for the K-reduction number also.

LEMMA 3.9. Let (R,m) be a Noetherian local ring of dimension d >
0. Let I be an m-primary ideal of R, K an ideal containing I and J a
minimal reduction of I. Let x € I\KI be such that x* is reqular in G(I)
and x° is reqular in Fx (I). Then r?(f) = ri&(I), where “~” denote images
modulo(z).

Proof. Clearly rf]—((l_) < r¥(I). Suppose for some n, KI" = KJI" L.
Then KI"+xR = KJI" '+ 2R and hence KI" = KI"N(KJI" ' +2R) =
KJI" ' + (xRN KI"). Since z* is regular in G(I) and x° is regular in
Fi(I), by Proposition 2.1(5), tRNKI" = 2 KI"~!. Hence KI" = KJI" L.

Therefore TJI—((I) = ri(I). [

84. Ideals with almost minimal multiplicity

Let (R, m) be a Cohen-Macaulay local ring of dimension d > 0. Let [
be an m-primary ideal and J a minimal reduction of I.

DEFINITION 4.1. An ideal I is said to have almost minimal multi-
plicity with respect to an ideal K DO [ if for any minimal reduction J
of I, \(KI/KJ) = 1. We say that I has almost minimal multiplicity if
A(mI/mJ) =1.

Remark. For any m-primary ideal I, an ideal K O I and a minimal
reduction J of I, A(KI/KJ) = 1if and only if \(I/KI) =eo(I)—A(R/I)+
MJ/KJT)—1=ey(I) — AN(R/I) + d\(R/K) — 1, by Lemma 3.5. Hence the
definition of almost minimal multiplicity with respect to K is independent
of the minimal reduction J chosen for I.
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For K = I, the almost minimal multiplicity condition is equivalent to
AI/T?) = eo(I) — (d — 1)A(R/I) — 1, which was the condition imposed
on the ideal in [25] to obtain the almost maximal depth for the associated
graded ring.

In this section we actually consider a more general class of ideals, de-
scribed as follows. Let I be an m-primary ideal, J a minimal reduction
of I and K an ideal containing I. Suppose that there exists an integer k
such that mI"N.J =mJI" ! for all n = 1,...,k and A(mI*+! /mJI¥) < 1.
We prove that the fiber cones of such ideals have almost maximal depth
provided the associated graded rings have high depth. The method of the
proof is analogous to the method employed by M. E. Rossi in [25] to prove
the almost maximal depth condition for the associated graded ring. We
begin with the following lemma.

LEMMA 4.2. Let (R,m) be a Cohen-Macaulay local ring, I an m-pri-
mary ideal, J a minimal reduction of I and K an ideal containing 1. If
MKIT/KJI™™Y) = 1, for some r > 1, then A\(KI"/KJI"™') < 1 for all
n>r.

Proof. Since A(KI"/KJI"™!) =1, there exists a € K, b € I such that
KI" = KJI" '+ (ab") and mab” C KJI"~!. Then it can easily be seen, by
induction, that KI" = KJI" ! + (ab") with mab™ C KJI" ! for all n > 7.
Hence A(KI"/KJI"™ ') <1 foralln=1,...,75(I). 0

LEMMA 4.3. 1. Let (R,m) be a 2-dimensional Cohen-Macaulay local
ring. Let I be an m-primary ideal and let J be a minimal reduction of I. If
for some k, mI*NJ = mJI* foralln =1,... k and A(mI*! /mJI%) =1,
then r?(I) < g1+ k+1— Z;:é vl

2. Let x € I\mI be such that x° is superficial in F(I) and x* is superficial
in G(I). Let “=” denote images modulo(x). If there exists k such that

ml" N J = aJI" for alln = 1,....k and X(WI*/mJI%) = 1, then
r(I) = rP(I) = g1+ k+1 - h o

Proof. 1. The inequality directly follows from Corollary 3.8.
2. Set s = rj—‘(f). Clearly s < r}(I). As z° is superficial in F'(I) and

x* is superficial in G(I), ¢1 = g1, where g; denote coefficients of the poly-
nomial corresponding to A(R/mI™). Since dim R = 1, by Theorem 5.3 of
(20], g1 = > >0 A(mI™/mJI"1) — A(R/m). From the hypothesis it fol-

lows that A(m[7t!/mJI7) = 1 for all j = k,...,s — 1. Therefore, g; =
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Z?:o M@ /mJI7)+s—k—1. Hence r'7(I) < g1 +k+1— Z?;é vt = s.
il
We now prove the main result of this section.

THEOREM 4.4. Let (R,m) be a d-dimensional Cohen-Macaulay local
ring, d > 2, I an m-primary ideal such that v(I) > d — 2 and J a minimal
reduction of 1. If there exists an integer k, such that

mI"NJ=mJI" ! forall n=1,....k and AmI**'/mJI*) <1,
then depth F'(I) > d — 1.

Proof. Induct on d. Let d = 2 and J = (x,y) such that (z°,y°),
(z*,y*) are superficial sequences in F(I) and G(I) respectively. Let “—”
denote images modulo(x).

Case I: mIF+tt = mJI".
Then we have, mI" N (y) = m(y)I" ! for all n > 1. Since g is regular in R,
the above condition is equivalent to saying that mI™ : (y) = m/ =1 for all

n > 1. Therefore, ° is regular in F'(1). Hence Sally machine for fiber cone,
[20, Lemma 2.7, yields that z° € F(I) is regular and hence depth F'(I) > 1.

CASE IL: A(mI**+ /mJTIk) = 1.
Then for all n = k+ 1,...,r™(I) = r, we have A(mI"/mJI""!) = 1. If
ml*t1 = mJI*, then proceeding as in CASE I, we get that x° is regular in
F(I) and hence depth F(I) > 1. Therefore assume that A(m[*+!/mJI*) =
1. Set s = r7(I). Then by Lemma 4.3(2), we have r = s = g1 + k + 1 —
Yo vy

Since mI"NJ =mJI" ! for alln =1,...,k, from [20, Lemma 5.2], we
get mI" N (z) =m(z)[" L foralln=1,... k.

For j > k, consider the following exact sequence:

0— RS - PR — w0
For j =k,...,r—1, A(mI** /mJI*) = 1 = A(mI[**! /mJI*) and for j > r,
these two modules are zero. Therefore, for j > k, the last two modules
in the above exact sequence have equal length. For j = k we know that
ml7 : x = mIF~! = ml7 : J, hence by induction, mI’*+! : z = mI7 for all
j > k. Therefore mI’+! : x = mI7 for all j > 0 and hence z° is regular in
F(I).
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Now assume that d > 2. Let J = (z1,...,24) be such that (z9,...,29_,)
is a superficial sequence in F'(1) and (z7F,...,z}_,) is a regular sequence in
G(I). Let “—” denote images modulo(x1,...,z4—2). Then we have,

ml"NJ=mJI" ! forall n=1,...,k and )\(ﬁ‘tfkﬂ/ﬁljfk) <1

Therefore, by the first part, depth F(I) > 1. Since (z3},...,25 ) is a
regular sequence in G(I), F(I) = F(I)/(x,...,29_,) and hence by Sally
machine, depth F/(I) > d — 1. [

COROLLARY 4.5. Let I be an m-primary ideal in a Cohen-Macaulay

local ring (R, m) such that y(I) > d—2. If I has almost minimal multiplicity,
then depth F'(I) > d — 1.

Proof. By Lemma 4.2 we have A\(mI%/mJI) < 1. We also have mINJ =
mJ. Now the assertion directly follows from Theorem 4.4. U

We end this section with an example to show that the depth assumption on
the associated graded ring in the above theorem is necessary. This example
was provided to us by M. E. Rossi.

EXAMPLE 4.6. Let R = k[z,y, 2], where k is any field. Let I = (—x?+
v, =2 + 2% vy, yz, zx) and J = (—2% + 2, —y% + 22, 2y). Then I® = JI2
Hence J is a minimal reduction of I. Let m = (x,y, z). Then it can be seen
that mI = mJ + (2%) and m(z3) C mJ. Hence A\(mI/mJ) = 1. Therefore I
has almost minimal multiplicity. It can be easily seen that %I C I?, but
2% ¢ I. This shows that the Ratliff-Rush closure I is not equal to I. Hence,
~v(I) = 0.

Now we show that depth F'(I) = 1. Since I is generated by homoge-
neous elements of same degree (equal to 2), F(I) & k[-2? + 4%, —y? +
22, wy,yz, zx]. Therefore depth F(I) > 1. Set F = k[—x? + 32, —y® +
22, wy,yz, zx]. Consider F = F/(—2? + y?)F. Let M denote the graded
maximal ideal of F' and let 9 be the graded maximal ideal of F. Then, it
can be easily checked that M(—x222 4 y222) = 0. Note that, since 2> ¢ F,
—2222 4 y222 £ 0 € F. Therefore we have produced a nonzero element in
F which is killed by the maximal ideal of F and hence depth F' = 0. This
shows that depth F' = depth F(I) =
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§5. Cohen-Macaulay Fi (/) when I has almost minimal multiplic-

ity

In this section, we characterize Cohen-Macaulay property of Fg (1)
when I has almost minimal multiplicity. For this purpose, we find the
generating function of the function Hg (I, n), first in dimension 1 and then
in arbitrary dimension. A formula of Rossi and Valla for the Hilbert se-
ries of G(m) when A\(m?/Jm) = 1 is generalized for m-primary ideals with
almost minimal multiplicity.

LEMMA 5.1. Let (R,m) be a 1-dimensional Cohen-Macaulay local ring

and let I be an m-primary ideal of R with almost minimal multiplicity with
respect to K D I. Let s = r5¥(I). Then

1. Pk(I,n) =ey(I)n — (s — A(R/K)).
2. Y50 Hi (I n)t" = [MR/K) + (eo(I) = 1= A(R/K))t+t5T1] /(1 1)*.

Proof. 1. From the following diagram,

R KI, Kl
60(I)T eo(I)T /
(z) ~——xKI,

it follows that

=1 forn=0,...,5—1
/\(KI”/KI"+1)—{6O() o=l

eo(I) for n > s.
Therefore,
n—1
AR/KI") = NR/K)+ > MKI"/KI')
i=0

_{n(eg(I)—1)+/\(R/K) for1<n<s
N\ neo(I) = (s — M(R/K)) for n> s.

Therefore Py (I,n) =neo(I) — (s — MR/K)).
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2. Substituting the values of Hi (I, n) from (1) we get,

> Hi(In)t

n>0

_Z n(eo(I) — 1) + A(R/K))t" + Z eo(I)n — (s — AM(R/K))Jt"

n=s+1
Znt“ Znt”—i—/\ R/K) Zt”—s Z "
n=s+1
eo(I eo(I RK—st5+1 o
:(1—(75))2_(152)+ . /(1)—75 _Z”t
_eo(I)  eoI) = MR/E) + st + (Z;’;ZO nt") (1 —1t)
S (1—t)? (1—1)
_ed)  eo) —AR/K) + sttt (T +t+ - 571 — stot!
(1 —1)2 (1—1)
_eo(D) —eo(I)(1 =) + M(R/K)(1 — t) — ¢(1 — t°)
(1-1)

MR/K) + (eo(I) — 1 — AM(R/K))t + t5+1

a (1—1)? ’

i

PROPOSITION 5.2. Let (R,m) be a Cohen-Macaulay local ring of di-
mension d. Let I be an m-primary ideal with almost minimal multiplicity
with respect to K such that y(I) > d — 1. Let s = r¥(I). Then

AMR/K eo(l)—1=MNR/K s+1
> Hg(I,n)t" = (7/ )+(0(()1—t)d+1( [K))t+1

n>0

Proof. We induct on d. The case d = 1 is proved in Lemma 5.1(2).
Let d > 1. Let x € I\ K1, such that z* is a regular element in G(I) and z°
is a regular element in Fx (I). Let “~” denote images modulo (x). Then I
is an m-primary ideal with almost minimal multiplicity with respect to K
in R. For n > 1, consider the exact sequence

T

0 — KI"W:2/KI" — R/KI" % R/KI"™" — R/(KI"™ +2R) — 0.

Since x* is regular in G(I) and z° is regular in Fx(I), KI""! : 2z = KI"
for all n > 0, by Proposition 2.1(3). Therefore Hg (I,n) = AH(I,n) for
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all n > 1. By induction

AMR/K) + (eo(I) =1 = AMR/K))t + t5H1

,;HK(L n)t" = =T ’
wheres=r§(f)zrff([). Therefore

AMR/K eo(I) =1 — MR/K))t +t5+1

WA [0+ o)1 MRt

As a corollary, we recover a result of Rossi, [24, Corollary 3.8(2)].

COROLLARY 5.3. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion d > 0. Let I be an m-primary ideal with \(I*/JI) = 1 for some
minimal reduction J of I with reduction number r. Then

AMR/I) + (eo(I) =1 = AR/I))t+t"
H(G(I),t) := I/ = :
(D), 1) = SN/ =

n>0

Proof. By Corollary 1.7 of [25], v(I) > d — 1. Put K = I in Proposi-
tion 5.2. Then we get

AMR/T eo(l) —1—=XR/I))t+t"
Z)\(R/In+1)tn: ( /)+(0((1)_t)d+1( /)) + )

n>0

Multiplying both sides by (1 —t), we get

AMR/T eol) —1—XR/I T
Z)\(In/ln+1)tn: ( /)+(0(()1_t)d ( /))t+t )

n>0

i

We end this paper by characterizing the Cohen-Macaulay fiber cones of
ideals with almost minimal multiplicity in the following proposition.

PROPOSITION 5.4. Let (R,m) be a d-dimensional Cohen-Macaulay lo-
cal ring and I be an m-primary ideal with almost minimal multiplicity with
respect to K 2 I and y(I) > d — 1. Let s = ri(I). Then Fg(I) is Cohen-
Macaulay if and only if \(KI™ + JI""Y/JI""Y =1 for alln =1,...,s.
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Proof. Since y(I) > d—1, by Theorem 4.2 of [20], we know that F (1)
is Cohen-Macaulay if and only if g1 = Y o A(KI™ + JI" 1/ JIm1) —
A(R/K). From Proposition 4.1.9 of [2] and Proposition 5.2, we get that
g1 = r¥(I) = M(R/K). Therefore, Fix(I) is Cohen-Macaulay if and only if

rF () = MR/K) =Y NKI"+ JI" 1 JI"Y) = A(R/K).

n>1

From Lemma 4.2, it follows that A(K1" + JI"~!/JI""1) <1 for all n > 1.
Therefore Fi (I) is Cohen-Macaulay if and only if 7 (I) = 3", < A(KI" +
JI"=1/ g1 if and only if A(KI™ + JI"1/JI"1) = 1 for all n =
1L...,r5(I). O

(1]
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