
NOTES ON HYPERSURFACES IN A RIEMANNIAN 
MANIFOLD 

KENTARO YANO 

1. Introduction. H. Liebmann (3) and W. Sûss (7) proved 

THEOREM A. The only convex closed hypersurface with constant mean curvature 
in a Euclidean space is a sphere. 

Y. Katsurada (1 ; 2) gave the following generalization. 

THEOREM B. Let M be an orientable Einstein space which admits a proper 
conformai Killing vector field, that is, a vector field generating a local one-parameter 
group of conformai transformations which is not that of isometries, and S a closed 
orientable hypersurface in M whose first mean curvature is constant. If the inner 
product of the conformai Killing vector field and the normal to the hypersurface 
has fixed sign on S, then every point of S is umbilical. 

The present author (9) proved 

THEOREM C. Let M be an orientable Riemannian manifold which admits a 
proper homothetic Killing vector field, that is, a vector field generating a local 
one-parameter group of homothetic transformations which is not that of isometries, 
and S a closed orientable hypersurface in M such that the first mean curvature is 
constant and the Ricci curvature with respect to the normal is non-negative along 
it. If the inner product of the homothetic Killing vector field and the normal to 
the hypersurface has fixed sign on S, then every point of S is umbilical. 

To prove Theorem A, we need integral formulas of Minkowski for a hyper
surface in a Euclidean space in which the position vector plays a very im
portant role. 

To prove Theorems B and C, we need integral formulas of Minkowski for 
a hypersurface in a Riemannian manifold in which the conformai or homothetic 
Killing vector field plays the same role as the position vector in a Euclidean 
space. 

Let M be an ^-dimensional orientable Riemannian manifold covered by a 
system of coordinate neighbourhoods (£*) and gjU V*, Kkjih, Kn, and K, the 
positive definite fundamental tensor, the operator of covariant differentiation 

ih) 
with respect to Christoffel symbols < . . / formed with gjt, the curvature tensor, 

the Ricci tensor, and the curvature scalar of M respectively, where here and 
in the following the indices h, i,j,... run over the range 1,2, ... ,n. 
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Suppose t h a t vh is a proper conformai Killing vector field ; then we have 

(1.1) %gji = VjVi + ViVj = 2pgjt, 

where S denotes the operator of Lie derivat ion with respect to vh, vt = gihv
h, 

and p is a scalar function given by 

p = (l/n)ViV\ 

For a conformai Killing vector field vh, we have (8) 

(1.2) 2KkJi* = -ôk
hVj Pi + ô/Vk Pi - Vk P

h
gji + V, phgki, 

(1.3) 2KJt = - (» - 2)VjPi - ApgJU 

(1.4) m = -2(n - l )Ap - 2pK, 

where 

Pi = V, p, p* = g*V*, Ap = gjiVj V, p. 

When ikf is an Einstein space: 

Kji = (K/n)gjif K = c o n s t , 

we have, for a conformai Killing vector field vh, 

%K„ = (l/n)K2gji = (2/n)KPgjt, m = 0, 

and consequently, from (1.3) and (1.4), 

(2/n)KPgji = -(n - 2)VjPi - Apgjit 

0 = - 2 ( w - 1)AP - 2pÂ", 

respectively, from which 

T h u s if an Einstein space of dimension n > 2 admi t s a proper conformai 
vector field, then it admi t s a non-zero scalar function p which satisfies the 
above equation. 

So, to obtain a generalization of Theorem B, we assume in this paper the 
existence of a non-constant scalar function v which satisfies similar par t ia l 
differential equat ions and prove 

T H E O R E M 1. Let M be an orientable Riemannian manifold of dimension n 
which admits a non-constant scalar field v such that 

(1.5) V,VtV=f(v)gjt, 

where f is a differ entiable function of v and S a closed orientable hyper surf ace in 
M such that 

(i) its first mean curvature is constant, 
(ii) [Kji + (n — l)f/('v)gji]CiCi > 0 on S, where Ch is the unit normal to S, 

(iii) the inner product C*v\- v has fixed sign on S. 
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Then every point of S is umbilical. (This generalization is due to the referee.) 

We also prove the following Theorems 2 and 3, the first parts of which are 
special cases of Theorem 1. 

THEOREM 2. Let M be an orientable Riemannian manifold of dimension n 
which admits a non-constant scalar field v such that 

(1.6) V; ViV = kvgji, k = const., 

and S a closed orientable hypersurface in M such that 
(i) its first mean curvature is constant, 

(ii) [KJt + (n - Vkgj^aC* >0onS, 
(iii) the inner product ClV\ v has fixed sign on S. 

Then every point of S is umbilical. If, moreover, v is not constant on S, then S is 
isometric to a sphere. 

THEOREM 3. Let M be an orientable Riemannian manifold of dimension n 
which admits a non-constant scalar field v such that 

(1.7) V; ViV = kgju k = const, 

and S a closed orientable hypersurface in M such that 
(i) its first mean curvature is constant, 

(ii) Kji CjCl > 0 onS, 
(iii) the inner product ClV t v has fixed sign on S. 

Then every point of S is umbilical. If, moreover, v 7^ const, on S, then S is isometric 
to a sphere. 

The first part of Theorem 3 is a special case of Theorem C. 
To prove that the hypersurface under consideration is isometric to a sphere, 

we use the following theorem of Obata (4). 

THEOREM D. If a Riemannian manifold M is complete, of dimension n > 2, 
and if there exists a non-null function v such that 

(1.8) VjViV = —chgji, c = const., 

then M is isometric to a sphere of radius 1/c. 

If the manifold M in Theorem 2 is complete and k = — c2 < 0, then M is 
isometric to a sphere according to this theorem of Obata and Theorem 2 refers 
to a hypersurface in an ^-dimensional sphere. 

If the manifold M in Theorem 3 is complete and k ^ 0, then the holonomy 
group of the complete Riemannian manifold M fixes a point and consequently, 
according to a theorem of Sasaki and Goto (5), the manifold M is a Euclidean 
space. Thus Theorem 3 is identical with Theorem A. 
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2. General formulas. We consider a closed orientable hypersurface S in a 
Riemannian manifold M whose local parametric equations are 

(2.1) £* = W ) , 

r}a being parameters on 5, where here and in the following the indices a, b, c, . . . 
run over the range 1, 2, . . . , n — 1. 

If we put 

(2.2) Bb
h=db^\ db=d/v\ 

then Bb
h are n — 1 linearly independent vectors tangent to 5 and the first 

fundamental tensor of 5 is given by 

(2.3) gcb = gjiBc'B»'. 

We assume that n — 1 vectors Bih, B2
h,... , Bn-\ give the positive orientation 

on S and we denote by Ch the unit normal vector to S such that 

J3i\ J52*, . . . , S t t - i \ C* 

give the positive orientation in M. 
Denoting by Vc the operator of van der Waerden-Bortolotti covariant 

differentiation along S (cf. 6, p. 254), we have the following equations of Gauss 
and of Weingarten: 

(2.4) VcBb
h = hcbC\ 

(2.5) Vc C
h = - hc

aBa\ 

where hcb is the second fundamental tensor of S and hc
a = hcbg

ba. We also 
obtain the equations of Gauss and those of Codazzi in the form 

(2.6) Kkjih B/BjB^Ba* = Kdcba - (hda hcb - hca hdb), 

(2.7) KwnBSB'BSC* = Vdhcb - Vchdb, 

where Kdcba is the curvature tensor of the hypersurface S. From the equations 
of Codazzi, we have, by a transvection with gcb, 

(2.8) KkhB/Ch = Vdhc
c - Vchd

c. 

3. Formulas in M admitting a scalar field v such that V,- v> = f(v)gn. 
We now assume that the Riemannian manifold M admits a non-constant 
scalar field v such that 

(3.1) VjVi = f(v)gji, vt = Vtv, 

where f(v) is a differentiable function of v, and put 

(3.2) v" = Ba
hva + aC 
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on the hypersurface S. From (3.1), we obtain by transvection with BJB^ 

(3.3) Vc vb = f(v)gcb + ahcb, 

from which 

(3.4) Av = (n - l)f(v) + ahc
c, 

where A is the Laplacian operator on S: A = gcbVc V6. 
From (3.1), we also obtain by transvection with Bb

ùCl 

(3.5) V& a = - hb
ava. 

On the other hand, substituting (3.1) into the Ricci identity 

V* VjVi - Vj VkVi = - Kkji%, 
we find that 

- Kkji
hvh =f'(v)(vkgji - Vjgki)y 

from which 
Kjtv* = - in- l)f'(v)vt 

and consequently 
Kjiv'C*^ - (n-l)f'{v)a, 

which can also be written as 

Kjt(BM + aO)Cl = - (n - l)f (v)a, 

or, by virtue of (2.8), 

(Vc hb* - Vbhc
b)vc + OK» OC1 = - (n - l)/'(iO«, 

that is 

(3.6) oKji OC1 + (n - l)f(v)a + vcVc hb* - Vb{hbcc) 

+ f(v)hb
b + ahc

bhb
c = 0 

by virtue of (3.3). 
We now assume that the hypersurface -S is closed and apply Green's formula 

(10) to (3.4) and (3.6). We then obtain 

(3.7) {n - l)Jsf(v) dS + jsahc
cdS = 0 

and 

(3.8) j s [aKjt OC* + (» - l)f'(v)a + vcVchb
b + f(v)hb

b + ahbhb
c]dS = 0 

respectively, where dS denotes the surface element of S. 
If we assume, moreover, that the first mean curvature of S is constant: 

[l/(w - l)]ha
a = const., 

then we obtain, from (3.7) and (3.8), 

(» - l ) J V ( v ) dS + hc
cJsadS = 0 
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and 

JsoKji OOdS + (n - l)jsf(v)adS + hb»fsf(v) dS + jsahc
bhb

cdS = 0, 

respectively. Eliminating Jsf(v) dS from these two equations, we find that 

fsailKjt + (n - Vf'WgjilC'C* + [hc
bhb

c - [ l / (» - l)]he'hb»]}dS =0 

or 

(3.9) jsc\_(Kjt + (« - Df'Wg^C'C* + (hcb - - ^ A , ' ^ ) 

X [hcb — 7h8
8geb) \dS = 0. 

\ n— 1 / J 
4. Proofs. 

Proof of Theorem 1. Suppose that the three conditions of Theorem 1 are 
satisfied. Then, in the integral formula (3.9), we have 

[Kjt+ (n - l ) / ' (»)g„]C'C > 0 , 

(** - À *•'«*) (*- - ^T *•'*») > °-
and a = C* V* y has fixed sign on 5; hence 

hcb - [l/(w - l)]A/gc& = 0, 

which shows that every point of 5 is umbilical. 

Proof of Theorem 2. The first part of Theorem 2 is a special case of Theorem 
1 with f(v) = kv, k being a constant. 

We assume, moreover, that S is a hypersurface along which 

(4.1) v T^ const. 

Since S is umbilical, we put 

(4.2) hcb = \gcbj A = const. 

Then from (3.3) w i t h / 0 ) = kv, 

(4.3) Vc Vcv = (fe + Xa)gcft 

and from (3.5) 

(4.4) Vba = - \vb; 

hence 

(4.5) a + Xv = £ = const. 

Substituting this into (4.3), we find that 

Vc Vbv = [A*/ + X(c — Afl)kc& 
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or 

(4.6) VcVbv= [ - (X2 - k)v + \c]gcb. 

Here X2 — k 9e 0. Because, if X2 — k = 0, then (4.6) becomes Vc Vbv = \cgcb 

from which Av = (n — l)Xc, which is impossible unless v = const. 
Thus, X2 — k being different from zero, we have, from (4.6), 

(4.7) V c V 6 ( , - ^ ) = - ( X 2 - ^ ) ( , - ^ ) g c 6 ! 

from wThich 

4 -»£*) --«.-«ft*- 4 -x^ i ) -
and consequently 

X2 - & > 0. 

By Theorem D, equation (4.7) shows that the hypersurface S is isometric 
to a sphere. This completes the proof of Theorem 2. 

Proof of Theorem 3. The first part of Theorem 3 is a special case of Theorem 
1 with/(i;) = k = const. 

We assume that 5 is a hypersurface along which 

(4.8) v j£ const. 

Since S is umbilical, we put 

(4.9) hcb = \gcbj X = const. 

Then from (3.3) with/(fl) = k, 

(4.10) VcVbv = (k + Xa)gcb 

and from (3.5) 

(4.11) Vba = - \vb9 

from which 

(4.12) a + \v = c = const. 

Substituting (4.12) into (4.10), we find that 

(4.13) Vc V6 v = ( - X2y + ft + Xc)gc&. 

Here À ^ 0 . Because if X = 0, then (4.13) becomes Vc V6 v = kgcb from which 
Av = (w — l)k, which is impossible unless v = const. 

Thus X being different from zero, we have, from (4.13), 

(4.14) Vc V^t, - - ^ - J = - \*(v - -~-)gc», 

and consequently by Theorem D the hypersurface 5 is isometric to a sphere. 
This completes the proof of Theorem 3. 
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