
O N T H E C O N V E R G E N C E O F P R O D U C T M O M E N T S 

L . K . C h a n 

( r e c e i v e d N o v e m b e r 10, 1966) 

L e t @ b e a n a b s t r a c t s p a c e and f o r e v e r y p o s i t i v e 
i n t e g e r n l e t F fx, y) , 0 € @ , b e a f a m i l y of d i s t r i b u t i o n 

n, 0 
f u n c t i o n s of r a n d o m v a r i a b l e s (X , Y ) . , 0 € (£3) . F o r e v e r y 

n n 0 ^ 
0 e (3) , E ^ g ( X , Y ) w i l l d e n o t e t h e e x p e c t e d v a l u e of t h e 

0 n n 

f u n c t i o n g of (X , Y ) . T h e f o l l o w i n g p r o p o s i t i o n i s p r o v e d , 
n n 0 

P R O P O S I T I O N . S u p p o s e t h e s e q u e n c e of f a m i l i e s of 
d i s t r i b u t i o n f u n c t i o n s { F ; 0 € (H) , n = 1, 2, . . . ) 

n , 0 ^ J 

s a t i s f i e s t h e f o l l o w i n g c o n d i t i o n s : 

C . T h e r e e x i s t s a s e t A d e n s e i n R . t h e 2 - d i m e n s i o n a l 
1 2 

E u c l i d e a n S p a c e , s u c h t h a t e v e r y (x, y) e A i s a p o i n t of 
c o n t i n u i t y of e v e r y m e m b e r of a f a m i l y of d i s t r i b u t i o n f u n c t i o n s 
F . ( x , y ) , 0 € © and 

0 

l i m F (x, y) = F (x, y ) u n i f o r m l y i n 0 . 
n->oo n ' 6 6 

C_ . T h e r e e x i s t s a r e a l n u m b e r k > 0 s u c h t h a t 
2 -

l i m E 0 | X n | k = E 0 | x | k < o o , l i m E 0 | Y j k = E e | Y | k < c o 
n-*oo n-^oo 

u n i f o r m l y i n 0. 

C . G i v e n a n y € >_ 0, t h e r e e x i s t s a c ( e ) > 1 s u c h t h a t 

if c > c ( e ) 

JL_ I x I d F
f i <

 6 » / _ I Y I d F < € u n i f o r m l y i n 0, 
S S 

c c 
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w h e r e S = { (x , y ) ; - c £ x < c , - c £ y < c } 

T h e n f o r a n y r e a l n u m b e r s i, j _> 0 w i t h i + j <_ k, 

(1) lim E J X ' Y * 1 I 
n ^ o o 6 n n 

E | XXY J | u n i f o r m l y i n 0 r 

and f o r a n y n o n - n e g a t i v e i n t e g e r s i1 , j ' w i t h i ' + j ' < . k , 

(Z) - oo< l i m E X 1 Y J = E X 1 Y J < oo u n i f o r m l y i n 
n-*oo e n n G 

P r o o f : C o n s i d e r t h e p r o o f of (1) f i r s t . W h e n k = 0, 
i - j = 0, s o (1) i s t r i v i a l . N o w s u p p o s e k > 0 . B y H o l d e r ' s 
I n e q u a l i t y and C if i , j > 0, 

E j x V k E J X 

i+j f i f 
i+j E „ Y J | j i+ j 

< oo 

f o r e v e r y 0 e (H) , and f o r s u f f i c i e n t l y l a r g e n, s a y n > n 

E , | X 1 Y J |< 
6 n n — 

i + i-

G1 n 1 
i+j E „ Y 

ill 

01 n 1 
i+j 

< 00 

f o r e v e r y G € QJ) . If o n e of i and j i s z e r o , s a y i - 0, 

t h e n by C f o r e v e r y G e @ , E | Y |< oo and h e n c e 

E IY |< oo fo r s u f f i c i e n t l y l a r g e n . 

L e t g (x , y) = | x y | and w r i t e 

(3) | E 8 | X V | X Y J | | < | / S g d F n > e - / s g d F j + f g d F n > 

+ f e d F , w h e r e n > n , S = R - S and c > c (e ) . 
J-g 9 0 ' c 2 c -
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I t f o l l o w s f r o m C and t h e U n i f o r m H e l l y - B r a y T h e o r e m , w h i c h 

i s a n i m m e d i a t e e x t e n s i o n to t h e 2 - d i m e n s i o n a l c a s e of T h e o r e m 

29 ( p . 288) g i v e n by G r a v e s ( 1 9 5 8 ) , t h a t f o r e v e r y c _> c (e ) 

(4) l i m f | x | d F = f | x | d F n u n i f o r m l y i n 9 . 
n->oo J S

c
 n ' e J b

c
 e 

So b y C y 2 

(5) l i m /— | x | d F „ = /""T | x | d F ^ u n i f o r m l y in 9. 
n-^oo S ' ' n , 9 

c 

L e t R ^ = { (x , y ) ; | y | < | x | } and R » = { (x , y ) ; | x | < | y | } . 

T h e n R ' U R ' 1 = R . B y (5) and C t h e r e e x i s t s a n > n 
2 2 2 3 x 0 

s u c h t h a t if n > n 
x 

<6) / s n R - g d Fn,e^ / s W k d F n > e ± / i l x f k d F e + € < 2 e 

C 2 C C 

u n i f o r m l y i n 9 . S i m i l a r l y t h e r e e x i s t s a n > n s u c h t h a t 

if n > n 
y 

( ? ) f~S fi R " g d F n , 9*^ 2 € ^ i f o r m l y i n 9. 
c 2 

B y C 2 

(8) Il g d V Is nRi | x | k d F e + Is OR- ly |kdFe< 2 « 
c c 2 c 2 

u n i f o r m l y i n 9 . A g a i n b y t h e U n i f o r m H e l l y - B r a y T h e o r e m 
t h e r e e x i s t s n s u c h t h a t if n > n 

1 1 

(9) | fs gàF " Js g d F e | < € u n i f o r m l y i n 9 . 
c c 

T h e n it f o l l o w s f r o m (3) , (6) , (7) , (8) and (9) t h a t g i v e n a n y 
e > 0, t h e r e e x i s t s n = m a x (n , n , n ) s u c h t h a t if n > n 

2 x y l ' 2 
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e1 n n ! E J x V l |< e + 4 € + 2 e = 7 e un i fo rmly in 6. 

The proof of (2) i s s i m i l a r . 

REMARK 1. The s ign i f icance of the P r o p o s i t i o n i s tha t 
u sua l l y i t i s e a s i e r to c a l c u l a t e the m o m e n t s of the m a r g i n a l 
d i s t r i b u t i o n s s ince the p r o d u c t m o m e n t s involve m u l t i p l e i n t e g r a l s . 

REMARK Z. A s impl i f i ca t ion in the above proof, m a y 
be obta ined by r e p l a c i n g C and C by the following new 

condi t ion : 

C . T h e r e e x i s t s a bounded s u b s e t T of R such tha t 
4 Z 

{(x, y ) | 0 < F (x, y )< 1} is conta ined in T for a l l 9 € @ and 
9 

a l s o , for suff icient ly l a r g e n, {(x, y ) | 0 < F (x, y)< 1} i s 

contained in T for a l l 9 e @ . 

F o r , if C and C a r e sa t i s f i ed , by the Un i fo rm 
1 4 y 

H e l l y - B r a y T h e o r e m (1) and (Z) hold for any i, j > 0. 

REMARK 3. A s p e c i a l c a s e of the P r o p o s i t i o n i s tha t 
no 9 i s involved in F ~ and F . 

n, 9 9 

REMARK 4. The c o n v e r g e n c e of the abso lu t e m o m e n t s 
in C cannot be weakened to s imp ly the c o n v e r g e n c e of 

m o m e n t s . Th i s can be s e e n f r o m the following e x a m p l e . 
(For s imp l i c i t y , the c a s e in which no 9 i s involved in 
F _, F . and X and Y , X and Y a r e independen t , i s 

n, 9 9 n n 
c o n s i d e r e d ) . Define the d e n s i t y funct ions of the m a r g i n a l 
d i s t r i b u t i o n s of X and Y by 

n n 

fm<x> 

Zn 
if x = - n, 

(1 - - ) if - l / 2 £ x<: 1/2, 

— if x = n, 
Zn 

9 e l s e w h e r e 
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f9 (y) 
2 n 

V i f y 
2n 7 

< (1 - - ) if - 1 / 2 ^ y £ 1 / 2 , 

2 n 
if y = n, 

0 e l s e w h e r e . 

L e t t h e d e n s i t y f u n c t i o n of (X , Y ) b e 
n n 

f (x, y) - f (x ) f (y) 
n I n 2 n 

and t h e d e n s i t y f u n c t i o n of (X, Y) b e 

1 if - 1/2 < x < 1 / 2 , - 1 /2 < y < 1/2 

0 e l s e w h e r e . 

T h e n i t i s e a s i l y s e e n t h a t f o r e v e r y (x, y) e R 

f (x , y ) = 

and h e n c e 

l i m f (x , y ) = f (x , y ) . 

l i m F (x, y) = F ( x , y ) . 
n->oo n 

(-n)-N o w E X = f x 3 f ( x ) d x + ^ + 
n J 1 I n 2n 2 n 

= 0 = E X " 

E Y 0 = EY^ 

B u t l i m E X 
n-**oo T 

j . 
2 2 2 

l i m f A x Y ( x ) d x + ^ + l ^ - = oo* E X 
•n->an J i_ lid 2n 2n 

2 
n-*-oo 
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So (1) and (2) do not hold. Also it can be s e e n that C is not 

s a t i s f i ed . 

REMARK 5. The P r o p o s i t i o n can be i m m e d i a t e l y extended 
to the c a s e of a s e q u e n c e of f a m i l i e s of s - d i m e n s i o n a l r a n d o m 
v a r i a b l e s {(X, , X . . . . , X ) n ; 0 e © , n = 1, 2, . . . } . 

In 2n sn 6 J 
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