SOME REMARKS IN THE FOURIER ANALYSIS
TIKAO TATUZAWA
To Kivosur Nosriro on his 60th Birthday

In this paper, I should like to add some remarks to my previous note titled
“‘Some results in the Fourier analysis” (Nagoya Math. Journal, Vol. 27, 1966).
At first, we shall show that the orthnormal set exp [2zi(mu%i+ * « * + Maxn)]
is complete in the Hilbert space L* over the unit cube E={(xy, ..., x;
Oéxj_S_i (1=j<#)}, where the inner product <f, g> for f, g€ L® over E is
defined by '

S-;~Sf(x,, e Z &, e, xy)day s o dE.

This means that if f& L? over E and
f, exp2rilmuizi+ < <+ +muxa) D=0

for any integral values my, . . . , ma, then f=0 almost everywhere. To prove
this, we define the set function

F(S) =S-; Nreu, o e due - du

If S is any interval in E, then clearly F(S) =0, in virtpe of Lemma 2 in the

paper cited above. Hence, if S is a closed set in E, accordfngly if S is a measur-

able set in E, then F(S)=0. Let En= {(x,, ce s %) 3 (M, ..., %) EE, flx,
. xn)Z‘%‘} and E; = {(xl, .. ,xn); (xl, .. ,xn)eE,f(xl, .. .,x,.)g-’;lz}.

Since 0=F(E,.)z—:l m(E,) and 0=F(Ep) < — % m(E}Y), we obtain m(E,) =
m(E}) =0. From this consideration, we have m{(xi, ... ,%s); (*¥1,...,%s) EE,

fx, ..., 2:) %0} =0. We get, therefore, in the usual way, the following

TueoreMm 3. Let f(x1, ..., %), g(xi, ..., %) be L*integrable in the unit
cube E and set a(my, . . ., ms) =<f, exp [2mi(mizi+ * * * + Maxa) D, by, .
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mnp) =<g, exp [2ailmx+ « <« + muax)D. Then we have

S';'Sf(xl, ce s %) E(E, L Ea) g s dan=

2’ M 'Ea(mx, PR ,mn‘z(m‘, “ ey mn).

Mmys mp=—0

Next, we note that if

ai’x"”""’ﬁn

a—p?x‘r:wf(xl, PP ,x,.i (0§pj§2)
n

are continuous and L-integrable over X, the whole #z-dimensional Euclidean

space, then
g(vl, e, v") =S .. ,Sezm(ﬂ,_ulf--..+vnun)f(u1, e, un)du]' . 'du,.
X N

is L-integrable over X. Consequently, by Theorem 2 of the paper cited above,

the Fourier-transform formula

f(xl, e, x") =S . ;{.Se—Zﬂi(ulxl+~..+vu1'u)g(vh e, 7)”) dvx' . 'd?)n
holds.

Proof. We take am such that

<A< s v« L Q> (as m—> o ),
and define
2 2n
_ 2 _penf,  Gm
In(t) = ai = 1)*"(2 = &)
1(" a'm
k() = 4 ) dt, where ¢={ " nar,
atm/2 a®nl2
2
1 Kt axhs G
— 2
%y, . .. ,xn) = 1_km(x‘i+ . +x3') _él gxf_*_ e +xi§a3’l
0 An<xi+ - - -+,

and set
fm(xl, e ,xn) :f(xl, PN ,Xn)hm(xx, PR ,x,,).

By partial integration,
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9 7 s
Zm(v1, . o ., Un) :S e Se.m(v;uw PO E Uy o e ) Aty e - dtin

~Qn

B S""‘ exp [2 mi(vgp+ * + « +vaun)] O
- 2 i ouy

Pty < < ) Yty + - dit

_ (= 1)‘“*"'“’_"S""‘ . .g""‘ exp [2 ni(via + « -+ « +vaun)] |
- (2 n,i)dx*"'*’dn -a, v‘lh. . .v"l‘n

Nt tda

—am

mfm(un ce s un)dur + < dug,
1 n

where g¢; are taken such that ¢; =2 if [»;[=1 and ¢; =0 if |»;]<1. Since

apl"'"""'pn
“a;?‘(-“;":"a—;f: hm(xlg « .oy x,.)

are uniformly bounded for all m, we obtain

gm(vl, PR ,1),.) =0 (..___1_ )

[og]me e o ]p, [

By the Lebesgue dominated convergence theorem, sending m — o,
. 1 . 1
g(v;, PN ,1)") —O{Mm (1, ";f—) + + Min (1, ‘;}z)};

from which we can infer that gl(vy, ..., vs) is L-integrable over X.
Finally I should like to express my thanks to the authors who presented
the above problems, especially to Bochner, Hecke, Siegel, Takagi and Weyl.
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