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Abstract

In this paper we prove two inequalities relating the warping function to various curvature terms, for
warped products isometrically immersed in Riemannian manifolds. This extends work by B. Y. Chen
[‘On isometric minimal immersions from warped products into real space forms’, Proc. Edinb. Math.
Soc. (2) 45(3) (2002), 579-587 and ‘Warped products in real space forms’, Rocky Mountain J. Math.
34(2) (2004), 551-563] for the case of immersions into space forms. Finally, we give an application
where the target manifold is the Clifford torus.
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1. Introduction

Let (B, gp) and (F, gr) be Riemannian manifolds, where gz and gr are Riemannian
metrics on manifolds B and F, respectively. Let f be a positive differentiable function
on B. Consider the product manifold B x F with the natural projections 7y : BX F — B
and 7 : BX F— F. The warped product manifold M = B Xy F is the product
manifold B X F equipped with the Riemannian metric g such that

IXI* = lldmi XI? + f2 (i (x))lldm X1

for any tangent vector X € T.M, x € M. Thus, we get g = gz + f>gr. The function f
is called the warping function of the warped product manifold M [4].

Warped product manifolds play important roles in differential geometry and in
physics, particularly in general relativity, and there are many papers on this topic
(see, for example, [4] and the references therein). According to the result of Nash
[9] which says that every Riemannian manifold can be isometrically embedded in
some Euclidean space, every warped product can be isometrically embedded in some
Euclidean space. The main results of this paper, Theorems 3.1 and 3.4, generalise
Chen’s results [2, 3] by giving upper and lower bounds for Af/ f.

The paper is organised as follows. In Section 2 we recall some notions which are
needed in later sections. In Section 3 we obtain the main results from which we can
see both the upper bound and the lower bound of the function Af/f. In Section 4 we
give some applications.
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2. Preliminaries

Let (M, g) be an m-dimensional Riemannian manifold and N an n-dimensional
submanifold of (M, g). Denote by V and V the Levi-Civita connections of N and
M, respectively. The Gauss and Weingarten formulas are given by

VxY = VxY + h(X,Y),

VxZ = —AzX + DxZ,
respectively, for tangent vector fields X, Y € I'(TN) and a normal vector field Z €
[(TN*), where h denotes the second fundamental form, D the normal connection,

and A the shape operator of N in M.
The second fundamental form and the shape operator are related by

<AZXa Y> = <h(X9 Y)’Z>’

where ( , ) denotes the induced metric on N as well as the Riemannian metric g on M.

Choose a local orthonormal frame {ey, ..., e,} of TM such that ey, ..., e, are tangent
-

to N and e,,1,...,e, are normal to N. Then the mean curvature vector H is defined

by

- 1 1 v
H = Ztrace h= - le h(e;, e;)
P

and the squared mean curvature is given by H? := (?I,?I).
The squared norm of the second fundamental form h is given by

n
AP = " (hes,e), hieis ).
i,j=1
Leth{j =(h(ej,ej),eyforl <i,j<nandn+1<r<m.
A submanifold N is said to be totally geodesic in M if the second fundamental form
of N in M vanishes identically. Denote by K () and K () the sectional curvatures of a
plane 7 C T,N, p € N, in N and in M, respectively. That is, if the plane 7 is spanned
by vectors X, Y € T,N, then

(R(X, Y)Y, X)
(X, X) (Y, Yy —(X, V)’

(R(X, Y)Y, X)

TWX) -y —(xyyp M K@=

K(m)

where R and R are the Riemann curvature tensors of N and M, respectively.
The scalar curvature T of N is defined by

t= > K(eine)),
1<i<j<n

where K(e; A ej) = (R(e;, ej)ej, e;) for 1 <i, j<n.
Let . .
(inf K)(p) := inf{K(7) | r C T,N,dim 7 = 2}
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and
(sup E)(p) = sup{f(ﬂ) |mr C T,N,dimnm = 2}

forpeN.
The Gauss equation is given by

R(X,Y,Z, W) = R(X,Y,Z, W) + (h(X, W), h(Y, Z)) — (h(X, Z), h(Y, W)) (2.1)

for tangent vectors X, Y,Z, W € T,N, p € N, where R(X,Y,Z, W) = (R(X, Y)Z, W) and
R(X,Y,Z,W) = (R(X, Y)Z, W).
Then we easily obtain

n
D" Kei Aej) =2t + ||l - n?H.
ij=1

The Laplacian of a differentiable function f on N is defined by

af = D (Veedf - el f).
i=1

3. Some inequalities

Let (B, gg) be an n;-dimensional Riemannian manifold and (F, gr) an np-
dimensional Riemannian manifold, with n = n; + n,. Let (M, g) be a warped product
manifold of (B, gg) and (F, gr) such that M = B Xy F and g =gp + f?gr with
the projections 7y : BX F+— B and m, : BX F +— F, and (M, 2) an m-dimensional
Riemannian manifold. Let 9; and 9, denote the distributions in M obtained from
the vectors tangent to the horizontal lifts of B and F, respectively.

Letg: (M, g)— (M, 2) be an isometric immersion. We choose a local orthonormal
frame {ey,...,e,} of the tangent bundle TM of M such that ey,...,e, € I'(D) and
€n+1,-- -, €n € '(Ds). For convenience, we identify d¢(e;) with e; for 1 <i <n. We
also choose a local orthonormal frame {e,;1, ..., e,} of the normal bundle T M~* of M
in M via ¢ such that e, is in the direction of the mean curvature vector field.

Then we have

af = (Veedf - e2f). (3.1)
i=1

Denote by tr i and tr i, the trace of & restricted to B and F, respectively. that is,

n

ny
trhy = ) hlepe) and trhy= ) hieje)).

i=1 Jj=ni+1

Given unit vector fields X, Y € I'(T M) such that X e I['(D;) and Y € I['(D,), we easily
obtain
VxY =VyX =X )Y,
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where V is the Levi-Civita connection of (M, g), so that
KXAY) =(VyVxX -VxVyX, )
1
= F(VxX)f - X*1).

Hence,
ny
= Z K(e; A Ej)
i=1

foreach j=n; +1,...,n.

The map ¢ is called mixed totally geodesic if h(e;,e;) =0 for 1 <i<n; and
m+l1<j<n.

Then we get the following theorem.

Tueorem 3.1. Let (M = B Xy F, g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gr) with the warping function f, and (M,3) a Riemannian
manifold. Let ¢ : (M, g) — (M, g) be an isometric immersion. Then we obtain

A
ff < EHZ +nsupK, (3.2)

where ny = dim B and n, = dim F, with n = ny + ny. The equality case of (3.2) holds

identically if and only if ¢ is a mixed totally geodesic immersion such that tr hy = tr hy
and K(X A Y) = sup Kfor unit vectors X e I'(Dy) and Y € T'(D»).

Proor. Given a local orthonormal frame {ey,...,e,} of TM such that ey, ..., e, €
I'(Dy) and e, 41, ..., e, €T(Dy), we have

= > K(eiNej) (3.3)
i=1

foreach j=n;+1,...,n.
By the Gauss equation, we get

n
20 = H2 =~ Ihl? + ) Klei Aey),

ij=1

where K(e; A e i) = g(ﬁ(e,-, ej)ej, e;) and R is the Riemann curvature tensor of M.

Let
§:=21— Z K(ei Aej) - —H2 (3.4)
i,j=1
Then we obtain
ZH? =26 + 2| (3.5)
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(5]

Given a local orthonormal frame {e,,1, ..., e,} of the normal bundle such that ¢, is

in the direction of the mean curvature vector field, from (3.5) we have

(Zh’“l) =2(s Z(h”“) YR Z Z(hf ’).

i#j r=n+2i,j=1

Leta, := 37 Wi and ay := 3L, ) B
Using the relation

2 1
a +a > (a +a),

by (3.6) we obtain

m

Z h;g}-lhzzl " Z h;;;rlh;ztﬂ > 5+ Z (hn+1 % Z i(h;j)z

1<j<k<n, ny+1<s<t<n 1<i<j<n r=n+2i,j=1

From (3.3) and the Gauss equation (2.1), we get

mAf - Z K(ei Nej) - Z K(es Nep)

f 1<i<j<n n+1<s<t<n
2
=t- Y Kleine)- Z D - Y
1<i<j<n r=n+1 1<i<j<n;
m
= D> Kleshed= DL DT Bk - (o)D)
ny+1<s<t<n r=n+1 nj+1<s<t<n
_T——ZK(e,Ae,)+ Z K(e; A ey)
i,j=1 1<i<n
ni+1<s<n

- Z D - Y
r=n+1 1<i<j<n;

m

=D = .

r=n+1 nj+1<s<t<n

By (3.4), (3.7), and (3.8), we obtain

nzAf =
7 ——ZK(e,/\e,)+ Z K(e; N ey)
i,j=1 1<i<nm;
m+1<s<n
SRIDYRCUEED W) Yy
1<i<m r=n+2i,j=1
n+1<s<n
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- Z D = )Y
r=n+2 1<i<j<nm;

D DR Ay
r=n+2 nj+1<s<t<n

n

ST—% E(e,»/\ej)+n1nzsup?—%6
ij=1
m 1 m 2
SIS Y 08"
r=n+1 1<i<m r=n+2 1<i<n,

m+1<s<n

23w

n+2 n+1<j<n

_ — 1
K(eiNej) +ninysupK — 5(5

- ”ZH2 + iy sup K. (3.9)

Therefore, we have

A —

ff < HHZ +n;sup K.
Similarly, using [2, Theorem 1.4], from (3.7) and (3.9), we see that the equality sign
in (3.2) holds if and only if the immersion ¢ is mixed totally geodesic such that
trhy =trhy and K(X A Y) = sup K for unit vectors X € ['(D;) and ¥ € ['(D,). Notice
that we can choose e; and e, such tEat the plane snglned by e; and e, is equal to
the plane spanned by X and Y so that K(e; A e,,4+1) = K(X A Y). O

Remark 3.2. (1) If (M, 2) is a Riemannian manifold of constant sectional curvature c,
then (3.2) becomes (1.2) of [2, Theorem 1.4].

(2) Let My, 1, = S™ (Nmy[m) x $™(¥myJm) € S"™'(1) be the Clifford torus,
where m=m; +my, m>4, and 2 <m; <m -2 [6, 8]. As we know, ﬁml,mz 18
a compact minimal hypersurface in S™*!(1) and has only two distinct principal
curvatures \mjy/my, —\Vm| /my with multiplicities my, my, respectively. The squared
norm of the second fundamental form of Mml,mz in §™*1(1) is equal to m so that by
using the Gauss equation, the scalar curvature of Mm] m, 1s equal to m(m — 2)/2 [7, 10].

Moreover, if we take two unit vectors ey, ey € T,My, m,, p € My, »n, such that

Aye; = \my/mye; and A,e; = — Vmy /maes, then, given x,y € R with x> + y* = 1, we
have

2
) ny m m
Ric(xe; + yer) =m—1— (—x2 + y2 + xzyz),
nm n; myms
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where Ric denotes the Ricci curvature of Mml,mz. With a simple computation, we easily
obtain

Rich—l—("ﬁ+@)

ny ny
with equality holding if and only_ if (x,y) = (xVmy/m, +\ym;/m) [5, 11].
In particular, we know that M, ,, is not a constant curvature space but has only

three types of sectional curvatures {0, m/m;, m/m,} so that when we consider an
isometric immersion ¢ : M — M, ,,,, Theorem 3.1 will be useful [2].

To prove the next theorem, we need to introduce the following lemma, which we
get from [1].

Lemma 3.3. Let ay, . . ., ay, ¢ be any real numbers with n > 2 such that
n 2 n
(Z ai) =(n- 1)(2 ai2 + c).
i= i=1

Then
2aia; > ¢

with equality holding if and only if a; + a, = a3 = -+ - = a,,.

Theorem 3.4. Let (M = B Xy F,g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gr) with the warping function f, and (M,3) a Riemannian
manifold. Let ¢ : (M, g) — (M, g) be an isometric immersion. Then
2
A_f S nmn
f " 2n-1)

where ny = dim B and n, = dim F, with n = ny + ny.

%uhn2 +nyinf K, (3.10)

Proor. We choose a local orthonormal frame {ey,...,e,} of TM such thate,,...,e,, €

['(Dy) and e, 41, ...,e, € (D), and a local orthonormal frame {e,.1,..., ey} of the

normal bundle such that e, is in the direction of the mean curvature vector field.
Using the Gauss equation, we get

2t = n?H? - ||h|? + Z K(ei Aej). 3.11)
ij=
Let
2
- (n- 2)
§i=2r- 2072 T JZI K(ei Ae)). (3.12)

From (3.11) and (3.12), we obtain

H2 == DI+ (n—-1)8 (3.13)
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so that
(Z h"”) —(n— 1)(2(#”) N Z(h"+l Z Z(h’) N 5) (3.14)
r=n+2i,j=1
Applying Lemma 3.3 to (3.14) with a; = A} and a, = h’;*jln .1» We have
ZhthZTllan > Z(hnﬂ Z Z(hr) +6
i#j r=n+21i,j=1

so that

K(e1 ANeptr) 2 i Z ) +(hn1+lj) }

r=n+1 jeslnl+]

m

3 e DY gy

i,jeS Iny+1 r=n+21i,jeS Inj+1
i#]

1 5
+3 Z(h’ +h ) ) +inf K
r=n+2
S _
> — +inf K,
25 in
where S 1,41 ={1,...,n} = {1,n + 1}.
Similarly, we obtain
S _
K(ei Neyv1) 2 E +inf K (3.15)

for1 <i<n.
Since K(e; A ep,+1) =1/ (Ve f — el.zf) for1 <i<ny,by(3.1),(3.13) and (3.15),

we get
A
—f > —(5 +ninf K
f 2
2
nn np 2 -
> —I|Al” + fK.
2 ot = AP i
Therefore, we have the result. |

Remark 3.5. (1) In a similar way, using [3, Theorem 1], we can also give a condition
for equality to hold in (3.10). This is just the same as the conditions of [3, Theorem 1],
except for the additional condition K(X AY)=infK for X e [(D;) and Y € [(D,).

(2) From Theorems 3.1 and 3.4, we obtain both the upper bound and the lower
bound of the function Af/ f:

n1n2 )
2(n—1)

- %nhu2 +nyinfK Tf 4"—H2 +n supK.
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4. Applications

Let M(cy, c3) := M(cy) X M(c,) be the product manifold of Riemannian manifolds
M(cy) and M(c,), where M(c;) is a constant curvature space of constant sectional
curvature ¢; for i = 1,2. Then we know that M(cy, c;) has only three types of sectional
curvatures {cy, ¢, 0}.

Let ¢ := min{cy, ¢3,0} and ¢ := max{cy, ¢;,0}. Using Theorem 3.1, we easily get the
following corollary.

CoroLLary 4.1. Let (B Xy F,g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gr) with the warping function f such that ny = dim B,
ny, =dim F, and n = ny + ny. Let ¢ be an isometric immersion from the warped product
manifold (B Xy F, g) to the product manifold M(cy, c3). Then
2

A—f < n—H2 + nic.

[ A
Remark 4.2. Let (B X F, g) be a warped product manifold of Riemannian manifolds
(B, gp) and (F, gr) with the warping function f such that n; = dim B, n; = dim F,
and n = n; + ny. Let ¢ be an isometric minimal immersion from the warped product
manifold (B Xy F, g) to the product manifold M(cy, ¢;). Then we obtain

—— < nyc.

By Remark 4.2, we get the following theorem.

Tueorem 4.3. Let (M = B Xy F, g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gg) with the warping function f such that ny = dim B, n =
dim F, and n = ny + ny, and let M(c1, c;) be the product manifold of constant curvature
spaces M(cy) and M(c,). Then there does not exist an isometric minimal immersion ¢
from the warped product manifold (M, g) to the product manifold M(c, c;) such that

(af])(x1(p)) > niC for some p € M.
Using Theorem 3.4, we have the following corollary.

CoroLLarY 4.4. Let (B Xy F,g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gr) with the warping function f such that n; = dim B,
ny, =dim F, and n = ny + ny. Let ¢ be an isometric immersion from the warped product
manifold (B Xy F, g) to the product manifold M(ci, c;). Then we obtain

A 2
ALy Mg PR e
Fo2m-n 2

From Remark 3.2, we know that the Clifford torus Mml,mz is a product manifold
of spheres S (ym;/m) and S"™(\my/m). That is, Mm,,mz is a product manifold
of constant curvature spaces S™ (ym;/m) and S (vmy/m), where S™ (vVm/m) and
S (ymy/m) are constant curvature spaces of constant sectional curvatures m/m; and
m/my, respectively.
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Thus, by using Corollary 4.1, we immediately obtain the following result.

CoroLLary 4.5. Let (B Xy F, g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gr) with the warping function f such that ny = dim B,
ny =dimF, and n = ny + ny. Let ¢ be an isometric immersion from the warped product
manifold (B Xy F, g) to the Clifford torus M, ym, with2 <my <m/2, m = my + my, and
m > 4. Then 5
A 1 mm
[ A m
REmARrk 4.6. Let (B Xy F, g) be a warped product manifold of Riemannian manifolds
(B, gp) and (F, gr) with the warping function f such that n; = dim B, n; = dim F,
and n = n; + ny. Let ¢ be an isometric minimal immersion from the warped product
manifold (B Xy F, g) to the Clifford torus M,,, ,, with2 <m; <m/2, m = m; +my, and
m > 4. Then we obtain
Af  nim
- <—
f my
By Remark 4.6, we get the following theorem.

Theorem 4.7. Let (M = B Xy F,g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gp) with the warping function f such that n, = dim B,
ny =dimF, and n =ny + np, and let Mml,mz be the Clifford torus S™ (\my/m) X
S™(\my/m) such that 2 <my <m/2, m =my + my, and m > 4. Then there does not
exist an isometric minimal immersion ¢ from the warped product manifold (M, g) to
the Clifford torus Mml,mz such that (Af] ) (p)) > nym/my for some p € M.

Using Corollary 4.4, we have the following result.

CoroLLary 4.8. Let (B Xy F, g) be a warped product manifold of Riemannian
manifolds (B, gg) and (F, gr) with the warping function f such that n, = dim B,
ny =dim F, and n = ny + ny. Let ¢ be an isometric immersion from the warped product
manifold (B X F, g) to the Clifford torus Mml,mz with2 <m; <m/2, m =my + myp, and
m > 4. Then we obtain

A 2

_f > &HZ - n_1||h||2_

f " 2m-1) 2
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