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Abstract

We characterize surjective nonexpansive mappings between unit spheres of £%°(I')-type spaces. We
show that such mappings turn out to be isometries and can be extended to linear isometries on the whole
space L>(I).
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1. Introduction

Let (X, dx) and (Y, dy) be two metric spaces. A mapping Vp: X — Y is called
nonexpansive if it is a 1-Lipschitz map. That is,

dy (Vo(x), Vo(y)) <dx(x,y) Vx,yeX. (1

The mapping V) is called an isometry if the equality holds in (1) for all x, y € X.

Freudenthal and Hurewicz [10] stated that every nonexpansive map from a totally
bounded metric space onto itself must be an isometry. Rhodes [13] and Brown and
Comfort [3] generalized this result to uniform spaces. We wonder whether Freudenthal
and Hurewicz’s result holds in complete bounded metric spaces which are not compact,
in particular, the unit spheres of infinite-dimensional Banach spaces.

On the other hand, in 1972, Mankiewicz [12] proved that an isometry mapping from
an open connected subset of a normed space E onto an open subset of another normed
space F can be extended to an affine isometry from E onto F. In 1987, Tingley firstly
considered isometries between unit spheres of normed spaces. He showed in [14] that
isometries between unit spheres of finite-dimensional Banach spaces map antipodal
points to antipodal points and he raised the following isometric extension problem: is
every onto isometry between unit spheres of two real normed spaces, necessarily the
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restriction of a linear or affine map on the whole space? In recent years, Ding and his
students have been working on this topic and have obtained many important results
(see [1, 5-9, 11, 15, 16]). Ding [4] was the first to consider the nonexpansive map
between unit spheres of Hilbert spaces. He proved that such a map is an isometry on
the unit sphere and can also be extended to a linear isometry on the whole space.

In this paper, we generalize Freudenthal and Hurewicz’s result to the unit spheres
of L>(I")-type spaces and give an easy example to show that there exist nonexpansive
maps from the unit balls of Banach spaces onto themselves but not isometries.
Moreover, applying this result, we give an affirmative answer to Tingley’s isometric
extension problem in £°°(I")-type spaces.

Throughout this paper, we consider the spaces over the real field. The following
notation for £ (I")-type spaces can be found in [7, 11]. The space of all bounded real-
valued functions on an index set I" equipped with the supremum norm is denoted by
£%°(T") (see [2]) and any of its closed subspaces containing all e,,’s (y € I') are called
L>(I")-type spaces. For example, the spaces £°°(I"), ¢(I") and ¢o(I"), particularly,
£%°, ¢ and ¢¢ and so on, are all £L°(I")-type spaces. As usual, S(L®("))={x | x €
LT, llxll =1}

For every O <e <1 and x € S(L®)), let suppx={y:y el x(y)#0},
N;'E(e) ={y:y esuppx, £x(y) > 1 — ¢} and define the star of x with respect to
S(L®(I")) by

St(x) ={y:y e SL2M), lly +x[ =2).

2. Some lemmas

We start this section with a simple observation, the proof of which we omit.

LEMMA 1. Let x,y be in S(L*(T")). Then y € St(x) if and only if, for every
0<e<l, Nj(s)ﬂN;r(s);éQjorN;(e)ﬂNy_(e)gé@.

LEMMA 2. Let x be in S(L>®(T")). If there exists an xo € St(x) satisfying ||y — xol|
<1 for every y € St(x), then supp xg is a singleton.

PROOF. Suppose that supp x( contains more than one point.
Suppose that |x(y)| =1 for all y € supp xo. Given yy, y» € supp xg with y; # s,
put

y1 = x(y1)ey, — sign(xo(y2))ey,.
Clearly, we have y; € St(x), but

Iyt = xoll = llx(y1)ey, — sign(xo(y2))ey, — xol
> [sign(xo(y2)) + xo(y2)| =1+ |x0(y2)| > 1.

If there is a yg € supp xg such that |x(yp)| < 1, then let

Y2 =X — x(Yo)ey, — sign(xo(yo))ey,.
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It is also easy to check that y, € St(x) and

ly2 — xoll = [sign(xo (o)) + x0(y0)l = 1 + |xo(y0)| > 1.

Thus it follows from the above two cases that supp xg must be a singleton. O

LEMMA 3. Let Vy: S(L>®(T")) — S(L>*(A)) be a surjective nonexpansive mapping.
Then for every y € ', supp Vo(ey) is a singleton and Vo(—e, ) = —Vy(ey).

PROOF. We firstly prove that supp Vp(e,) is a singleton for every y € I'. By the
hypotheses on Vg, for every y € St(—Vp(—ey)) and x € VO_1 ),

2> |lx +eyll = [[Vo(x) = Vo(—ep)ll = lly — Vo(—ey)|l = 2.
It follows that x € St (e, ) and Vo_l(St(—Vo(—ey))) C St(ey), that s,
St(—=Vo(—ey)) S Vo(St(ey)). (2

On the other hand, for every x € St(e,), it is evident that ||x — e, || < 1. Since Vj is
nonexpansive, we get || Vo(x) — Vo(e,) | < 1. Together with the relation (2), we get

ly —Voley)ll =1 VyeSt(—Vo(—ey)). (3)
We claim that
Vo(ey) € St(—=Vo(—ey)). “4)

Otherwise, if || Vo(ey) — Vo(—e) )|l <2, then by Lemma 1, we may choose an &1 so
small that

+ + _ - - _
Nvo(ey)(gl) N N_VO(_ey)(gl) =¢ and Nvo(ey)(gl) N N_VO(_ey)(sl) =0. ()

Equation (3) shows that || Vp(e, ) + Vo(—e, )|l <1, so we can also find a small enough
&> such that

+ + _ - - _
Nvo(ey)(82) N Nvo(fe),)(82) =@ and NVO(ey)(ez) N Nvo(fey)(&?) =0. (6)
It is obvious that
+ N - _ nt+
NVO(—ey)(SZ) = N—Vg(—ey)(‘gZ) and NVg(—ey)(SZ) = N—Vo(—ey)(SZ)' (7
Then put

go = min(ey, &2);
_ Nt - .
A= NVO(ey)(EO) U Nvo(ey)(80),

— Nt -
B=N*y () UNTy (50
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By (5), (6) and (7), we conclude that A N B = (J. Then set
yi==Vo(—ey)xp — Voley)xa € S(LF(A)).
By Lemma 1, we obtain
lyi = Vo(—=e)ll=2 and |[y; — Vo(ey)ll =2,

which is a contradiction. Therefore the claim is proved and it follows from Lemma 2
that supp Vp(e, ) is a singleton for every y € I

Now we may assume that supp Vy(e,) = {61} with §; € A and, by (4), we obtain
that 81 € supp Vp(—e, ). Then we assert that

supp Vo(—ey) = {81}.

Suppose that there exists a 8, € supp Vo(—e, ) with §; # ;. Since V) is surjective, let
x2 be in S(L>(I")) satisfying

Vo(x2) = —sign(Vo(—ey)(82))es, — Vo(ey).

Hence
lx2 + eyl = [[Vo(x2) — Vo(—ey) |l = 1T+ [Vo(—ey)(82)] > 1,

which yields x3(y) > 0. It follows that
1> lx2 — eyl = [Vo(x2) — Voley)ll = 2.
This contradiction proves the assertion. Finally, we apply relation (4) again to obtain

that V()(—ey) = —Vo(ey). O

LEMMA 4. Let Vy be the same as in Lemma 3. Then there is a family of signs {0s}sca
and a bijection o : A — T satisfying

es =0sVoless)) Voe€A. (8)

PROOF. By Lemma 3, we can define a map m:I' — A satisfying {m(y)} =
supp Vo(ey) for each y € I'. Moreover, we shall prove that 7 is bijective.
If m(y1) = m(y2), then by Lemma 3 and the fact that V{y is nonexpansive,

2 = max{[|Vo(ey,) — Volep) . 11Vo(ey,) + Volep) I}
=< max{”e)/] - e)/z”s ”e}/] + e]/z” } =< 2.
So max{[ley, + ey, I, lley, — €, 1} =2, which implies that y; = y». To see that 7 is
surjective, suppose, on the contrary, that there exists §p € A /m(I").

Choose {e,},er € S(L>®(I")) with &, >0 for every y €I and yg € S(L>(A))
satisfying

_ [Voley)(x(y)e, if§en() withs =n(y),
yo<5)_{0 ’ " ifseA/n).
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Since Vj is surjective, we can find x1, x; € S(L£%°(T")) such that
Vo(x1) =yo+es, and Vo(x2) = yo — e5,-
It follows from Lemma 3 and the property of yg that, for every y € I',
lx1 +eyll = [[Vo(x1) + Voley) I = llyo +esy + Voley) | =1+ ¢, > 1.

This implies that x;(y) > 0. Similarly, we can also get x2(y) > O for every y € I'.
Hence ||x; — x2|| <1, but ||Vo(x1) — Vo(x2)|| =2. This is impossible since Vj is
nonexpansive. Therefore 7 must be onto.
Finally, let o =n~! and define 65 = sign(Vo(es(5))(8)) for every § e A. We
complete the proof of this lemma. O
3. Main results

THEOREM 5. Let Vy:S(L®(T)) — S(L>®(A)) be a surjective nonexpansive
mapping. Then Vo must be an onto isometry and there exists a family of signs {6s}sea
and a bijection o : A — T such that, for any element x € S(L*(I")),

Vo(x)(8) =0sx(c(8)) VdeA. )

PROOF. Leto and {6s}sca be as in Lemma 4. It is easy to see that if (9) holds, then V
is an isometry from S(L£°°(T")) onto S(L°°(A)). Thus we only need to verify (9).
Take x = {&) },er € S(L>(I")) and let V(x) = {ns}sca € S(LP(A)).
For any |ns| # 0, by Lemma 4, we get

Vo (x) + sign(ns)0s Vo(eq )l = I Vo(x) + sign(ns)esll =1 + [ns].
On the other hand,
llx + sign(ns)0seq (s) | = max{sup, ., s)15y [, 16(5) + sign(ns)Os!}.
Since Vj is nonexpansive, we conclude that
sign(&o(s)) = sign(ns)bs (10)
and
1ns] < 1508)!-
Obviously, the inequality holds for ns = 0, so
Ins| < 1€5)] (11)

holds for any § € A. We shall show, in fact, that |s| = |£5(s)| for all § € A. Assume
that there is a §9 € A such that |ns,| < [£5(s,)|- Then choose a sufficiently small &9 > 0
such that

N5y + €0 < 1€ 50) |- (12)

https://doi.org/10.1017/5S000497270900015X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270900015X

144 D.-N. Tan [6]

Define
_ Jnsyl +€0)§, if y # o (o),
Toly) = {Sign(%'a(ao)) if y = 0 (50),
and set Vy(xg) = {ng}(se A. Since |£5(5)| < 1 for every § € A, we apply the definition
of xg and (11) to obtain that

IVo(x0)(8)] = [n3] < (Imsy| + £0)[&03)] < nsol + 80 < 160 50)|

for every & € A withd #39. However, [[Vo(xo)ll =1, therefore |Vo(xo)(d0)l =
|’7¢(3)o| = 1. It follows that

IVo(x0) — Vo)l = [Vo(x0)(80) — Vo(x)(B0)| = [, | — [nsel =1 — [ms, .

On the other hand,

lxo — x|l = sup{lxo(y) —x(¥)| |y €T’}
< max{l — (Ins| + €0), 1 — &5(50)1}-

From (12), it is clear that

llxo —xll =1 —=(ns| +€0) <1 —=1[n5] = [[Volxo) = Vo).

This contradicts the fact that Vj is nonexpansive. Thus |ns| = |&55)| for all § € A.
Combining this with equality (10), we get the desired characterization of V given
by (9). O

REMARK 6. The surjectivity of Vj is essential in the Theorem 5. For example, fix
yo € S(L®(A)) and define Vy by Vy(x) = yo for all x € S(L>®(T")). It is obvious
that V is a nonexpansive mapping, not an isometry. The next simple example shows
that we cannot replace the unit sphere by the unit ball and the restriction of Vj to the
unit sphere is also important for us to generalize Freudenthal and Hurewicz’s result on
the relation between nonexpansive mappings and isometries.

The following example is so easy that we omit the proof.

EXAMPLE 7. Let X be £7(1 < p <o0), corcg. Thenamap T : X — X defined by

T(slv 52’ 537 (BB ] S}’h .. ) = ($27 537 ety Sﬂa .. -)7 fOI‘ all {Sn}nzl in Xa iS abounded
linear surjective operator with || T|| = 1 and the restriction of T to the unit ball of X,
denoted by T'| p(x), is a nonexpansive but not isometric map from B(X) onto itself.

Applying Theorem 5, we can get a result for the isometric extension problem as
follows.

COROLLARY 8. Let Vy:S(L®(T)) - S(L>*(A)) be a surjective nonexpansive
mapping. Then Vg can be extended to a linear isometry defined on the whole space
L°(T).
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PROOF. By Theorem 5, there exist a family of signs {05}sca and abijectiono : A — I
such that, for any x € S(L*(T")),

Vo(x)(8) =0sx(c(§)) VSeA.
Define V : L®(T") — L°(A) by
V(X)(8) =60s5x(0(8)) foreachx € L®().

Clearly, V is a surjective linear isometry on £°°(T") and the restriction of V to the unit
sphere S(L%°(I")) is just Vy. Hence the proof is complete. d

By Corollary 8, we have the the following result.

COROLLARY 9. Let Vo : S(L®(T)) — S(L®(A)) be a surjective mapping satisfying
Vo(x) = Vo)l > llx — yll for all x, y € S(L°(T")). Then Vo must be an isometry
and it can be linearly isometrically extended to the whole space L*(T").

We find that the proof of Theorem 5 relies on the structure properties of £°°(I")-
spaces and we would like to know the following

PROBLEM. Let E be an infinite-dimensional Banach space. Let T : S(E) — S(E)
be a surjective nonexpansive map. Is T necessarily an isometry?
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